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1. (10 points)

tanx
(i) Use the € — § notation to see whether the limit lim exists.

a0+ 12
(i) Let f(x) = 2 — [[z]] for > 0, where [[z]] := min{n € N: 2 < n}. Find the
set of all discontinuous points of f.

t
Solution. (i) We will show that lim ar;x = +00.
z—0+t I

Note that for > 0, we have tanz > x, and hence ti% > i

Let M > 0. Take § = 1/M > 0. Then, for any = € (0,00) with 0 <z —0 < §,
we have

. tanx
Hence lim o~ = oo
=0t T

(ii) Note that
f(x)_{a:—l if 0<a<1

r—nm—1 if n<zr<n+1 neN.

We will show that f is discontinuous on N, and continuous elsewhere on (0, c0).

Let n € N. Then lim f(z) = lim (zx —n) =0but f(n) =n—n—1=—1.
r—n— T—n—

Hence f is discontinuous at n.

For ¢ € (0,00)\N, there is n € N such that n — 1 < ¢ < n. Take § =
tmin{c — (n —1),n — ¢}. Then, for any z € (¢ — d,c +0),

[f(2) = f() =[x =n) = (c=n)| = |z —¢|.

So f is continuous at c.

2. (20 points) Let f: R — [0, 1] be a function.

(i) Use the € — 0 notation to show that f is discontinuous at a point ¢ € R if and
only if lim f(z) # f(e) or lim f(z) # f(c).
Tr—C Tr—Cc

(ii) Show that if f is strictly increasing, then the set of all discontinuous points of
f is countable.

Solution. (i) It is the same as showing that f is continuous at ¢ € R if and only

i lim f(z) = f(c) and lim f(z) = f(c).
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(i)

Clearly D,(R) = D;(R) = R. So we can talk about one-sided limits at any
point ¢ € R.

(=) Suppose f is continuous at ¢ € R. Let € > 0. Then there is § > 0 such
that |f(z) — f(c)| < € whenever |z — ¢| < §. In particular, |f(z) — f(c)] < e
for all z with 0 <z —c < §; and |f(x) — f(c)| < e for all z with 0 < c—x <.

Therefore, lim f(z) = f(c) and lim f(z) = f(c).
( <= ) Suppose lim, f(z) = f(c) and lim f(z) = f(c). Let ¢ > 0. Then

there is §; > 0 such that |f(x) — f(c)| < € for all z with 0 < 2 — ¢ < ;; and
there is dy > 0 such that |f(z) — f(c)| < € for all x with 0 < ¢ —x < d5. By
taking § = min{d, d2 }, we have (since the inequality below is clearly true when
T =c),

|f(z) — f(c)] <e whenever |z —¢| <.

Therefore f is continuous at c.

Let D be the set of discontinuity points of f. Since f is increasing, the limits

flc+) = lim f(z) and f(c—)= lim f(z), ceR

z—ct T—c™
exist and satisfy f(c—) < f(c) < f(c+). Soc € D if and only if f(c)— f(c—) >
0or flet) - f(c) > 0. Put J(e—) = [f(e—), f(0)] and J(e+) = [(c), flc+)].
Then J(c+) or J(c—) is an interval. Therefore, if we put a(c) the length of
(J(c—) U J(c+)) for ¢ € Dy, then a(c) > 0. On the other hand, if ¢;,co € D
with ¢; < ¢g, then J(c;+) N J(c2—) has at most one point if they exist. Thus,
we have

Since a(c) > 0 for all ¢ € D, the set D needs to be countable. In fact, note
that we have

D= |J{ceD:afc)>1/k}.

cEZ+

Thus, if D is uncountable, then there exists a positive integer k so that R :=
{c € D :a(c) > 1/k} is infinite. Therefore, }° ., a(c) is infinite. It leads to a
contradiction.

<

3. (20 points) Prove or disprove the following statements.

(i)

(ii)
(iif)

Let f : A — B be a homeomorphism from A onto B, where A and B are
non-empty subsets of R. Let (x,) be a sequence in A. If (z,) is a Cauchy
sequence, then so is f(x,).

If f:(0,1) — R is a bounded continuous injection, then it is impossible to find
a point g € (0,1) such that f(z) = sup{f(z):x € (0,1)}.

Let f : E — R be a continuous function defined on a closed subset E of R. If
z is a limit point of f(FE), then z € f(E).
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Solution. (i) The statement is false.

(iii)

Consider the function f : (0,1] — [1,00) defined by f(x) = 1/z. Then f is a
continuous bijection with inverse f~'(x) = 1/x, which is also continuous. So
f is a homeomorphism.

For z,, := 1/n, (z,) is convergent, hence a Cauchy sequence in (0,1). However,
f(z,) = n is unbounded. So (f(z,)) is not a Cauchy sequence.

The statement is true.

Suppose there is zq € (0,1) such that f(xg) = sup{f(z) : = € (0,1)}. Since
zg € (0,1), there exist x1, 25 € (0,1) such that ;7 < zy < x9. Because f is
injective and f(zg) = sup{f(x) : z € (0,1)}, we have either

f(x1) < f(z2) < flxo)

or
f(x2) < f(x1) < f(w0).

If it is the first case, then the Intermediate Value Theorem implies that there

is ¢ € (x1,20) such that f(c) = f(x2), contradicting the injectivity of f. If it

is the second case, the same argument leads to a contradiction.

The statement is false.

Consider the function f : [1,00) — R defined by f(z) = 1/x. Then [1, 0c0) is
closed subset of R, f is a continuous function on [1, 00), and f([1,00)) = (0, ]
Now 0 is a limit point of (0,1] but 0 & (0, 1].

<



