11. Let V and W be finite-dimensional vector spaces over F', and let 1); and

19 be the isomorphisms between V and V** and W and W**, respec- Jw,/(. ;f[}(/«bt

tively, as defined in Theorem 2.26. Let T: V — W be linear, and define

T = (T")!. Prove that the diagram depicted in Figure 2.6 commutes
(i.e., prove that 1T = T)y).
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17. Let T be the linear operator on M,,«,,(R) defined by T(A) = A?,

(a) Show that +1 are the only eigenvalues of T.

(b) Describe the eigenvectors corresponding to each eigenvalue of T.

(c) Find an ordered basis 5 for Mayo(R) such that [T]g is a diagonal
matrix.

(d) Find an ordered basis § for My, «,(R) such that [T]g is a diagonal
matrix for n > 2.
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3. Let A be an n x n matrix with characteristic polynomial

f@) = (D" + an1t" '+ - +ait +ag

(a) Prove that f(0) = ap = det(A). Deduce that A is invertible if and only if %yf,/lu/t\
a 7é 0.

(b) Prove that f(t) = (A1 —t)(Aga—t) - (Ann—t)+q(t), where ¢(t) is a polynomial
of degree at most n — 2. (Hint: Apply mathematical induction to n.)

¢) Show that tr(A) = (=1)"ta,_;.
(c) (4) =(-1)
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