MATH3360 Mathematical Imaging
Midterm Examination

Name: Student ID:

You have to answer all five questions. The total score is 100.
Please show your steps unless otherwise stated.

1. Let O : Mayo(R) — Msyo(R) be a linear image transformation.

(a) Suppose O is separable and O(f) = AfB for any f € Mays(R), where A, B €
Myy5(R). Prove that the transformation matrix of O is H = BT @ A.
(b) Let
a 4 4 2
2 a—2 b 3
c 2 12 9—-d
1 3 d 9

be the transformation matrix corresponding to O. Determine suitable a, b, ¢, d €
R such that O is separable and find matrices A and B.

(c) Suppose O is defined by convolution and O(f) = h* f for any f € My s(R),
where h € Msyo(R). Prove that the transformation matrix H of O is block

circulant, i.e. H = Hy  Hy , where Hy, Hy € My.o(R).
Hy, H;

H =

Solution:

(a) Let A = (aij)lgi’jgg, B = (bij)lgi,j§2 and g = O(f) € M2><2(R>, then we have

2 2

2 2
Ja,p = Z aoa:c(z f(xa y)byﬁ) = Z Z aarbyﬁf(xv y)>
=1 y=1

z=1 y=1
Which means h®?(x,y) = aa.b,5. Hence the transformation matrix

a11b11  a12b11 a11bar  ajebo

a21011  asebin  agibar  aseba b1 A by A T
aitbiz aizbiz  airbae  aizbar (ble ba2 A ®
a1b12  axbia  azibay  agbas

(b) We have

a/d=(a—2)/3=2/b=4/2,
/12 =2/(9 —d) = 1/d = 3/9.

Therefore a = 8,b=1,c=4,d = 3 and

8 4 4 2
l2e 1 3] 2 (a 2
H=142 126 —(1 3)®(1 3>_B @4
13 39
| 42 21
1.e.A:(1 3) andB:(1 3).

(c) Let k = (ZH Zn> and g = O(f) € Max2(R). Then we have
21 Koo

2 2
ga,,B - Z Z ka—fﬂ‘?jf('r? y)7

z=1 y=1

1



which means h*?(z,y) = ko 5, Hence the transformation matrix

k22 k12 k21 kll

H— k1o kop ki ko _ H, H,
kor ki ke ko H, H,;
kin kor ki koo
where H; = kap Frz and Hy, = Far hu . Hence the transformation
]{512 k’QQ kll k21

matrix H of O is block-circulant.

2. Let

1
A=12
0

S =N
N OO

(a) Compute SVD of A. Express A as a linear combination of its elementary
images.

(b) Find a rank 2 approximation Ay such that ||Ay — A||r = 2. Please prove your
answer with details.

_ 14+e¢ 2+7 0
(c) Using (a), determine the SVD of a distorted image A = [24+7 1+¢ 0
0 0 247

where € and 7 are small positive real numbers. Please explain your answer with
details.

Solution:

(a) We first compute the characteristic polynomial of AAT = . The

O =~ Ot
O O =~
- O O

characteristic polynomial of AT A is given by

5-\ 4 0
det(ATA-XE)=| 4 5-X 0
0 0 4-—A

=4 —-=N((B-XN?=16) = (9— N4 —N)(1—N).

So the eigenvalues of ATAis \{ =9, Ay = 4 and A3 = 1. The corresponding
eigenvectors are

1 (1 0 1 1
th=—1\1],7 O] and 053 = — | —1
1 NG . 2 X 3 ) .

Then we have

o ATE 1 } ATy, 8 Lo ATE ‘11
Uy = = — s Uo = — an Ua = —_
A A2 R ¢ VN V2l

Therefore, A = UXVT, where

5 0 —% 30 0 Lo X
U=|75% 0 55 |.2=1020]andV=|5 0 -
0 1 0 001 0 1 0

The eigenimages are given by



ON0|—
ON—0—

It’s clear that rank(As) = 2 and
142 — Allp = [U(Z2 = D)V lp = D — Z|r = 2.

(c) Using (a), we can also express A by elementary images that

_ e 70 % % 0 000
A=A+ |7 ¢ 0)=A4+(e+7)|5 53 O] +7(0 0 O] +(7—¢)
0 0 7 0 00 0 01
1179 000 —% %
_ i1 _ R
=@B+e+7)|5 3 0 +Q2+7)|0 0 O)+(T+7—€)| 5 5
0 00 0 01 0 0
_ _ _ S+e+T 0 0
Therefore, the SVD is A = UXVT, where ¥ = 0 247 0
0 0 14+7—c¢
3. Recall that the 0-th Haar function is
1 if0<t<1
Hy(t) = e
0 otherwise,

and the other Haar functions are defined by

P . +0.5
V2T <t < il

Hopyn(t) = § =27 if 2508 < p < ntl

0 otherwise

forp=0,1,2,--- andn=0,1,2,--- ,2P — 1.

(a) Give the definition of Haar transformation for 4 x 4 images.
(b) Suppose

500 3
21 1 4
A=1l9 11 4|
4 0 0 6
please compute the Haar transform Ay, of A

o

N Ol
N

=

N[ =

N |

e}

o o O



(c) Suppose Apaar is corrupted by noise, such that

AHaar = AHaar +

o O oo
o O oo
o O OO

A O OO

Let A be the reconstructed image from Afanr- Disguss which pixels of A have
different intensity values from A. Find the error ||A — A||p.

Solution:
1 1 1 1
T I U R
@H=31v —v2 0 o0
0 0 V2 =2

The Haar Transform of I € My,4(R) is given by HIAT.

(b)

AHaar:ﬁAﬁT
1 1 1 1 5003\ /1 1 V2 0
11 -1 =121 141 1 =vV2 0
T4vV2 V2 0 0 2 1141 -1 0o V2
0 0 v2 —v2/\400¢6/\1 -1 0 =
13 2 2 17 1 V2 0
1] 1 0 0 -3 1 -V2 0
T4l 32 —v2 V2 V21 -1 0 V2
—2v2 V2 V2 —2v2) \1 -1 0 -2
34 —4 112 —15V2
Sl -2 4 V2 32
! 0 42 8 0
—2v/2 0 -6 6
(c) We have
0000
= ~pv o~ ~p ~ ~~l0 00 0] =
A= H Apaarl = H Apaa H+ HT | 00 0 0| H
000 ¢
00 0 0 50 0 3
1100 0 0 2 1 1 4
=4t 710 0 20 -2 2 1 14e 4 e
0 0 —2¢ 2e 4 0 —%6 6+§e

Therefore, it’s clear that only when 4,j € {3,4}, the ij entries of A changes

and
0

0

1

0
- 0
A=Al =

N[ =

12

0
0
0
0

o O O o

€
1
—3¢ 3

5€

—5€

lel-

F

4. Let I € Myxn(R) be a N x N image, whose indices are taken from 0 to N — 1.
Assuming that [ is periodically extended. Let kg, [y be two integers between 0 and



N — 1. Recall that the discrete Fourier transform (DFT) of an N x N image [ is

defined as
N—

12 ]_ 7271_\/?1( km]\#f»ln)
k=0 1

2

DFT(I)(m

Il
=)

forall0 <m,n <N —1.

(a) Consider another image I; defined by: I;(k,l) = I(k — ko,l — ly) for all 0 <
k,l <N —1. Write DFT(I;) in terms of DFT(I).

(b) Consider another image Iy defined by: Iy(k,l) = I(—l + ly,—k + ko) for all
0<kIl<N-—1. Write DFT(I3) in terms of DFT(I).

Please show all your steps clearly (including how the changes of variables are ap-

plied, indices are shifted and so on). Missing details will lead to mark deduction.

Solution: Write j = +/—1.
(a)

1 Ll
= I(k — ko, 1 — lg)e™ & (kmin)

N—-1N-1-lg

1 27“] /
(letting I' =1 —1;) = 2 Z Z I(k — ko, I')e~ & (kmt o))
k=0 U=

N—-1N-1-lg ,
=2 O Lk =kl ¥

k=0 U'=-lo

N—-1-lg
[ Z I(k k()?l/) R (ki)

—lo

-1

I'=—ly
_m(lon 1[1\7 1-lp

ST Ik — ko, U)e ¥ (kmet)

=0

M

(letting I” ="+ N) =
k=0

+ Z I(k = ko, I = N)e™ = (bt "=N >>]

I"=N-—lp
67%(10'”) N—-1[N-1-ly - y
S° 10— ko, l)e )

N2
k=0 '=0

(by periodicity and e*™" =1) =

n Z T(k — ko, I")e~ 5 Cemttn >]

I"=N-lp
ZWJ(lon)N 1N-1

(rewrite !" and 1" as [) Z Z I(k — ko, [)e~ F-(emein)

k=0 [=0



(cont.)

(letting k' = k — ko)

(letting k" =

k' + N)

(by periodicity and ™™ = 1)

(rewrite k" and k" as k)

%((kz’—i—ko)m—kln)

=— I(K' 1)e”

k
Tj(kom‘f'l()n) N—1—ko N—1

S e VDM (et
k'=—ko 1=0

i I(K' l)e”

%(k’m—&—ln)

=0 k'=0
N-1
+ Y, (K= Ne 2’”<<k“zv>m+zn>]
k"=N—ko
e~ N

S I e R0

273 (homtlon) N—1 [leo
k'=0

=0

N-1
Y I e ¥ ’“"m“”)]

k'"=N—kg
Tk‘om#»lon N-1N—-1 2
— Z ZI k? l G—T(km-i—ln)
k=0 I=

= DFT(I)(m,n)e” v * Om”O")



1
DFT(IQ)( ) = m Z [Z(k l)e—T(km-Hn)
k=0 =0
1 N—-1N-1
= N2 Z I(—=l+ 1y, —k + ko)e™ 5 (kmetin)
k=0 =0
1 N—-1lp—N+1 )
(letting I' =~ +1o) =55 D I,k + koo™ & tmeom
k=0 U'=lp
~Miggn) q Nzl o ,
e v 2mj ’
= I(I', =k 4 ko)e™ & (km+(=1m)
2 2 )
N N k=0 I'=lg—N+1
—m(lon) 1 N—l[ lo
(& N
= I(U, —k + ko)e~ & (kmt(=m)
2 2 Z 0
N N k=0 LI’'=0
-1
+ Y I~k ke W B l>n>]
I'=lp—N+1
o= o) 1 NZI[ ko
(letting I" = '+ N) = —— STl ~k + ko)e ¥ tmt=Dm)
k=0 LI’'=0

1=lg+1
, — % (lon) lo
(by periodicity and e ™" =1) = Nz N Z ZI —k + ko) e~ N (km(=1)m)
k=0 Li=

(write I and I” as [) = Z I(1, —k + ko)e~ v (kmH(=Im)



(cont.)

— 273 (jgp) ko—N+1N-1

(letting k' = —k + ko) = % Z Z (1, k) SRR HRoyme(~On)
k'=ko 1=0
ko N—-1

I (lon+kom) ]
O S D (1 e
N k'=ko—N+1 =0

—Tj(l0n+kom) N-1

_ e - Z [i (l l{) (=K' Ym~+(=1l)n)

1=0 Lk'=0
+ Z (1, k)~ (CRom+ (- zm]
“N+1
2mj (lon+kom) N-1T[ ko _ )
(letting k" = k' + N) = MTZ S I K )e R M
1=0 Lk'=0
+ Z I K — N)e~ & k”N)m+(l>n)]
k' =ko—1
. (l0n+kgm) N-1T ko _ )
(by periodicity and e ™™ =1) = QNT Z [Z I(l, ke R (=Rmt(=Dm)
1=0 Lk'=0
2“] 1"
+ Z k// ((=k"Ym+(— l)n)]
k' =ko—1
(l0n+k0m N-1N-1 -
(write k" and k" as k) = I(l,k)e ~ T (=k)ym+(=1)n)
k=0 1=0
_73(1 n+k m) N—-1N-1
_e N I(1, ke~ R U=n)+k(=m)
N2
1=0 k=0
275

— DFT(I)(—n, —m)e~ ~ (onthom)

END OF PAPER



