
MATH3360 Mathematical Imaging
Midterm Examination

Name: Student ID:

You have to answer all five questions. The total score is 100.
Please show your steps unless otherwise stated.

1. Let O : M2×2(R) → M2×2(R) be a linear image transformation.

(a) Suppose O is separable and O(f) = AfB for any f ∈ M2×2(R), where A,B ∈
M2×2(R). Prove that the transformation matrix of O is H = BT ⊗ A.

(b) Let

H =


a 4 4 2
2 a− 2 b 3
c 2 12 9− d
1 3 d 9


be the transformation matrix corresponding toO. Determine suitable a, b, c, d ∈
R such that O is separable and find matrices A and B.

(c) Suppose O is defined by convolution and O(f) = h ∗ f for any f ∈ M2×2(R),
where h ∈ M2×2(R). Prove that the transformation matrix H of O is block

circulant, i.e. H =

(
H1 H2

H2 H1

)
, where H1, H2 ∈ M2×2(R).

Solution:

(a) Let A = (aij)1≤i,j≤2, B = (bij)1≤i,j≤2 and g = O(f) ∈ M2×2(R), then we have

gα,β =
2∑

x=1

aαx(
2∑

y=1

f(x, y)byβ) =
2∑

x=1

2∑
y=1

aαxbyβf(x, y),

Which means hα,β(x, y) = aαxbyβ. Hence the transformation matrix

H =


a11b11 a12b11 a11b21 a12b21
a21b11 a22b11 a21b21 a22b21
a11b12 a12b12 a11b22 a12b22
a21b12 a22b12 a21b22 a22b22

 =

(
b11A b21A
b12A b22A

)
= BT ⊗ A.

(b) We have

a/4 = (a− 2)/3 = 2/b = 4/2,

c/12 = 2/(9− d) = 1/d = 3/9.

Therefore a = 8, b = 1, c = 4, d = 3 and

H =


8 4 4 2
2 6 1 3
4 2 12 6
1 3 3 9

 =

(
2 1
1 3

)
⊗
(
4 2
1 3

)
= BT ⊗ A.

i.e. A =

(
4 2
1 3

)
and B =

(
2 1
1 3

)
.

(c) Let k =

(
k11 k12
k21 k22

)
and g = O(f) ∈ M2×2(R). Then we have

gα,β =
2∑

x=1

2∑
y=1

kα−x,β−yf(x, y),
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which means hα,β(x, y) = kα−x,β−y. Hence the transformation matrix

H =


k22 k12 k21 k11
k12 k22 k11 k21
k21 k11 k22 k12
k11 k21 k12 k22

 =

(
H1 H2

H2 H1

)

where H1 =

(
k22 k12
k12 k22

)
and H2 =

(
k21 k11
k11 k21

)
. Hence the transformation

matrix H of O is block-circulant.

2. Let

A =

1 2 0
2 1 0
0 0 2

 .

(a) Compute SVD of A. Express A as a linear combination of its elementary
images.

(b) Find a rank 2 approximation A2 such that ∥A2 − A∥F = 2. Please prove your
answer with details.

(c) Using (a), determine the SVD of a distorted image Ã =

1 + ϵ 2 + τ 0
2 + τ 1 + ϵ 0
0 0 2 + τ

 ,

where ϵ and τ are small positive real numbers. Please explain your answer with
details.

Solution:

(a) We first compute the characteristic polynomial of AAT =

5 4 0
4 5 0
0 0 4

. The

characteristic polynomial of ATA is given by

det(ATA− λE) =

∣∣∣∣∣∣
5− λ 4 0
4 5− λ 0
0 0 4− λ

∣∣∣∣∣∣
= (4− λ)((5− λ)2 − 16) = (9− λ)(4− λ)(1− λ).

So the eigenvalues of ATA is λ1 = 9, λ2 = 4 and λ3 = 1. The corresponding
eigenvectors are

v⃗1 =
1√
2

1
1
0

 , v⃗2 =

0
0
1

 and v⃗3 =
1√
2

 1
−1
0

 .

Then we have

u⃗1 =
AT v⃗1√

λ1

=
1√
2

1
1
0

 , u⃗2 =
AT v⃗2√

λ2

=

0
0
1

 and u⃗3 =
AT v⃗3√

λ3

=
1√
2

−1
1
0

 .

Therefore, A = UΣV T , where

U =

 1√
2

0 − 1√
2

1√
2

0 1√
2

0 1 0

 ,Σ =

3 0 0
0 2 0
0 0 1

 and V =

 1√
2

0 1√
2

1√
2

0 − 1√
2

0 1 0

 .

The eigenimages are given by
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u⃗1v⃗
T
1 = 1

2

1
1
0

(
1 1 0

)
=

1
2

1
2

0
1
2

1
2

0
0 0 0

 and

u⃗2v⃗
T
2 =

0
0
1

(
0 0 1

)
=

0 0 0
0 0 0
0 0 1

.

u⃗3v⃗
T
3 = 1

2

−1
1
0

(
1 −1 0

)
=

−1
2

1
2

0
1
2

−1
2

0
0 0 0

.

Hence A = 3

1
2

1
2

0
1
2

1
2

0
0 0 0

+ 2

0 0 0
0 0 0
0 0 1

+

−1
2

1
2

0
1
2

−1
2

0
0 0 0

.

(b) Since A = UΣV T , let A2 = UΣ2V
T , where

Σ2 =

3 0 0
0 0 0
0 0 1

 .

It’s clear that rank(A2) = 2 and

∥A2 − A∥F = ∥U(Σ2 − Σ)V T∥F = ∥Σ2 − Σ∥F = 2.

(c) Using (a), we can also express Ã by elementary images that

Ã = A+

ϵ τ 0
τ ϵ 0
0 0 τ

 = A+ (ϵ+ τ)

1
2

1
2

0
1
2

1
2

0
0 0 0

+ τ

0 0 0
0 0 0
0 0 1

+ (τ − ϵ)

−1
2

1
2

0
1
2

−1
2

0
0 0 0


= (3 + ϵ+ τ)

1
2

1
2

0
1
2

1
2

0
0 0 0

+ (2 + τ)

0 0 0
0 0 0
0 0 1

+ (1 + τ − ϵ)

−1
2

1
2

0
1
2

−1
2

0
0 0 0

 .

Therefore, the SVD is Ã = UΣ̃V T , where Σ̃ =

3 + ϵ+ τ 0 0
0 2 + τ 0
0 0 1 + τ − ϵ

.

3. Recall that the 0-th Haar function is

H0(t) =

{
1 if 0 ≤ t < 1

0 otherwise,

and the other Haar functions are defined by

H2p+n(t) =


√
2
p

if n
2p

≤ t < n+0.5
2p

−
√
2
p

if n+0.5
2p

≤ t < n+1
2p

0 otherwise

for p = 0, 1, 2, · · · and n = 0, 1, 2, · · · , 2p − 1.

(a) Give the definition of Haar transformation for 4× 4 images.

(b) Suppose

A =


5 0 0 3
2 1 1 4
2 1 1 4
4 0 0 6

 ,

please compute the Haar transform AHaar of A.
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(c) Suppose AHaar is corrupted by noise, such that

ÃHaar = AHaar +


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ϵ

 .

Let Ã be the reconstructed image from ÃHaar. Discuss which pixels of Ã have

different intensity values from A. Find the error ||Ã− A||F .

Solution:

(a) H̃ = 1
2


1 1 1 1
1 1 −1 −1√
2 −

√
2 0 0

0 0
√
2 −

√
2

.

The Haar Transform of I ∈ M4×4(R) is given by H̃IH̃T .

(b)

AHaar = H̃AH̃T

=
1

4


1 1 1 1
1 1 −1 −1√
2 −

√
2 0 0

0 0
√
2 −

√
2



5 0 0 3
2 1 1 4
2 1 1 4
4 0 0 6



1 1

√
2 0

1 1 −
√
2 0

1 −1 0
√
2

1 −1 0 −
√
2



=
1

4


13 2 2 17
1 0 0 −3

3
√
2 −

√
2 −

√
2 −

√
2

−2
√
2

√
2

√
2 −2

√
2



1 1

√
2 0

1 1 −
√
2 0

1 −1 0
√
2

1 −1 0 −
√
2



=
1

4


34 −4 11

√
2 −15

√
2

−2 4
√
2 3

√
2

0 4
√
2 8 0

−2
√
2 0 −6 6

 .

(c) We have

Ã = H̃T ÃHaarH̃ = H̃TAHaarH̃ + H̃T


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ϵ

 H̃

= A+
1

4


0 0 0 0
0 0 0 0
0 0 2ϵ −2ϵ
0 0 −2ϵ 2ϵ

 =


5 0 0 3
2 1 1 4
2 1 1 + 1

2
ϵ 4− 1

2
ϵ

4 0 −1
2
ϵ 6 + 1

2
ϵ

 .

Therefore, it’s clear that only when i, j ∈ {3, 4}, the ij entries of Ã changes
and

∥Ã− A∥F =

∥∥∥∥∥∥∥∥

0 0 0 0
0 0 0 0
0 0 1

2
ϵ −1

2
ϵ

0 0 −1
2
ϵ 1

2
ϵ


∥∥∥∥∥∥∥∥
F

= |ϵ|.

4. Let I ∈ MN×N(R) be a N × N image, whose indices are taken from 0 to N − 1.
Assuming that I is periodically extended. Let k0, l0 be two integers between 0 and
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N − 1. Recall that the discrete Fourier transform (DFT) of an N × N image I is
defined as

DFT (I)(m,n) =
1

N2

N−1∑
k=0

N−1∑
l=0

I(k, l)e−2π
√
−1( km+ln

N
)

for all 0 ≤ m,n ≤ N − 1.

(a) Consider another image I1 defined by: I1(k, l) = I(k − k0, l − l0) for all 0 ≤
k, l ≤ N − 1. Write DFT (I1) in terms of DFT (I).

(b) Consider another image I2 defined by: I2(k, l) = I(−l + l0,−k + k0) for all
0 ≤ k, l ≤ N − 1. Write DFT (I2) in terms of DFT (I).

Please show all your steps clearly (including how the changes of variables are ap-
plied, indices are shifted and so on). Missing details will lead to mark deduction.

Solution: Write j =
√
−1.

(a)

DFT (I1)(m,n) =
1

N2

N−1∑
k=0

N−1∑
l=0

I1(k, l)e
− 2πj

N
(km+ln)

=
1

N2

N−1∑
k=0

N−1∑
l=0

I(k − k0, l − l0)e
− 2πj

N
(km+ln)

(letting l′ = l − l0) =
1

N2

N−1∑
k=0

N−1−l0∑
l′=−l0

I(k − k0, l
′)e−

2πj
N

(km+(l′+l0)n)

=
e−

2πj
N

(l0n)

N2

N−1∑
k=0

N−1−l0∑
l′=−l0

I(k − k0, l
′)e−

2πj
N

(km+l′n)

=
e−

2πj
N

(l0n)

N2

N−1∑
k=0

[
N−1−l0∑
l′=0

I(k − k0, l
′)e−

2πj
N

(km+l′n)

+
−1∑

l′=−l0

I(k − k0, l
′)e−

2πj
N

(km+l′n)

]

(letting l′′ = l′ +N) =
e−

2πj
N

(l0n)

N2

N−1∑
k=0

[
N−1−l0∑
l′=0

I(k − k0, l
′)e−

2πj
N

(km+l′n)

+
N−1∑

l′′=N−l0

I(k − k0, l
′′ −N)e−

2πj
N

(km+(l′′−N)n)

]

(by periodicity and e2πjn = 1) =
e−

2πj
N

(l0n)

N2

N−1∑
k=0

[
N−1−l0∑
l′=0

I(k − k0, l
′)e−

2πj
N

(km+l′n)

+
N−1∑

l′′=N−l0

I(k − k0, l
′′)e−

2πj
N

(km+l′′n)

]

(rewrite l′ and l′′ as l) =
e−

2πj
N

(l0n)

N2

N−1∑
k=0

N−1∑
l=0

I(k − k0, l)e
− 2πj

N
(km+ln)
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(cont.)

(letting k′ = k − k0) =
1

N2

N−1−k0∑
k′=−k0

N−1∑
l=0

I(k′, l)e−
2πj
N

((k′+k0)m+ln)

=
e−

2πj
N

(k0m+l0n)

N2

N−1−k0∑
k′=−k0

N−1∑
l=0

I(k′, l)e−
2πj
N

(k′m+ln)

=
e−

2πj
N

(k0m+l0n)

N2

N−1∑
l=0

[
N−1−k0∑
k′=0

I(k′, l)e−
2πj
N

(k′m+ln)

+
−1∑

k′=−k0

I(k′, l)e−
2πj
N

(k′m+ln)

]

(letting k′′ = k′ +N) =
e−

2πj
N

(k0m+l0n)

N2

N−1∑
l=0

[
N−1−k0∑
k′=0

I(k′, l)e−
2πj
N

(k′m+ln)

+
N−1∑

k′′=N−k0

I(k′′ −N, l)e−
2πj
N

((k′′−N)m+ln)

]

(by periodicity and e2πjm = 1) =
e−

2πj
N

(k0m+l0n)

N2

N−1∑
l=0

[
N−1−k0∑
k′=0

I(k′, l)e−
2πj
N

(k′m+ln)

+
N−1∑

k′′=N−k0

I(k′′, l)e−
2πj
N

(k′′m+ln)

]

(rewrite k′ and k′′ as k) =
e−

2πj
N

(k0m+l0n)

N2

N−1∑
k=0

N−1∑
l=0

I(k, l)e−
2πj
N

(km+ln)

= DFT (I)(m,n)e−
2πj
N

(k0m+l0n)
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(b)

DFT (I2)(m,n) =
1

N2

N−1∑
k=0

N−1∑
l=0

I2(k, l)e
− 2πj

N
(km+ln)

=
1

N2

N−1∑
k=0

N−1∑
l=0

I(−l + l0,−k + k0)e
− 2πj

N
(km+ln)

(letting l′ = −l + l0) =
1

N2

N−1∑
k=0

l0−N+1∑
l′=l0

I(l′,−k + k0)e
− 2πj

N
(km+(−l′+l0)n)

=
e−

2πj
N

(l0n)

N2

1

N2

N−1∑
k=0

l0∑
l′=l0−N+1

I(l′,−k + k0)e
− 2πj

N
(km+(−l′)n)

=
e−

2πj
N

(l0n)

N2

1

N2

N−1∑
k=0

[
l0∑

l′=0

I(l′,−k + k0)e
− 2πj

N
(km+(−l′)n)

+
−1∑

l′=l0−N+1

I(l′,−k + k0)e
− 2πj

N
(km+(−l′)n)

]

(letting l′′ = l′ +N) =
e−

2πj
N

(l0n)

N2

1

N2

N−1∑
k=0

[
l0∑

l′=0

I(l′,−k + k0)e
− 2πj

N
(km+(−l′)n)

+
N−1∑

l′′=l0+1

I(l′′ −N,−k + k0)e
− 2πj

N
(km+(−(l′′−N))n)

]

(by periodicity and e−2πjn = 1) =
e−

2πj
N

(l0n)

N2

1

N2

N−1∑
k=0

[
l0∑

l′=0

I(l′,−k + k0)e
− 2πj

N
(km+(−l′)n)

+
N−1∑

l′′=l0+1

I(l′′,−k + k0)e
− 2πj

N
(km+(−l′′)n)

]

(write l′ and l′′ as l) =
e−

2πj
N

(l0n)

N2

N−1∑
k=0

N−1∑
l=0

I(l,−k + k0)e
− 2πj

N
(km+(−l)n)
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(cont.)

(letting k′ = −k + k0) =
e−

2πj
N

(l0n)

N2

k0−N+1∑
k′=k0

N−1∑
l=0

I(l, k′)e−
2πj
N

((−k′+k0)m+(−l)n)

=
e−

2πj
N

(l0n+k0m)

N2

k0∑
k′=k0−N+1

N−1∑
l=0

I(l, k′)e−
2πj
N

((−k′)m+(−l)n)

=
e−

2πj
N

(l0n+k0m)

N2

N−1∑
l=0

[
k0∑

k′=0

I(l, k′)e−
2πj
N

((−k′)m+(−l)n)

+
−1∑

k′=k0−N+1

I(l, k′)e−
2πj
N

((−k′)m+(−l)n)

]

(letting k′′ = k′ +N) =
e−

2πj
N

(l0n+k0m)

N2

N−1∑
l=0

[
k0∑

k′=0

I(l, k′)e−
2πj
N

((−k′)m+(−l)n)

+
N−1∑

k′′=k0−1

I(l, k′′ −N)e−
2πj
N

((−k′′−N)m+(−l)n)

]

(by periodicity and e−2πjm = 1) =
e−

2πj
N

(l0n+k0m)

N2

N−1∑
l=0

[
k0∑

k′=0

I(l, k′)e−
2πj
N

((−k′)m+(−l)n)

+
N−1∑

k′′=k0−1

I(l, k′′)e−
2πj
N

((−k′′)m+(−l)n)

]

(write k′ and k′′ as k) =
e−

2πj
N

(l0n+k0m)

N2

N−1∑
k=0

N−1∑
l=0

I(l, k)e−
2πj
N

((−k)m+(−l)n)

=
e−

2πj
N

(l0n+k0m)

N2

N−1∑
l=0

N−1∑
k=0

I(l, k)e−
2πj
N

(l(−n)+k(−m))

= DFT (I)(−n,−m)e−
2πj
N

(l0n+k0m)

END OF PAPER
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