THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2023-2024 Term 1
Suggested Solutions of Homework Assignment 1

1. Determine the limit of each of the following sequences, or show that the sequence
diverges. You may make use of the limit laws and theorems covered in class.

(a) an:3n_5—<§> for n > 1.

n+1 5
(b) an = VAITE— Vi) forn>1.
(c) an:% for n > 1.
(d) a, = sin () for n > 1.
n
(e) an:# for n > 1.

4N\ 1/3
(f) an:(5+—> forn > 1.

Solution:

()
, . [3n—=5  [3\" . [3-2 3\'T 3-0
=t (5 (5) ] = dm [T (5) | = 155 0=

(b)
VAT 5+
Vit s+ n

g 0 Jy R (75 7).

n—oo
lim Vn-(n+5—n)
=1
n—oo \/n+5+/n

y 1-5 5
= 1m = = | —
n—ro0 +5 ViI+0+1 |2

3 3 3 3<33 ] 3 31
an— ----- L — _— _— T — _—
3 4 5 n 3! n 3 n
Then for n > 3, we have
3* 1
O<a, < —-—
“ 3l 'n

4

Since lim — - — = 0, by squeeze theorem, lim a, = @
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-1 inn2
(d) We have —1 <sinn? <1 and so — < S
n n

1
<=
n

-1 1
Since lim — =0 and lim — = 0, by squeeze theorem, lim a, = @
n—oo N n—oo 1, n—oo

(e) (Method 1)
We first prove that 0 < n'/" < 2.
Clearly, n'/™ > 0 since n is positive.
We can use mathematical induction to prove that n < 2", hence n'/" < 2.
Forn=1,2'=2>1.
Assume the statement is true for n = k, i.e. k < 2.
Then, forn =k + 1,k +1 < 2k < 2. 2F = 2k+1,
Therefore, we have 0 < n'/" < 2.

Hence,
n _ n - no
n+2 n4+nl/r T n4+0
Since nlggo s =1, by squeeze theorem, nhj& a, = .
(Method 2)

Another way to find the limit is as follows:

. ) i 1 1
7}1—>Holo n 4+ nt/n 7}1—{30 14+ pl/n-1 r}ggo 14 (l)l—l/n T 14010

~]

AN\ Y3
lim a, = lim (5+ﬁ> = (54 0)/% =[513]

n—o0 n—o0

2. Consider the following bounded and increasing sequence:
(CLl =3

Ao =/ 3 + \/g

ag = \/ 3 +

Any1 = V3+an

:
)

\

Answer the following questions:

(a) Show that the sequence converges and find its limit.

(b) Answer the same question when 3 is replaced by an arbitrary integer k > 2.



Solution:

(a) (i) Let P(n) be the statement that a,.1 > a,.

e When n =1,
as = \/3+\/§>\/§:a1
Hence, P(1) is true.

e Suppose P(m) is true, i.e.
Q41 Z (0%

e Whenn=m+1,

Am42 = \/3 + A1 > \/3 + m = Q41

Hence, P(m + 1) is true.
Therefore, P(n) is true for any n > 1, i.e. {a,} is increasing.
(ii) Let Q(n) be the statement that a,1 < %ﬁ

e When n =1,
13 V13  1++/13
alz\/§< Z: 9 < +2

Hence, Q(1) is true.
e Suppose Q(m) is true, i.e.

1++13

Uy, <

e When n=m + 1,

m41 = 3+ an, < 3+

1++v13

2

Hence, Q(m + 1) is true.

Therefore, Q(n) is true for any n > 1, i.e. a, < L+v13

S
By Monotone Convergence Theorem, {a,} is convergent.
Suppose lim a, = L.

n—00

Qpy1 = V 3+ Gp,
lim ap. = lim V3 + a,
n—o0 n—ro0
L=+v3+1L

1+v13  V1+2/13+13
- . -

2

L>~-L—-3=0
1++v13 1—-+13
L=——+— o L=——
2 2
_ 1-V13 1—1—\/13'

L is rejected since a, > 0 for all n. Hence, lim a, =

2 n—oo




(b) For any integer k > 2,
(i) Let P(n) be the statement that a,41 > a,.

e When n =1,
CLQI\/]C—F\/%> k=a
Hence, P(1) is true.

e Suppose P(m) is true, i.e.
CLm—s—l Z Am
e Whenn=m+1,
Am42 = \/k + A1 > \/k + = Am41
Hence, P(m + 1) is true.
Therefore, P(n) is true for any n > 1, i.e. {a,} is increasing.
(ii) Let @(n) be the statement that a,,; < VI
e When n =1,

1+4k  V1+4k  1+V/1+4k
ar = Vk <4/ Z = ; <-* 2+

Hence, Q(1) is true.
e Suppose QQ(m) is true, i.e.

1+ V14 4k
ap £ ——————
2
e When n=m + 1,

1+ I+ 4k
amsr = Vk + am < \//HT

V14 2VT Ak + 144k 1+ T+ 4k
- 2 N 2

Hence, Q(m + 1) is true.

Therefore, Q(n) is true for any n > 1, i.e. a, < —”W.

By Monotone Convergence Theorem, {a,} is convergent.
Suppose lim a, = L.
n—00

Apy1 =V k+ G
lim ap,+1 = lim /k+a,
n—oo n—oo
L=vk+ L

I’ ~-L—-k=0
I 1++v1+4k I 1—+V1+44k
=— or -
2 2
AT 1+ +v1+4k
L:#is rejected since a,, > 0 for all n. Hence, lim a, = %
n—oo




3. For this problem, you may make use of the following mathematical result:

Fact. Let a, r be real numbers, with r # 1. Let {S,} be the geometric series
defined as follows:

Sn:Zark:a+ar+ar2+~-+a7’”, n=20,1,2,....
k=0

_ ntl
Then, S, =a (1—T>
1—7r

, whenever |r| < 1.

(a) Verify that {S,,} converges to . ¢
(b) Use the result of Part (a) to find the limit of the sequence {a,}, where

14543 g
a, = — JE— —_
" 4 g 4m

(c) Use the result of Part (a) to verify that the repeating decimal 1.777-- -, often

written as 1.7, is equal to 9

Solution:

a en |r| < , We nave —T an m r = U. en
(a) When |r| < 1, we have 1 — 7 # 0 and lim "™ = 0. Th

n—oo

1 — gl 1 — lim r7Ht 1-0 a
lim S, =lima| — ) =a| —2=2 | =q¢ = )
n—00 n—oo 1—r 1—r 1—r 1—r

1
(b) Leta:?)andrzz. Then a, = S, — 2.

Then lim a, = lim Sy —2= —— —2— 5 __5_[3]

n—00 n—00 1—r 1-1
1
(c) Leta:7andrzﬁ. Then a, =S, — 6.
. 7 16
Then 1.7 = lim a, = lim §, —6 = —— — 6 = —6=—".

4. A sequence {a,} is defined recursively by the following equations:

a); = 1,
{anH =7+ 2a, forn>1.

Answer the following questions:

(a) Show that {a,} is bounded and monotonic and hence convergent.
(b) Find the limit of {a,}.



Solution:

(a) (i) Let P(n) be the statement that a, 1 > a,.
e When n =1,
a=V7+2=3>1=a

Hence, P(1) is true.
e Suppose P(m) is true, i.e.

(41 Z Am

e When n=m + 1,

Am+4+2 = 1/ 7+ 2am—‘,—l >V 7+ 20y, = Am+1

Hence, P(m + 1) is true.
Therefore, P(n) is true for any n > 1, i.e. {a,} is increasing.
(ii) Let Q(n) be the statement that a,,; < 1+ 2v/2.
e When n =1,
a=1<1+2V2

Hence, Q(1) is true.
e Suppose Q(m) is true, i.e.

am§1—|—2\/§

e When n=m + 1,

am+1=v7+2am§\/7+2+4\/§:\/1+2><2\/§+8:1+2\/§

Hence, Q(m + 1) is true.
Therefore, Q(n) is true for any n > 1, i.e. a, < 1+ 2v/2.
By Monotone Convergence Theorem, {a,} is convergent.

(b) Suppose lim a, = L.
n—oo

an+1:m
tzm, oo = lim 7+ 2
L=V7+2L
L*—2L-7=0
L=1+2V2 or L=1-2V2
L=1-2V2is rejected since a,, > 0 for all n. Hence, lim a, = 1+2V2|.

n—o0




5. Let k > 0 and a; be a positive number. Define a sequence {a,} by the relation:

ps1 =V k+a, forn>1.

Let a be the positive root of the equation:
-z —k=0.

(a) Suppose 0 < a; < a. Show that the sequence {a,} is monotonic increasing
and converges to «.

(b) Suppose a; > «. Show that the sequence {a,} is monotonic decreasing and
converges to a.

Solution:

(a) Let P(n) be the statement that a,+1 > a,.

e First we note that 22 — 2 — k = 0 has a positive root o and a negative root
—Fk/a, and that 2* — x — k < 0 whenever —k/a < z < a.
Since 0 < a; < a, we have a2 — a; — k < 0, and so a; < vk + a1 = as.
Hence, P(1) is true.

e Suppose P(m) is true, i.e. a1 > Q.

e Whenn=m+1,

A2 = k+am+1 > V k—l—am = Gm41-

Hence, P(m + 1) is true.

By mathematical induction, P(n) is true for all n > 1, i.e. {a,} is monotonic
increasing.
Next, we show that {a,} is bounded above by a. Let Q(n) be the statement
that a, < a.

e Clearly, a; < a. Hence, Q(1) is true.

e Suppose Q(m) is true, i.e. a,, < a.

e Whenn=m+1,

am+1:\/k+am<\/k+a:va2:a.

Hence, Q(m + 1) is true.
By mathematical induction, Q(n) is true for all n > 1. So {a,} is bounded

above by a.
By Monotone Convergence Theorem, {a,} converges. Let ¢ = lirf ay,. Then
n—-+0oo
. 2 T
e 1 = B (b an)
P—l—k=0.

Since a, > a; > 0 for all n > 1, we have £ > a; > 0.

So ¢ is the positive root of 22 — 2 — k = 0. Therefore, liril a, =1 =q.
n—-+0o0



(b) Let P(n) be the statement that a,41 < a, and a,, > a.

e Since a; > a, we have a? —a; —k > 0, and so a; > vk + a; = as.
Hence, P(1) is true.

e Suppose P(m) is true, i.e. apy1 < G and a,, > a..
e Whenn=m+ 1,

Am+4+2 = k+ Amt1 <V k + Am = Am+1,

and

A1 = \/k—i—am >Vk+a=Va?=a.
Hence, P(m + 1) is true.

By mathematical induction, P(n) is true for all n > 1. Thus, {a,} is monotonic
decreasing and bounded below by a.

By Monotone Convergence Theorem, {a,} converges. Let £ = lim a,. Then

n—-+00
. 2 o .
i 1 = A (b + an)
—0—k=0.

Since a,, > a > 0 for all n > 1, we have £ > o > 0.

So ¢ is the positive root of 22 — 2 — k = 0. Therefore, liril a, =1 =q.
n—-+00

6. Given a sequence {a,} such that a; > as > 0, and

1
an+2:§(an+1+an), for n=1,2,---.

Answer the following questions:

(a) Show that for n > 1,

(=D"
on

Qpy2 — Ap = (al - a2)

and hence show that the sequence {ay,as,as,---} is strictly decreasing and
that the sequence {as, a4, ag, - - - } is strictly increasing.

(b) For any positive integers m and n, show that
A2m < A2p—1-

(c¢) Show that the two sequences {ay,as,as, -} and {asg, a4, ag, -} converge to
the same limit &, where

1
k= g(al -+ 2&2>.



Solution:

(a) Because

pi1 — Qp = % (an + apn_1) —ap = —= (ap — ap_1),
we have
Ap4+1 — Ap = —% (an — an-1)
- <—%)2 (Qp—1 — Ap_2)
= (-%)3 (Gp—o9 — Gp_3)
- (_%)”—1 (ag —ay).
Hence,
Upio — A = = (Apy1 + an) — ay,

-2 (_%) o a)

_ <—%)n(a1 ).

> (0 when n is even
Since a; — ay > 0, it follows that a, 2 — a, ) .

<0 when n is odd
Accordingly, {ag,11} is strictly decreasing and {as,} is strictly increasing.

(b) For any m,n > 1, consider the following 3 cases:

(i) Let m = n. By (a), 2a2m = aom—1+a2m—2 < Gam—1+02m. SO Ay < Agm—1.

(ii) Let m < n. By (a) and (b)(i), agm < az, < aop_1.
(iii) Let m > n. By (a) and (b)(i), agn—1 > Gam—1 > aopm.

In all cases, as,, < as,—1 for m,n > 1.

(¢) By (a) and (b), {ag,41} is decreasing and bounded below, e.g. by as, {as,}
is increasing and bounded above, e.g. by a;. So, by Monotone Convergence
Theorem, both sequences converge. Let lim as, = ¢; and lim ag,. 1 = (5.

n—oo

n—oo
Then lim a, s = lim %(anﬂ + a,) implies that
n—oo n—o0

by =
61:

(61 + 4y) if nis odd
(b +¢1) if nis even .

N = N



Thus, (1 = s, i.e. lim as, = hm 911
n—o0

Now, from the definition of the sequence,

Z ap = Z A2 + Qp_1)
k 3

n—2

1
= Eal + ap + Ean_l
k=2

1
—Up_1 + @, = —ay + as.
5 1+ 21—1‘2

Taking limit,

li ! +
— lim a,, = —a a
2 nsoo gt 2

. 1
nh—>nolo a, = §<a1 + 2ay).

7. For each of the given functions, f, find its natural domain, that is, the largest subset
of R on which the expression defining f may be validly computed. Please express
your answer in the form of a single interval, or a union of disjoint intervals. For
example: (—o0,2) U [5,11).

(a) (Optional) f(x) = %\/4 — x2

r—3

T+ 3

(c) (Optional) f(z) = In (322 — 4z + 5).
(d) f(z) =In(Ve—4+V6—uz).

(e) (Optional) f(z) = sin® o + cos* x.

(b) flz) =

(6) fl2) = ——.

(g) flz)=1—]z—1].
Solution:

(a)

It implies the condition 4 — 2? > 0, —
Hence, the largest domain is | [—2, 2] |.




051

-0.5

=

-3
It implies two conditions = # —3 and r—2 > 0.
T+ 3

Form_?)ZO,
T+ 3

r—3
>0
r+3

r—3

: 3)2>0

r+3 (z+3)

r<-3orx >3

Hence, the largest domain is | (—oo, —3) U [3,00) |.




f(z) =In(32® — 42 + 5)

It implies the condition 32% — 42 + 5 > 0.
Note that A = (—=4)? —4-3-5= —44 < 0, so the equation has no real roots.
Then 322 — 42 + 5 > 0 for any x.

Hence, the largest domain is | (—00, 00) |.

f()=In(vVz —4+V6—1)

It implies three conditions x —4 >0, 6 —x > 0, and /o — 4+ /6 —x > 0.
We get 4 < x < 6 from the first two conditions.

For the third condition, note that vx —4 > 0 and 6 —x > 0, and they
cannot be 0 simultaneously, so any number satisfying 4 < x < 6 works.

Hence, the largest domain is | [4, 6] |

091

081

0.7r

06

051

04r

03[

02r

01




f(z) =sin?x + cos* x

Note that sinx and cosx do not impose any conditions on domain.

Hence, the largest domain is | (—00, 00) |.

[AVAVAVAVAVAVA

051

-1.5x - -0.57 0 0.57 T -1.57

fla) = —

" 1+4coszx

It implies the condition cosx # —1.

Therefore, we have x # 7 + 2nm, where n is any integer.

To write the largest domain in disjoint interval, it involves infinitely many
intervals of the form ((2n + 1), (2n + 3))

We can write it as U ((2n+ 1)m, (2n+ 3)m)|.
nez

10

[(=]
T

oo
T

~
T

[=2]
T

w
T

~
T

w
T

N
T

-
T

-3 =27 - 0 T 27 -3



flx) =1—lz—1]

Note that |« — 1| do not impose any conditions on domain.

Hence, the largest domain is | (—00, 00) |.

8. Determine whether the given function, f, is injective, surjective, bijective, or none
of these. Explain clearly.

(a) f:R— R, where f(z) =2z — 1.

|
(b) f:{x| x# 1} = R, where f(z) = P

(¢) f:R— R, where f(z) = V/x.
(d) f:[-1,1] = [0,4), where f(x) = 2.

Solution:

(a) For any z1, 79 € R with 21 # x9, we have f(z1) = 221 — 1 # f(x9) = 225 — 1.
Therefore, f is .

For any y € R, there exists 2 = 221 € R such that f(z) = 2z —1 = 2(Z2) = 4.

2 2
Therefore, f is .
Since f is both injective and surjective, it is .

2
-1
(b) Note that for z € (—o0,1) U (1, +00), f(x) = ’ T =t 1.
x —
For any x1,x9 € (—00,1) U (1,4+00) with z1 # xq, we have f(x1) = 21 + 1 #
f(z2) = x9 + 1. Therefore, f is .
For y = 2 € R, there exists no x € (—o0,1) U (1,400) such that f(z) =y

(otherwise, 22 —1 =2(x — 1) = (z—1)> =0 = x =1, which is a




contradiction). Therefore, f is ’not surjective ‘

As f is not surjective, it is [not bijective |.

(c) For any x1, 25 € R with 21 # 2o, we have f(z1) = /1 # f(22) = J/@2. Then
7 i [ntive].
For any y € R, there exists z = y® € R such that f(z) = ¢z = /3 = y.
Therefore, f is .
Since f is both injective and surjective, it is .

(d) Note that we have —1 # 1 but f(—1) = (=1)> =1 and f(1) = 12 = 1. There-

fore, f is |not injective|.

For y = 2 € [0,4), there exists no x € [—1,1] such that f(z) = y (since z* =
2 < x = £+/2 which are outside [—1,1]). Therefore, f(z) is |not surjective ‘

As f is not injective, it is | not bijective |

9. Determine whether the given function, f, is increasing, strictly increasing, decreas-
ing, strictly decreasing, bounded, bounded above, or bounded below.

(a) f: [0, +00) = R, where f(x) = i 3
(b) f:R* - R, where f(z) = i
Solution:
(a) ,
fla)=1- r+1

For any ,y with x < y and x,y € [0,400), we have f(x) < f(y). Then f(x)
is ’ strictly increasing ‘

For z € [0, +00), 0 = f(0) < f(z) < lim f(z) = 1. Then f(x) is bounded].

T—>+00

(b) For any x,y with 2 < y and z,y € (0, +00), we have f(z) > f(y). Therefore,
fis ‘strictly decreasing ‘
Clearly, f(z) =1/ > 0 for any € R*. So f is | bounded below | by 0. On the

other hand, f is not bounded above. Otherwise, if f(x) < M for any z € RT,
then, in particular, M +1 = f(1/(M + 1)) < M, which is a contradiction.

10. Find whether the function is even, odd or neither:

(a) (Optional) f(z) = 2% — |z|
(b) f(z)=1log, (z + Va2 + 1)



(¢) (Optional) f(z) =« (a’c - 1)

a®* +1
(d) f(z) =sin x + cos x

Solution:
(a)
fl=z) = 2* — |z| = f(x)
Thus, f(z) is [even].
(b)

= log, ((—:E + Va2 +1)- zi— ﬁ_:)

lo ! )
T r4+ V241
— (@)
Thus, f(x) is .
()
fl=o) = =)
a® —1

o
= f(z)

Thus, f(z) is [even].
()

f(=z) = sin(—x) + cos(—x)
= —sinx + cosx

f(z) is |neither even nor odd| since f(—x) # f(x) and f(—z) # —f(x).

11. Without using L’Hopital’s rule, evaluate the limit, if it exists. If not, determine
whether the one-sided limits exist (finite or infinite).

o2 =322 +5x—15
(a) lim :
3 2 —x—12

1—322°
ional) lim ———.
(b) (Optional) x_1>111}2 80




T —V2— 12
¢) (Optional) li )
(c) (Option )xgq%_ T

(@) lim Va2 +8— /10 — z2
o=l /2243 —/5— 22

() (Optional) glﬂim( 2,1 )

S1\1l—22 -1

2a 1
f) li — .
()xl—rg(x?—aQ x—a>
T — g™
lim | ——— |.
(8) xli’[é(xn_an)

. r—1
@>?ﬁ(;ﬂt7)-
2710 4 3243 4 21
lim .
a—0 \ xl/3 + 422/3 + 221/5

(i) (Optional)

Solution:

(a)

o 23 =322 +5x—15
lim
3 2 —ax—12

| 33-3(3%) +5(3) — 15

32 -3 12
=[0]

o 1—322°
lim —————
z—1/2 1 — 83
’ (1 —22)(1 + 22 + 422 + 82° + 162*)
= lim
z—1/2 (1 —22)(1 + 2z + 42?)
o 1422+ 422 4+ 823 + 162*
= lim
z—1/2 1+ 2z + 422

1 2(5) + () +8(5)° + 16(5)"

1+ 2(%) + 4(%)2

W ot



fi V2
w1 2y — /2 + 222
_ lim r—V2—a? a4+ V2-a? '2x+\/2+72x2
=127 — /24222 20 ++2+222 x++2-—2?
lim 2 — (2 —2?) .2x+\/m
A2 - (24207 st V2oa
272 —2 27+ 2+ 222
1202 =2 p4+2- 22
:thx—i-\/m
z=1 g4 /2 — g2
1)+ /24 2(1)2
1+v2-12
=[2]

Va2 +8 — 10 — 22
ol V2 +3— b — a2
_ lm\/m2+8—\/10—x2.\/$2+8—|—\/10—m2. Va2 +3++5— 22
1 22+ 3 —-vVh—2? Va?+3+vh—2? Va?+8+ V10— z?
. 224+ 8—(10—2?) Vaz+3++5—a?
= lim .
o=l 2243 —(5—122) a2+ 8+ 10 — 22
— lim Va2 +3+ /5 — a2
=1 /22 + 8 + /10 — 22
V12434512
V128410 — 12

i 2 . 1
im
=1\ 1—22 -1

— lim 2—(1+2)
r—1 (11— .7:)(1 —1—3:)

=lim
x—>11—|—3§'
1




i 2a 1
im —
z—a \22 —a?2 x—a

. 2a—(x+a)
= lim
v (z — a)(z + a)
. -1
= lim
z—=a T + a
(Case 1) If a # 0,
. -1 —1 1
lim = =|——
z—=a X+ a a+a 2a

(Case 2) If @ = 0, the limit |does not exist | since

lim = lim — =400
z—a~ T+ a x—0— X
while
-1 =1
lim = lim — = -

z—at T+ a z—0t X

(g) (Case 1) Suppose a # 0.

o Ifn #0:
— If m =0, then
™" —am 1—-1
= =0.
r—a r—a
— If m > 0, then
m—1 m—1
™ —a™ i _ _
lim = lim zham 7k = a™ = ma™ !
r—a T — Q T—ra
k=0 k=0
— If m < 0, then by the above limit,
o™ —am . ™" —a " o _
lim ~— = lim —2™a¢"-"—n— = —a®"(—m)a """ = ma™ .
r—a T — r—a r — a
Hence, if n # 0, we have
™" —a™ o2 —adm T —a mo
lim = lim . =|—a""
z—a " — a” r=a T — @ " —a” n
rm — g™ rm — g™
o lfn=0——= is not defined and so the limit | does not exist
—a

(Case 2) Suppose a = 0.

o If m=n:



o Ifm > n:

l,m m

. —a . —
hm—:hmxm”:@
z—a " — a” x—0

o If m < n: The limit ’does not exist‘ since

oo™ —=a™ . 1
lim —— = lim = 400,
z—at " — a” z—0t gn—m
while
™ —a™ 1
lim = lim = —00.
z—a— T —a” x—0— gt m
(h)
r—1

(V% — 1) (2"* + 1)(z? + 1)
z—1 /4 — 1

T 1/4 1/2

—3161_%(1‘ + 1) (x4 1)

=1+1)(1+1)

=[4]

C 2T 43243 4 2
a2 /3 4 4x2/3 4 221/5
= lim
20 x2/15 4 427/15 4 2
04040
S 0+042

=[0]

12. Without using L’Hopital’s rule, evaluate the limit, if it exists. If not, determine
whether the one-sided limits exist (finite or infinite).

ooVt 11—Vt -1
m )

(a) L

Z—00 xT
(b) lim V3r2 —1—+v222+1

) 1 —sin® x

© tiz, <1_—)

@ 1 (sin 22 — (1 + cos (2x))>
im :

Ccos £ —sin x




(¢) Ii ﬁ—cosx—sin:c
e) lim
e /4 (dx — )2

() Tim sin 7x — sin x

2—0 sin 6z

Solution:

(a)

I Vit 4+1 -Vt —1 . (\/x4+1—\/x4—1)(\/JZ4+1+\/ZL‘4—1)
11m = 11m
T—00 x T—00 r(Vrt+ 1+ Vat —1)

2
= lim
z—=oo p(vot + 1+t —1)

~[0

1 1
VaE—i-vaErl ., Pt =Pt
lim = lim 3

xr

Vi— V2
4

P —1=@-D*+x+1)

‘ 1 —sin® x . (1 —sinz)(1+ sinz +sin®2)

lim [ ———— )= lim - y

1 —sin® z z—/2 (1 —sinz)(1 +sinx)
. (1+sinz +sin®*z)

= lim .

ey (1+sinz)

1+1+1

1+1

x—7/2

3
2



(d) Note that 1+ cos2x =1+ (2cos?z — 1) = 2cos’z and sin2x = 2sinx cos .
We have

, sin 2z — (1 + cos 2xz) . 2cosz(sinz — cosx)
lim - = lim -
a—m/4 cos & — sin x a7 /4 cosx — sinx
= lim —2cosx
r—7/4
— -2
y+m T
(e) Let y = 42 — 7, then we have z = " Also, note that z — 1 —y — 0.
Therefore, we have
. V2—cosx—sinz ) ﬁ—cos#T”—sinyTT”
lim 5 = lim 5
e /4 (dx — ) y—0 y
_ i V2 — (cos%cos% —sin%sin%) — (sin%cos% —|—Cos%sin§)
1 y 1 .y 1 hY 1 Y
. \/5— <ECOSZ — 7581111) — <7§smz +ECOSZ>
N y—0 y2
_ 2 Y
T \/§ 75 Cos
y—0 y2
1 —cos?
=2 <lim - 4)
y—0 Yy
2sin? ¥
=2 <lim - 8)
y—0 Yy
2y
sin” ¥
:2\/§<lirr(1) 2 82>
v (%) -8
2v/2 i
= i 1% (since lim Y 1)
64 y—=0 Yy
V2
32
(f)
. sin7r—sina | 2(sin 7z —sin )
lim ————— = lim *¥——
z—0  sin 6z z=0  —(sin 6x)
sin Tz sinz
T el e
2—0 Sigf“f -6
1-7—1 i
————  (since lim ME 1)
1-6 z—0 X
6



L\t 1z 1/(-a)
glcli’%(1—x) =l (1 +2)7 (1 -2)

1/(—x
| N7 NG
x—0 o -

1 Y
=e-e (since lim (1—1——) =e)

Y—>00 Y
=

lim(—m_l):lim v -m_l

=0 \ In(1+x) z—=0 In(x + 1) T

| v (WVr+I-1D(Vr+1+1)
o 1) (Ve rl+1)

T 1
= lim .
e=0In(z +1) Vr+1+1
1

-1
VO+1+1

| —

(i) (Case 1) Suppose a = 0. We have

. et — et _ 1-1 , 0
iy () =i () = () <0

(Case 2) Suppose a # 0. We have

) edr _ ol ) €a$_1_|_1_€a
lim = lim

x—0 x
(<) +55)
= lim a +
x—0 axr X

—1 1
= 1 while lim — = co. Also, note that 1 —e® # 0 as a # 0.
ax z—0

ax

Now, lim
x—0
ar __ ,a

c ) ’does not exist \

We conclude that the limit lim (6
z—0 x

We now consider the one-sided limits. We have

] en {—l—oo ifa<0 1— e {—oo ifa<0
lim

_ and lim = )
-0 ifa>0 =0~ T 400 ifa>0

z—0t X

and hence

i e — e +oo ifa<0 ) e — e -0 ifa<0
lim = and lim = .
z—0+ x —o0 fa>0 z—0~ x +oo ifa>0




13. Evaluate the following limits.

. 1
(a) lim x|sin |

z—0~
. sin(tanx) 4 tan(sinz)
b) 1
Solution:
1 1
(a) Note that 0 < Sin—' <landso —z<z|sin—| < x.
x T

Since lim —x = 0 and lim x = 0,

z—0 x—0
by squeeze theorem, lim z |sin —| = 0.
x—0 €x

_[o]

(b) Note that —1 < sinz < 1 for any x, and so

1
sin —
x

Therefore, lim x
z—0~

—1 <sin(tanz) < 1.
Also, as tan(x) is increasing in [—1, 1], we have
tan(—1) < tan(sinz) < tan 1.

Therefore, we have

—1+ tan(—1) - sin(tan x) 4 tan(sin z) - 1+tanl

f > 0.
] = Tl S o or x
—1 -+ tan(—1 1-+tanl
Since Tim —— D g g LR
T—+00 z+1 z—+oo 1+ 1
Lt : )
by squeeze theorem, lim sin(tan z) + tan(sin z) = @

T—+00 x+1

14. Evaluate the following limits.

tanx —sinx

i

(&) xlgil) sin® =
2

(b) lim tan®x

20 sin(x?)

.1 —coszvcos2x
(¢) lim

z—0 .T2




Solution:

(a)

sinz

. tanx —sinz . —sinz
lim ————— =lim “**—
z—0 sin” x x—0 sin” x
1 —
— lim COS'Z' 5
z—0 SIn”x
. 1 —cosz
= lim —~5
z—0 8in” z cos &
. 1 —cosz
= lim 5
20 (1 — cos?x) cos
. 1 —cosz
= lim
2=0 (1 — cosz)(1 4 cosx) cos x
. 1
= lim
20 (1 4 cosz) cos x
1
(1+1)(1)
1
2
(b)
tan® x
tan® x _ 12
im ————- = lim ——
2—=0 sin(z2)  «—0 | sin(z”)
22
sinx sinx 1
. . ) -
— 1im T iz . cos? x
20 sin(x?)
22
1
1.1.2
_ 1
1



.1 —cosxzvcos2x . 1 —cosxzvcos2x 1+ coszvcos2z
lim 5 = lim 5 .
70 T z—0 T 1 4+ cos z\/cos 2x

1 — cos? z cos 2z

ﬂlﬂlg(l) 22(1 + cos xy/cos 2z)

1—(1—sin?2)(1 —2sin’7)

20 g2(1 + cos z+/cos 2)

. 1—(1-3sin®z + 2sin*z)

o0 22(1 1 cos 2v/cos 22)
3sin’x — 2sinz

lim
2=0 22(1 + cos xv/cos 2x)

, (sinm) 3 —2sin’z
= lim :

2—0 x 1 + cosxv/cos 2z

! (Sinm>2 [1. 3 — 2sin*z }
= |lim im

70 T =0 ] + cos xv/cos 2z

:(1)2.w
1+1-1

13
12



