Sec. 2.3: Q17

17. Let V be a vector space. Determine all linear transformations T: V — V
such that T = T2. Hint: Note that x = T(z) + (x — T(x)) for every
z in V, and show that V = {y: T(y) = y} & N(T) (see the exercises of
Section 1.3).

Definition. Let V be a vector space and Wy and Wy be subspaces of
V such that V. = Wy @ Wy. (Recall the definition of direct sum given in the
exercises of Section 1.3.) A function T:V — V is called the projection on
W; along W, if, for x = x1 4+ x2 with 1 € Wy and x5 € Wy, we have

T(z) = 1.
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5. Sec. 2.4: Q16

16. Let B be an n x n invertible matrix. Define ®: My, x,(F) — My xp (F)
by ®(A) = B~'AB. Prove that ® is an isomorphism.
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2. Consider a linear transformation 7' : V' — W. Prove or disprove the following.
(a) If T has a right inverse, must it have a left inverse?

(b) If T has a left inverse, must it have a right inverse?

(c) If T has both a left and a right inverse, must it be invertible? (That is, must
the left and right inverse be the same?)

(d) If T has a unique right inverse S, is T necessarily invertible? (Hint. Consider
ST+S—1.)
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2. Let go(z) =2+ 1. Let T : P»(R) — P3(R) and U : P3(R) — R3 be defined by

T

T(f(z)) = f'(x)go() + /Ox f(#)dt and U(h(x)) = (h(0), (1), (1))

Let o, 3,7 be the standard ordered bases for P»(R), P3(R), R? respectively.

(a) Compute [T]2, (U]}, [U}[T]a and [UT]Z.
(b) Let ho(x) =1 — 2z — 2% 4+ 2?, compute [ho(z)]g, [U]}[ho(z)]s and [U(ho(x))]-

Soluition .
olv_{ X 12} Bz {t,ﬂ)#, xgj “/:f e, e @s}

L o) T = * | T(fﬁ): 1t Kt —;f(l, T(-/\l): l’ﬂ{lﬁl{«\jf

0 ) O
A = U Ca= U W - H W < m
0 l by 3

3



