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Problem 1.

Let
-3z, <1,

flz)=< 1, z =71,

3z, x>T.

lim f(x) =—-21;

7

li = 21;

:L"LH71+ f($) ’

lim f(x) = DNE;

x—7

F(D=1.

Is f continuous at x = 77 NO!

Solution :

lim f(z) = lim —3x = —21;

=7 =7
lim f(xr) =lim 3x = 21;
z—T7t f( ) 7t

Since i I £ i — DNE;
ince lim. f(z) # lim f(x) , we ge lim, f(z) ;
=1

f is not continuous at x = 7 since the limit of f at 7 does not exist.

Problem 2.

Let f(x) = |x — 8|. Evaluate the following limits.

lim = -1;
T—8~ r—38
i TS
z—8t T —38

Thus the function f(z) is not differentiable at 8.


https://www.math.cuhk.edu.hk/~math1010/tutorial.html
https://www.math.cuhk.edu.hk/~math1010/Tutorial/C4sol.pdf

Solution :

S0 (O s B It

T8~ x—8 T8~ r—8

i J@ =IO @8 =(8-8)_

z—8t x—8 z—8t r—8

Since lim J@) = /() li f(@) = J(8) , we know that f(z) is not differentiable at 8
T—8~ r—8 z—8+% X —

Problem 3.

Find f'(x) and f'(0), where:

o= {0 270

(a) Find the derivative of f(z) for x not equal 0.

/

f(z) =2zsin(L) — cos(L) ;

=

(b) Find the derivative of f(z) for x equal 0.

f(0)=o.
Solution :

(a) For z # 0, f' (z) = (xz)/ sin(L) + 2%(sin(L)) = 2zsin(L) — cos(2);

xT T

fz) = f(0) 2’ sin(3)

' . . . (1
(b) Fora:—O,f(x)—ilg%) 0 —ili% p— —ilg}):ﬁSlh(x) = 0 by the Squeeze
Theorem.
Problem 4.
Let

fz) = —922 + 5z for x <0,
TV= 522 -3 for z > 0.

According to the definition of the derivative, to compute f/ (0), we need to compute the left-hand
limit
. (=9h? +5h+3)
lim
h—0— h
and the right-hand limit

, which is —oo,

lim 5h, which is 0.

h—0t



We conclude that f'(0) is DNE.

Solution :
/ h) — —9h? — (-
The left-hand limit: Lf'(0) = lim 102 =/(©) _ =9h7+5h = (=3)
h—0~ h—0 h
. i o 1 f(h)— f(0)  5h2—3—(-3) 5h?
The right-hand limit: Rf (0) = hll}]([)lJr o - . ==
h) — h) —
Since hlir(r)l w # hh%lJr w , we know that f(x) is not differentiable at 0.
—0~ - — —
Problem 5.

Evaluate the following limits. If needed, enter ‘INF’ for oo and ‘-INF’ for —oo .

V94222 V2

(a) lim =—.
z—oo 3+ 1lx 11

VI +222 V2

b N
(b) Jim 11

Solution :

9
Vo+orZ =Z1t2 2
(a) lim ———— = lim 5 = -
z—oo 3+ 1lx z—oo = 411 11
9
V9t 222 i 22 T2 V2
m - = v -

(b) xE—oo 3+ 11z o ac—l>Illoo _% — 11 - _H'

Problem 6.

Find a and b so that the function

fa) = 2% — 422 +6, x< -2,
)= ar + b, x> -2

is both continuous and differentiable.

Solution :

To make f(x) continuous, we must have lim f(z)= lim f(x).
T——2" z——2F

Hence, 2+ (=2)3 —4-(=2)2+6=—2a+b, ie —26=—2a+b.



4 And we also have f(—2) = —26 = —2a + b.

/

To make f(z) differentiable, we must have Lf (—2) = Rf' (=2), i.e.
L@ S @) - f(-2)

r——2~ xTr — (—2) r——21 T — (—2) ’
that is 5 )
lim (22° — 42° 4 6) — (—26) _ lm (ax +b) — (—2a + b)7
T——2" T — (—2) z——21 €T — (—2)

which is reduced to )
2)(2z* — 1
lim (@ +2)(22 8z + 16) = lim a.
T——2— T+ 2 r——21

Hence a = 2(—2)? — 8(—2) + 16 = 40, and b = 2a — 26 = 54.
Remark: Lf'(—=2) can also be calculated using

— f(-2 .
m L= (22° — 42? +6) = lim 3-22%—2-4x.

r——2" T — (—2) r——2~ r——2"

Problem 7.

Suppose f () exists for all x in (a, b).

Mark all true items with a check. There may be more than one correct answer.
A. f(x) is continuous on (a,b).

Comment: This is true. The continuity of f(z) can be deduced from the fact that f'(z) exists
for all x in (a,b).

B. f(z) is continuous at = = a.

Comment: This is not always be true. Since (a,b) is an open interval, and f’(x) is defined locally
in this interval, we can’t know the value of f(x) at the endpoint x =a.

C. f(x) is defined for all = in (a,b).
Comment: This is true.
D. f'(z) is differential on (a,b).

Comment: This is false. Maybe f'(z) is not continuous.

Problem 8.

If f'(a) exists, then lim f(z):

r—a

A. must exist, but there is not enough information to determine its value.



B. is equal to f(a). >
Comment: This is correct. Since f(x) is continuous at = = a.

C. is equal to f(a).

D. might not exist.

E. does not exist.

Solution :

e A is incorrect. Since f'(a) exists, then we deduce that f(z) is continuous at z = a, hence
lii)n f(x) is equal to f(a).
x a

e Bis correct. Since f'(a) exists, then we deduce that f(x) is continuous at 2 = a, hence li_r)n f(x)
x a

is equal to f(a).
e C is incorrect. The reason is as same as before.
e D is incorrect. The reason is as same as before.

e E is incorrect. The reason is as same as before.

Problem 9.

Give the interval(s) on which the function is continuous.

h(k) =V9—k+VE+T7

Solution :
[_77 9]
Since the square root function is continuous on its domain, we just need to calculate the domain

. . . 9-k>0 Ce k<9
of this function. That is, { kt7>0 which implies { k> 7

Problem 10.

Shown below are six statements about functions. Match each statement to one of the functions
shown below which BEST matches that statement.

1. lim f(z)and lim f(x) both exist and are finite, but they are not equal.

r—8t T—8~

2.The graph of y = f(x) has vertical tangent line at (8, f(8)).



63 lim f(z) = —o0.

r—8~

4. lim f(z) exists but lim f(x) doesn’t.

r—8t T—8~

5.lim f(z) = oc.

r—8

6.lim f(z) exists but f is not continuous at 8.

r—8
Af(@) = —
' -8
cos(-15) =<8
B.f(z)=4¢ 0 r=28
3r+48 x>8
3z r <8
C.f(x)=4¢ 0 =38
48 —3x x> 8
D.f(x) = Vo —8
3 T <8
E.f(z)= 0 z =28
3r—48 x> 8
1
F. =
Solution :

e For A, lim f(x) = —oo and lim f(z) = 4.

r—8~ r—8+

e For B, lim f(z) doesn’t exist , lim f(z) = 72, hence lim f(x) exists but lim f(z) doesn’t.

T—8~ r—8+ z—8+ T8~

e For C, lim f(z) = 24, lim f(xz) = 24, hence lim f(z) exists but f(8) = 0 # 24, so f is not
T8~ z—8t 38
continuous at 8.

e For D, since the derivative of f(z) is &(z — 8)7%, and f'(8) = oo, the graph of y = f(z) has
vertical tangent line at (8, f(8)).

e For E; lim f(x) = 24, lim f(x) = —24, hence lim f(z) and lim f(x) both exist and are
T8~ z—8+% z—8+t T8~

finite, but they are not equal.

e For F, lim f(x) =00, lim f(z) =00, hence lim f(z) = occ.
T—8~ r—8* T—8

Problem 11.
Why is the following function discontinuous at z = 07

f(x):{ e ifx<0

22 ifz>0



(a) f(0) does not exist.

(b) ili% f(z) does not exist (or is infinite).

(c) both (a) and (b).

(d) f(0) and al;l_r{%) f(z) exist, but they are not equal.

Solution :

e (a) is incorrect. Since f(0) = 0% = 0;

e (b) is correct. The function is discontinuous at = 0 because Ili}n(f]l+ f(x) = 0% = 0 is not equal
to xl_igl_ flx)=e"=1.

e (c) is incorrect.

e (d) is incorrect. This is because lin.r(l) f(z) does not exist .
—



