
Lecture 12: Recall :

Prop : Let T be a linear  operator on a vector space ✓ and

let X be an eigenvalue of  T .

Then ,
TEV is

an eigenvector  of T corresponding to X iff :

TE NLT - XIV ) , 383

Beef. Let T be a linear operator on a vector space V

and let A be an eigenvalue of  T
.

Then : the subspace Ex :Ef NLT - XIV ) - { IEV -

- Tix ) -75 }
CV

is called the eigen space of T corresponding to X ,

Eigen spaces of a matrix A E Mnxn LF ) is defined as

those of LA



Prop : Let T be a linear operator on a vector space V
,

and

let a
,

he
,

.
.

.

, Xk be distinct eigenvalues of T
,

If Ti
,

Tz
,

.
. .

,
Tree are eigenvectors of T corresponding to

Xi ,
12

, . .
.

,
Xk respectively ,

then : I Ti
,  

- . .

,
Trh } are linearly

independent .



Corollary -
. A linear operator T on an n - dim vector space V

which has n distinct eigenvalues is diagonal izable .

PIE : Let I
, ,

.
.

.

,
In EV be the eigenvectors corresponding

to n distinct eigenvalues . Then ,
the prop . says { Ii

, . .

,
In }

is tin .
independent .

i . { Ii
, . - . ,Tn } forms a basis

.

of eigenvectors .

in T is diagonal .

.

gable ,



Def : Let X be an eigenvalue of a linear operator or matrix

with characteristic polynomial fit )
.

The algebraic multiplicity of X
,

demoted Mill ) or nah ) is the multiplicity of 1 as a

Zen of fit )
,

i.e .
the largest positive integer k s 't . ( t -A) KISHI .

.



Example : . 1 is eigenvalue of Iv -

- V → V

with Mercy
= dimly P p

fctkdetftsynp- *In ) = (
"

tt
.

.
.

,* ) = Cl- t )
"

• A -

- Poo!¥ ) .
fact) = C3-475-4

Mal 3) = 2
, Mal 51=1



Prop : Let T be a linear operator on a finite -
dim vector

space V and let X be an eigenvalue of T with algebraic

multiplicity My I X ) .
Then :

I E dint Ex ) EMTLX )

We call IT ( a ) Eet dim C Ex ) the geometric multiplicity of A
.

Proof: Choose an ordered basis { 81,82 ,
.  is Top } for Ex and

hw
← p - dim l Ex )

extend it to an ordered basisp={I ,
,

. . ,
Top

,
ripe ,

,
.

.
,Jn3 for V

.

Then : use -

- fiieiiie. . . ) -

- f ! !
.

. . .

:{ III )
=L 'Bd



⇒ felt ) =detfzn . p )
= det ( I- t ) Ip ) det(C-tIn#

= µ- t )
P

def ( C - t In -

p )

a

'

. G- t )PI ft Ctl

' MTH ) z p = 8TH )
( I



Lemma : Let T be a linear operator , and let Ai
,

Xz
, . .

,
Xk distinct

eigenvalues of T
.

For each 5=1,4 - -

,
k

,
let Ti E Exi

.

If Ji t Tat
. . .

 tuk = I
,

then Tri -

-

I for all i
.

Proof .
If not

, say

Ii
,  

. -

,
Is to

'ith÷÷÷.. . ..¥
.

.

.

It contradicts to our

previous proposition that

✓ Ti
,

. .

,
Ts must be

I in
. independent .



Proposition : Let T be a linear operator ,
and let 1,12 ,

. .

, Xk

be distinct eigenvalues of T . For each i = 1,2 , .  .

,
k

,

let

S ; C Eai be a finite linearly independent subset
. Then :

S = S
,

u Szu .
.  . u Sk is a linearly independent

Subset of V
.

Proof : Write Si  = { Ii
, Fiz , . .

,
Tini } for i= 1,2 ,  -

.

,
k

.

Suppose 7- Aij EF for I Ej Shi and ⇐ is k such that

⇐÷÷E:i÷÷÷÷: we i. aiiiii :: "
.Then :

"

wit wet - - t Wk = 8



Then : ai j
 = O for all i and j

( for Si are
Lin .  independent for all i

.

i ' Siu Sau
.

.
. user is linearly independent .



Theorem : Let T be a linear operator on a finite dimensional

vector space V such that the characteristic polynomial splits .

Let Xi
,

Xz ,
. . .

,
1k be distinct eigenvalues of  

T? Lt )

The "

La ) T is diagonalize ble iff : Mahi ) = 8Th Xi )

for i -4,2 ,  -
-

,
k

(b) If T is diagonal izable and pi is an ordered basis

for Epi for each i
,

then =p : =p , ups u
.  . up k is

an ordered basis for V consisting of eigenvectors .

( so that IT ]p is a diagonal matrix )



Proof : Write n -

- dim LV )
,

and Mi  = MT C Xi ) and di  = 8T !?i )

for all i
.

dim I Exit

Suppose T is diagonalize able and p is a basis for V consisting

of eigenvectors of T .

( e.g . p={ viii. is .in .is
,

.
. .

,

Tnt )
'

For each i
, let pi

 = pn Ex ; and ni  It # pi

Then : hi s di  = dim l Edi ) ( '

.

'

pi is Lin .
independent )

Also
,

di E Mi ( last lecture )

So
, we have ni Edie Mi for all i

.



" . n ni s di E ¥ mi  =n=dimw )

i . Eh
,

di - Eh, ni
 = o ⇐ FZ Cdi -99=0

⇒ di  
= ni for all i

.

.

'

. II
,

mi - IF di  
= o ⇒

,

Crni-7%7=0

dim LEXI ) ⇒ di  
= mi for all i

.

11

.

'

.
ni  

= di  
= mi for all i

( So
, pi is a basis of Eai )



Conversely , suppose
mi  = di fi .

For each i
,

let pi be the ordered basis of Eai

and let p =p , upz u .  -
- u Pk -

Then : from previous proposition ,
we

know p is linearly

independent .

k

But  # p
= Edi = ¥7 mi  

= n = dim CV )

"
M

.

.

. p is a basis for V

of eigenvectors
I pit -1114 t . .  tlpkl

dim"LE×)
"

dinner )

"

dint ⇒
,

'

.
T is diagonal izable .

" dk
U dr
di



v

If Si
, . .

,
Sk are C. 2

.

then Siu So
.

. use is He 2- ? ?


