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Manufacturability Status & Challenges

Dispearance

1980 1990 2000 2010 2020 

10 

1 

0.1 

um 

[Courtesy Intel] 

X

4 / 1

Challenge: Failure (Hotspot) Detection

Pre-OPC Layout Post-OPC Mask Hotspot on Wafer

I RET: OPC, SRAF, MPL
I Still hotspot: low fidelity patterns
I Simulations: extremely CPU intensive
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Lithography hotspots (GENG+,ICCAD’20)

Spatial reliability issues
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The actual diffusion paths are material dependent and are mainly determined by
the size of their respective activation energies. Every material has multiple, different
activation energies for diffusion, namely for diffusion (i) within the crystal,
(ii) along grain boundaries, and (iii) on surfaces (Sect. 2.3.1). The relationships
between the individual energy levels determine which of the diffusion mechanisms
(i)–(iii) dominates, as well as the composition of the entire diffusion flux.

If one could assume the material transport was homogeneous at every location in
the wiring, there would be no change throughout the interconnect: the same amount
of material would be replenished as would be removed. However, the wiring of a
fabricated IC chip contains numerous required features that result in inhomo-
geneities; as a result, the diffusion is also inhomogeneous. Among the features and
resulting inhomogeneities encountered in chip designs are

• ends of interconnects,
• changes in the direction of interconnects,
• change of layers,
• varying current densities due to changes in interconnect cross-sections,
• changes to the lattice or the material,
• already existing damage or manufacturing tolerances,
• varying temperature distributions, and/or
• mechanical tension gradients.

These inhomogeneities cause divergences in the diffusion flow, leading to metal
depletion or accumulation in the vicinity of such inhomogeneities. Such depletions
and accumulations in turn result in damage to the interconnect, due to voids and
interconnect breaks or hillocks that cause short circuits (Fig. 2.2). Another result of
EM in wires is whiskering, which is a crystalline metallurgical phenomenon
involving the spontaneous growth of tiny, filiform hairs from a metallic surface (see
Fig. 2.2, right). Whiskers can cause short circuits and arcing in electronic circuits.

The two types of depletion that cause damage in integrated circuits are known as
line depletion and via depletion (Fig. 2.3). Electron flow from a via to a line can

Hillocks

Voids

Grain boundaries

Whiskers

Fig. 2.2 Hillock and void formations in wires due to electromigration (left, photographs courtesy
of G. H. Bernstein und R. Frankovic, University of Notre Dame). Whisker growth on a conductor
is shown on the right
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EM (Photo courtesy of G. H. Bernstein und R. Frankovic, University of Notre Dame)
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• Big Data

- Large unstructured data sets flood us
everyday

- Facebook, Linkedln, Amazon, Google

• Deep Neural Networks

- Approaching human intelligence

• Hardware advances

- GPU, FPGA, TPU, ...

ML As a Solution: Why ML?
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ML-based Verification



Fig. 3: Overall flow: (a) Training flow, and (b) Prediction flow.

TABLE I: Terminology and notation table.
Name Description
N Number of power nodes after PDN circuit extraction.
L Number of metal layers used in PDN.
Npad Number of power pads in the design.
Ntap Number of tap current sources in the design.
Ntrack

l Number of tracks on metal layer l.
Ntrack

l,max Maximum number of tracks among L metal layers.
M Dimension of system matrix G, where M = N + Npad.
Ntap

p Number of tap current sources in partition p.
Ntap

p,max Maximum number of tap current sources among partitions.
Ntap

p,w Number of tap current sources in current load
window of partition p.

Ntap
p,w,max Maximum number of tap current sources in current

load window, among all partitions.
Npart Number of partitions.
Nimpacted_part Number of impacted partitions during feature

extraction in Algorithm 1.
CWp Current load window of partition p.
Ik kth tap current source.
Rslk

Effective resistance of shortest path resistance
between power pads and kth tap current source in Equation (4).

Rsn Effective resistance of shortest path resistance
between power pads and node n.

Rnlk
Shortest path resistance value between
kth tap current source and node n.

IRn,k,symbolic Symbolic IR drop value at node n caused by
kth tap current source in Equation (6).

IRn,symbolic Symbolic IR drop value at node n in Equation (7).
PCup Pullup component.
PCdown Pulldown component.
PCup,n Pullup component of node n.
PCdown,n Pulldown component of node n.
PCdown,n,ori Pulldown component of node n before calculation in Algorithm 2.
Listtap A set of tap current sources that need to be considered in

the calculation of PCdown.
Rf Feature training range defined in Section IV-D.
Qimpacted_part A container which stores impacted partitions and

corresponding Listtap’s.

We further limit PCdown extraction error with a threshold
parameter ✏th. If PCdown on the boundary caused by Listtap of a
given partition exceeds the threshold ✏th, we say that each neighbor
partition is impacted, i.e., the neighbor partition must consider the
effect of Listtap of the given partition. We calculate and extract
PCup considering all the power pads in design.

Fig. 4: (a) An example of three power pads and node n. (b) An
example of a simplified power mesh structure.

Whenever the designer makes any modification, IncPIRD will
update an internal database and extract the electrical features based
on the type of modification made. (i) If only macro/cell blocks are
modified, then PCdown is updated to consider the difference of tap
current sources, �b, in the impacted partitions in Equation (2). (ii)
If PDN structure or power pads are modified, i.e., Rslk , Rsn, and
Rnlk in Equation (7) are changed, then the electrical features must
be recalculated in every partition. Algorithm 1 shows the IncPIRD
prediction flow.

Model Input Features. We now describe the extraction of electrical
features for each PDN node. Besides these electrical features,
chip/block sizes and PDN stripe pitches per layer are also used as
input features.
Pullup Component. The pullup component of node n is the effective
resistance between itself and power pads, Rsn. Figure 4(a) shows an
example with three power pads. Rsn can be obtained by calculating
parallel resistance values from the power pad nodes to n. Here, rp1n,
rp2n, and rp3n are shortest path resistances. With Npad voltage
sources,

PCup,n = Rsn =
1

PNpad

p=0
1

rpn

(4)

Pulldown Component. Based on the superposition methodology, only
one tap current source is turned on at a time. Therefore, the sum of
currents from all the power pads is equal to the turned-on kth tap

Authorized licensed use limited to: Chinese University of Hong Kong. Downloaded on October 02,2021 at 09:32:24 UTC from IEEE Xplore.  Restrictions apply. 

IncPIRD flow (HO+,ICCAD’19)

ML model

• Input features: chip/Block size, pitch of metal layer, pulldown and pullup
component in node itself and its neighbors;

• Model: XGBoost;

• Output: IR drop value of each instance.

Shallow model: IR-drop prediction
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Drawbacks

• Needs complicated feature engines;

• Needs more domain knowledge;

• Features cannot be extracted by task orientation.

Solution

• Build a model with a certain “depth”;

• Use a learning algorithm to automatically learn a good feature representation.

Shallow model

8/25
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Figure 2: The proposed convolutional neural network structure.

follows:

F =

2
6664

C11 C12 C13 . . . C1n

C21 C22 C23 . . . C2n

...
...

...
. . .

...
Cn1 Cn2 Cn3 . . . Cnn

3
7775 , (3)

where F 2 Rn⇥n⇥k. Particularly, through reversing above
procedure, an original clip can be recovered from an extracted
feature tensor.

The nature of discrete cosine transform ensures that high
frequency coe�cients are near zero. As shown in Figure 1,
large responses only present at the entries with smaller indexes,
i.e. low frequency regions. Therefore, most information are
kept even when large amounts of elements in C⇤

i,j are dropped.
The feature tensor also has the following advantages when

applied in neural networks: (1) Highly compatible with the
data packet transference in convolutional neural networks and
(2) forward propagation time is significantly reduced in com-
parison with using original layout image as input, because the
scale of the neural network is reduced with smaller input size.

4. BIASED LEARNING ALGORITHM

4.1 Convolutional Neural Network Architecture
To address the weak scalability of traditional machine learn-

ing techniques, we introduce convolutional neural network (CNN)
as preferred classifier. CNN is built with several convolution
stages and fully connected layers, where convolution stages
perform feature abstraction and fully connected layers gener-
ate the probability of testing instances drawn from each cate-
gory (Figure 2).

In this paper, our convolutional neural network has two con-
volution stages followed by two fully connected layers, and each
convolution stage consists of two convolution layers, a ReLU
layer and a max-pooling layer. In each convolution, a set of
kernels perform convolution on a tensor F as follows:

F⌦K(j, k) =
cX

i=1

mX

m0=1

mX

n0=1

F(i, j �m0, k � n0)K(m0, n0).

(4)

where F 2 Rc⇥n⇥n, and kernel K 2 Rc⇥m⇥m. In this work,
the convolution kernel size is set to 3⇥ 3 and the numbers of
output feature maps in two convolution stages are 16 and 32
respectively. ReLU is an element-wise operation that follows
each convolution layer as a replacement of the traditional sig-
moid activation function. As shown in Equation (5), ReLU
ensures that the network is nonlinear and sparse.

ReLU(x) =

⇢
x, if x > 0,
0, if x  0.

(5)

The max-pooling layer performs 2⇥2 down-sampling on the
output of the previous layer and is applied as the output layer

Table 1: Neural Network Configuration.
Layer Kernel Size Stride Output Node #

conv1-1 3 1 12 ⇥ 12 ⇥ 16
conv1-2 3 1 12 ⇥ 12 ⇥ 16

maxpooling1 2 2 6 ⇥ 6 ⇥ 16
conv2-1 3 1 6 ⇥ 6 ⇥ 32
conv2-2 3 1 6 ⇥ 6 ⇥ 32

maxpooling2 2 2 3 ⇥ 3 ⇥ 32
fc1 - - 250
fc2 - - 2

of each convolution stage. Following two convolution stages
are two fully connected (FC) layers with output node numbers
of 250 and 2, respectively. A 50% dropout is applied on the
first FC layer during training to alleviate overfitting. The sec-
ond FC layer is the output layer of the entire neural network,
where two output nodes generate the predicted probabilities
of an input instance being hotspot and non-hotspot. Detailed
configurations are shown in Table 1.

4.2 Mini-batch Gradient Descent
Determining the gradient of each neuron and the parameter

updating strategy in the neural network are two key mech-
anisms in the training procedure. Back-propagation [13] is
widely applied to calculate gradients when training large neu-
ral networks. Each training instance F has a corresponding
gradient set G= {G1,G2, ...,Gv}, where each element is a gra-
dient matrix associated with a specific layer and v is the total
layer number. All the neural network parameters are then
updated with the obtained G.

Stochastic gradient descent (SGD), where each training data
instance is randomly presented to the machine learning model,
has proved more e�cient to train large data sets [14] than
conventional batch learning, where a complete training set is
presented to the model for each iteration. However, as a data
set scales to the ultra large level, e.g. millions of instances,
SGD has di�culty to e�ciently utilize computation resources.
Therefore, it takes a long time for the model to cover every
instance in the training set. A compromise approach called
mini-batch gradient descent (MGD) [15] can be applied where
a group of instances are randomly picked to perform gradient
descent. Additionally, MGD is naturally compatible with the
online method allowing it to facilitate convergence and avoid
large storage requirements for training ultra large instances.

However, for large nonlinear neural networks, back-propagation
and MGD do not have rigorous convergence criteria. A frac-
tion, empirically 25%, of training instances (validation set) is
separated out and is never shown to the network for weight
updating. We then test the trained model on the validation
set every few iterations. When the test performance on the
validation set does not show much variation or starts getting
worse, the training procedure is considered to be converged.
To make sure MGD reaches a more granular solution, we re-
duce the learning rate along with training process.

The details of MGD with learning rate decay are shown in

CNN-based HSD flow (YANG+,DAC’17).

Convolutional neural networks: Lithography hotspot detection
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Figure 4: The proposed CGAN architecture for EM-induced
voltage prediction

R120×120×1, wire length l , and aging time t . t and l are expanded
into R128×128×1 by channel-wise duplication, respectively. In addi-
tion, the three images are all expanded to the same size, such that
imдcol , imдrow , imдcur , l and t can be concatenated depth-wise.
The resulted input x given to the generator is a 128 × 128 × 5 ten-
sor with all entries normalized as described in previous section. We
employ an encoder-decoder architecture as our generator that is
widely used in image-to-image applications. The input is downsam-
pled through a series of convolutional layers until a bottleneck layer,
at which the latent features are extracted and then reversely up-
sampled through transposed convolutional layers. The generator is
trained to extract useful latent features from input and then recon-
struct the output voltage map basing on these information.

The output of the generator is a voltage map, which is denoted as
G (x ). Either the generatedG (x ) or the real EM-induced voltage im-
age y is fed into the discriminator D alternatively together with its
corresponding workloads and aging time x as the condition input.
The output of the discriminator is denoted as D (G (x ),x ) or D (y,x )
depending on whether the generated or the real EM-induced volt-
age image was inputted. In the training process, we use the Wasser-
stein Distance [5] as the measurement of the di!erence between
the real and the generated EM-induced voltage image distribution
to take advantage of higher stability and convergence possibility.

4.5 Fast sensitivity calculation using the
automatic di!erentiation in DNNs

One important observation for all the deep neural networks includ-
ing GAN model is that they are all di!erentiable with respect to
the model weights so that training can be performed by sensitiv-
ity/gradient information via the automatic di!erentiation scheme,
speci"cally the back-propagation algorithm.

In this work, we leverage the existing automatic di!erentiation
to compute the sensitivity information between the output and all
of input resistance through GridNet. To be speci"c, we can com-
pute the partial derivatives of one output voltage map with respect
to every input resistance in one back propagation (same cost of
one inference) of the generator DNN network using the Tensor#ow
tf.gradents API, which is exactly the same technique employed in
the training process. The only di!erence here is that the derivative
is taken with respect to the input of the generator instead of the
trainable variables in the model. In other words, one has to perform
one inference using GridNet to compute sensitivity for k resistances
for one output node. Our sensitivity calculation is similar to the ad-
joint network based approach [13], however, this method requires

two simulations of the EMspice for the original and adjoint networks
for each output node. In our case, we do not require computing the
sensitivities for all the output nodes, instead, we only focus on a
few nodes that are subject to IR drop violations, which makes the
sensitivity computation even more e$cient.

5 FAST LAYOUT FIXING FOR EM-INDUCED IR
FAILURES

Power network is usually synthesized at an early stage of chip de-
sign #ow. Given a power gird, it is possible that it is vulnerable at the
target time Ttarдet . In other words, the maximum IR drop exceeds
the voltage drop threshold Vdropth , thus the design #aws need to
be "xed. Speci"cally, the EM-lifetime of the power grids refers to
the time at which an EM-induced voltage failure is expected to hap-
pen. There are two failure scenarios: vulnerable in the initial state;
robust initially, but has EM-induced voltage violations at Ttarдet .

In this section, we present two fast localized "xing methods based
on the proposed GridNet. The proposed methods are targeted for
ECO like process to "x a few IR drop violations. In section 5.1, we
introduce a method that uses a relatively rough estimation to ex-
pediently "x IR drop failures at the preroute stage. In section 5.2,
we present another way, on the contrary, the method only takes
the second failure scenario into account. It bene"ts from the gradi-
ent information obtained from GridNet, We assume that only a few
EM-induced IR drop violations will occur atTtarдet during the later
power grid design stages such as EM signo!. This is typically the
situation as the power grid network has been well designed at the
synthesis step with EM failure considerations.

5.1 Fast localized IR drop "xing
The "rst localized "x method tries to size whole interconnect tree
one at time until we meet the IR drop constraint at the targeted life-
time. Speci"cally, after a power grid network is synthesized, multi-
ple voltage violations may occur at Ttarдet . With GridNet, we can
easily obtain all the nodal voltages at Ttarдet . In addition, GridNet
is able to provide the EM lifetime of the power grid.

Starting from the original power grids, widening one intercon-
nect tree can have inevitable e!ects on nearby trees, namely, "xing
several critical trees may be su$cient to "x voltage violations on
all trees within this local area. Therefore, there is no need to widen
all vulnerable trees at the same time, which would result in large
design overhead. In our method, if voltage violations happen, the
interconnect with the largest IR drop will be widened by a scaling
factor s , where s > 1 and it is determined by experiments.

According to Moudallal et al. [23], the voltage drop is a monoton-
ically increasing function with respect to aging time given a certain
grid sample, thus we only need to look at Ttarдet without consid-
ering any time in between.

The modi"ed power grid information is then fed into GridNet to
get the newly predicted nodal voltages at Ttarдet . We iteratively
predict voltages and widen one tree at a time until the IR drop of all
nodes are bounded within VDD −Vdropth .

According to the design rules and the minimum allowed space
for standard cell placement and routing, the interconnect wire must
be modi"ed in a manner under some speci"c constraints. In our
method, we specify that each wire can be widened under those de-
sign rules, but they have a maximum allowed value.

5.2 Sensitivity based localized IR drop "xing
As we discussed, the sensitivity information of node voltage with re-
spect to the wire resistance can be obtained as by-product from the
CGAN model of GridNet for each given input design using simple
back propagation as mentioned in Section 4.5. Typically the candi-
date wires (and its wire segments) are the wires with or close to void
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GAN-based EM-induced voltage prediction flow (ZHOU+,ICCAD’20).
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Index Instance …  dvtlin(HCI+BTI,V)
1        M5    …     1.265e-02
2        M4    …     1.238e-02
3        M0    …     1.224e-02
4        M3    …     1.193e-02
5        M7    …     1.185e-02
6        M1    …     1.172e-02
7        M2    …     1.159e-02
8        M6    …     1.153e-02

Device Degradation

INPUT SIMULATION OUTPUT

INPUT ESTIMATION OUTPUT

Circuit Netlist

Fresh Simulation

Stress Simulation

Aging Simulation

Device Aging Information

Device Aging Information

Dynamic Stress

Static Stress

Circuit Netlist

Static Stress

Device Degradation

Normal Parameters

Aging Parameters

GCN-based aging degradation flow (CHEN+,TCAD’21)

Graph convolutional networks: Aging degradation estimation
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[1 ⇥ 100]
<latexit sha1_base64="b7Si2bhaRwyU+lQNC7+1B7Y44eY=">AAAB+HicbVDJSgNBEK2JW4xLxnj00pgIegnduegx4MVjBLNAZgg9nZ6kSc9Cd48Qh3yJFw+KePVTvPk3dpaDJj4oeLxXRVW9IJVCG4y/ncLW9s7uXnG/dHB4dFx2TyodnWSK8TZLZKJ6AdVcipi3jTCS91LFaRRI3g0mt3O/+8iVFkn8YKYp9yM6ikUoGDVWGrjlWp94RkRcI4KxXxu4VVzHC6BNQlak2qx4V2DRGrhf3jBhWcRjwyTVuk9wavycKiOY5LOSl2meUjahI963NKZ2lZ8vDp+hC6sMUZgoW7FBC/X3RE4jradRYDsjasZ63ZuL/3n9zIQ3fi7iNDM8ZstFYSaRSdA8BTQUijMjp5ZQpoS9FbExVZQZm1XJhkDWX94knUad4Dq5J9VmA5YowhmcwyUQuIYm3EEL2sAgg2d4hTfnyXlx3p2PZWvBWc2cwh84nz+NL5Jl</latexit><latexit sha1_base64="w09x7N0XbFbHNumjVm+bncNTuzk=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIWZXPQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmlre2d3r7xfOTg8Oq66J6ddk2Saiw5PVKL7ATNCyVh0QIIS/VQLFgVK9ILp7cLvPQptZBI/wCwVfsTGsQwlZ2CloVute3QAMhIGU0L8+tCtkQZZAm8SWpAaKtAeul+DUcKzSMTAFTPGoyQFP2caJFdiXhlkRqSMT9lYeJbGzK7y8+Xhc3xplREOE20rBrxUf0/kLDJmFgW2M2IwMeveQvzP8zIIb/xcxmkGIuarRWGmMCR4kQIeSS04qJkljGtpb8V8wjTjYLOq2BDo+subpNtsUNKg97TWahZxlNE5ukBXiKJr1EJ3qI06iKMMPaNX9OY8OS/Ou/Oxai05xcwZ+gPn8wdqIZGO</latexit>

Aggregation Aggregation Aggregation Aggregation Aggregation
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[1 ⇥ 10]
<latexit sha1_base64="PZfpDf95B91gNvNcWcYwqC0l0eo=">AAAB9XicbVC7TsNAEFyHVwivEEqaEwkSNJEvDZSRaCiDRB6SbaLz5Zyccj5bd2dQZOU/aChAiJZ/oeNvuDwKSBhppdHMrnZ3wlRwbVz32ylsbG5t7xR3S3v7B4dH5eNKRyeZoqxNE5GoXkg0E1yytuFGsF6qGIlDwbrh+Gbmdx+Z0jyR92aSsiAmQ8kjTomx0kPNw77hMdMIu0GtX666dXcOtE7wklSbFf8SLFr98pc/SGgWM2moIFp72E1NkBNlOBVsWvIzzVJCx2TIPEslsZuCfH71FJ1bZYCiRNmSBs3V3xM5ibWexKHtjIkZ6VVvJv7neZmJroOcyzQzTNLFoigTyCRoFgEacMWoERNLCFXc3oroiChCjQ2qZEPAqy+vk06jjt06vsPVZgMWKMIpnMEFYLiCJtxCC9pAQcEzvMKb8+S8OO/Ox6K14CxnTuAPnM8fo56R+g==</latexit><latexit sha1_base64="FLM9HoWusdNQPZFrEIKPk92TxiU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIph4Ijtc9EjixSMm8khgJbPDLEyYfWSmV0M2/IcXDxrj1X/x5t84wB4UrKSTSlV3urv8REmDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKnmosVjFeuuz4xQMhItlKhEN9GChb4SHX9yM/c7j0IbGUf3OE2EF7JRJAPJGVrpodqjfZShMIS6XnVQrrg1dwGyTmhOKpCjOSh/9YcxT0MRIVfMmB51E/QyplFyJWalfmpEwviEjUTP0ojZTV62uHpGLqwyJEGsbUVIFurviYyFxkxD33aGDMdm1ZuL/3m9FINrL5NRkqKI+HJRkCqCMZlHQIZSC45qagnjWtpbCR8zzTjaoEo2BLr68jpp12vUrdE7WmnU8ziKcAbncAkUrqABt9CEFnDQ8Ayv8OY8OS/Ou/OxbC04+cwp/IHz+QOAkJEj</latexit>

[1 ⇥ 10]
<latexit sha1_base64="PZfpDf95B91gNvNcWcYwqC0l0eo=">AAAB9XicbVC7TsNAEFyHVwivEEqaEwkSNJEvDZSRaCiDRB6SbaLz5Zyccj5bd2dQZOU/aChAiJZ/oeNvuDwKSBhppdHMrnZ3wlRwbVz32ylsbG5t7xR3S3v7B4dH5eNKRyeZoqxNE5GoXkg0E1yytuFGsF6qGIlDwbrh+Gbmdx+Z0jyR92aSsiAmQ8kjTomx0kPNw77hMdMIu0GtX666dXcOtE7wklSbFf8SLFr98pc/SGgWM2moIFp72E1NkBNlOBVsWvIzzVJCx2TIPEslsZuCfH71FJ1bZYCiRNmSBs3V3xM5ibWexKHtjIkZ6VVvJv7neZmJroOcyzQzTNLFoigTyCRoFgEacMWoERNLCFXc3oroiChCjQ2qZEPAqy+vk06jjt06vsPVZgMWKMIpnMEFYLiCJtxCC9pAQcEzvMKb8+S8OO/Ox6K14CxnTuAPnM8fo56R+g==</latexit><latexit sha1_base64="FLM9HoWusdNQPZFrEIKPk92TxiU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIph4Ijtc9EjixSMm8khgJbPDLEyYfWSmV0M2/IcXDxrj1X/x5t84wB4UrKSTSlV3urv8REmDrvvtFDY2t7Z3irulvf2Dw6Py8UnbxKnmosVjFeuuz4xQMhItlKhEN9GChb4SHX9yM/c7j0IbGUf3OE2EF7JRJAPJGVrpodqjfZShMIS6XnVQrrg1dwGyTmhOKpCjOSh/9YcxT0MRIVfMmB51E/QyplFyJWalfmpEwviEjUTP0ojZTV62uHpGLqwyJEGsbUVIFurviYyFxkxD33aGDMdm1ZuL/3m9FINrL5NRkqKI+HJRkCqCMZlHQIZSC45qagnjWtpbCR8zzTjaoEo2BLr68jpp12vUrdE7WmnU8ziKcAbncAkUrqABt9CEFnDQ8Ayv8OY8OS/Ou/OxbC04+cwp/IHz+QOAkJEj</latexit>

[7 ⇥ 10]
<latexit sha1_base64="3VxLsPlm0pr+AgtfsvNU/NSS/58=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CtMixGPAi8cIZoFkjD2dnqRJz0J3jRKG/IcXD4p49V+8+Td2loMmPih4vFdFVT0/UdKg6347K6tr6xubua389s7u3n7h4LBh4lRzUeexinXLZ0YoGYk6SlSilWjBQl+Jpj+8nvjNR6GNjKM7HCXCC1k/koHkDK10X2pXOihDYQh1vVK3UHTL7hRkmdA5KVaPg+ABAGrdwlenF/M0FBFyxYxpUzdBL2MaJVdinO+kRiSMD1lftC2NmN3kZdOrx+TMKj0SxNpWhGSq/p7IWGjMKPRtZ8hwYBa9ifif104xuPIyGSUpiojPFgWpIhiTSQSkJ7XgqEaWMK6lvZXwAdOMow0qb0Ogiy8vk8ZFmbplekuL1UuYIQcncArnQKECVbiBGtSBg4ZneIU358l5cd6dj1nrijOfOYI/cD5/AJEQkqs=</latexit><latexit sha1_base64="55U1OiuYX3YRkE53Ocro8MIuwio=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9gRIR4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1ppXOZxFOEETuEcKNShATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDioSRKw==</latexit>

[7 ⇥ 10]
<latexit sha1_base64="3VxLsPlm0pr+AgtfsvNU/NSS/58=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CtMixGPAi8cIZoFkjD2dnqRJz0J3jRKG/IcXD4p49V+8+Td2loMmPih4vFdFVT0/UdKg6347K6tr6xubua389s7u3n7h4LBh4lRzUeexinXLZ0YoGYk6SlSilWjBQl+Jpj+8nvjNR6GNjKM7HCXCC1k/koHkDK10X2pXOihDYQh1vVK3UHTL7hRkmdA5KVaPg+ABAGrdwlenF/M0FBFyxYxpUzdBL2MaJVdinO+kRiSMD1lftC2NmN3kZdOrx+TMKj0SxNpWhGSq/p7IWGjMKPRtZ8hwYBa9ifif104xuPIyGSUpiojPFgWpIhiTSQSkJ7XgqEaWMK6lvZXwAdOMow0qb0Ogiy8vk8ZFmbplekuL1UuYIQcncArnQKECVbiBGtSBg4ZneIU358l5cd6dj1nrijOfOYI/cD5/AJEQkqs=</latexit><latexit sha1_base64="55U1OiuYX3YRkE53Ocro8MIuwio=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9gRIR4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1ppXOZxFOEETuEcKNShATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDioSRKw==</latexit>

[7 ⇥ 10]
<latexit sha1_base64="3VxLsPlm0pr+AgtfsvNU/NSS/58=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CtMixGPAi8cIZoFkjD2dnqRJz0J3jRKG/IcXD4p49V+8+Td2loMmPih4vFdFVT0/UdKg6347K6tr6xubua389s7u3n7h4LBh4lRzUeexinXLZ0YoGYk6SlSilWjBQl+Jpj+8nvjNR6GNjKM7HCXCC1k/koHkDK10X2pXOihDYQh1vVK3UHTL7hRkmdA5KVaPg+ABAGrdwlenF/M0FBFyxYxpUzdBL2MaJVdinO+kRiSMD1lftC2NmN3kZdOrx+TMKj0SxNpWhGSq/p7IWGjMKPRtZ8hwYBa9ifif104xuPIyGSUpiojPFgWpIhiTSQSkJ7XgqEaWMK6lvZXwAdOMow0qb0Ogiy8vk8ZFmbplekuL1UuYIQcncArnQKECVbiBGtSBg4ZneIU358l5cd6dj1nrijOfOYI/cD5/AJEQkqs=</latexit><latexit sha1_base64="55U1OiuYX3YRkE53Ocro8MIuwio=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9gRIR4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1ppXOZxFOEETuEcKNShATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDioSRKw==</latexit>

[7 ⇥ 10]
<latexit sha1_base64="3VxLsPlm0pr+AgtfsvNU/NSS/58=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CtMixGPAi8cIZoFkjD2dnqRJz0J3jRKG/IcXD4p49V+8+Td2loMmPih4vFdFVT0/UdKg6347K6tr6xubua389s7u3n7h4LBh4lRzUeexinXLZ0YoGYk6SlSilWjBQl+Jpj+8nvjNR6GNjKM7HCXCC1k/koHkDK10X2pXOihDYQh1vVK3UHTL7hRkmdA5KVaPg+ABAGrdwlenF/M0FBFyxYxpUzdBL2MaJVdinO+kRiSMD1lftC2NmN3kZdOrx+TMKj0SxNpWhGSq/p7IWGjMKPRtZ8hwYBa9ifif104xuPIyGSUpiojPFgWpIhiTSQSkJ7XgqEaWMK6lvZXwAdOMow0qb0Ogiy8vk8ZFmbplekuL1UuYIQcncArnQKECVbiBGtSBg4ZneIU358l5cd6dj1nrijOfOYI/cD5/AJEQkqs=</latexit><latexit sha1_base64="55U1OiuYX3YRkE53Ocro8MIuwio=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9gRIR4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1ppXOZxFOEETuEcKNShATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDioSRKw==</latexit>

[4 ⇥ 10]
<latexit sha1_base64="TvKXHwqFjdjCYNvzijSVOY1PLEQ=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CjMS0GPAi8cIZoHJGHs6PUmTnp6hu0YJIf/hxYMiXv0Xb/6NneWgiQ8KHu9VUVUvTKUw6Lrfzsrq2vrGZm4rv72zu7dfODhsmCTTjNdZIhPdCqnhUiheR4GSt1LNaRxK3gwH1xO/+ci1EYm6w2HKg5j2lIgEo2il+5JfaaOIuSGeG5Q6haJbdqcgy8Sbk2L1OIoeAKDWKXy1uwnLYq6QSWqM77kpBiOqUTDJx/l2ZnhK2YD2uG+ponZTMJpePSZnVumSKNG2FJKp+ntiRGNjhnFoO2OKfbPoTcT/PD/D6CoYCZVmyBWbLYoySTAhkwhIV2jOUA4toUwLeythfaopQxtU3obgLb68TBoXZc8te7desVqBGXJwAqdwDh5cQhVuoAZ1YKDhGV7hzXlyXpx352PWuuLMZ47gD5zPH4xjkqg=</latexit><latexit sha1_base64="0uP0pdS5x8Wxs42Hf8XxKWkbz5Y=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9iRgB4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1pp1PM4inACp3AOFC6hATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDhdeRKA==</latexit>

[4 ⇥ 10]
<latexit sha1_base64="TvKXHwqFjdjCYNvzijSVOY1PLEQ=">AAAB9XicbVDJSgNBEK1xjXGLy81LYyJ4CjMS0GPAi8cIZoHJGHs6PUmTnp6hu0YJIf/hxYMiXv0Xb/6NneWgiQ8KHu9VUVUvTKUw6Lrfzsrq2vrGZm4rv72zu7dfODhsmCTTjNdZIhPdCqnhUiheR4GSt1LNaRxK3gwH1xO/+ci1EYm6w2HKg5j2lIgEo2il+5JfaaOIuSGeG5Q6haJbdqcgy8Sbk2L1OIoeAKDWKXy1uwnLYq6QSWqM77kpBiOqUTDJx/l2ZnhK2YD2uG+ponZTMJpePSZnVumSKNG2FJKp+ntiRGNjhnFoO2OKfbPoTcT/PD/D6CoYCZVmyBWbLYoySTAhkwhIV2jOUA4toUwLeythfaopQxtU3obgLb68TBoXZc8te7desVqBGXJwAqdwDh5cQhVuoAZ1YKDhGV7hzXlyXpx352PWuuLMZ47gD5zPH4xjkqg=</latexit><latexit sha1_base64="0uP0pdS5x8Wxs42Hf8XxKWkbz5Y=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhPBU9iRgB4DXjxGMImwWcPsZDYZMvtgplcJIf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VpEoadN1vp7C2vrG5Vdwu7ezu7R+UD4/aJsk0Fy2eqETfB8wIJWPRQolK3KdasChQohOMrmd+51FoI5P4Dsep8CM2iGUoOUMrPVS9ehdlJAyhrl/tlStuzZ2DrBKakwrkaPbKX91+wrNIxMgVM8ajbor+hGmUXIlpqZsZkTI+YgPhWRozu8mfzK+ekjOr9EmYaFsxkrn6e2LCImPGUWA7I4ZDs+zNxP88L8Pwyp/IOM1QxHyxKMwUwYTMIiB9qQVHNbaEcS3trYQPmWYcbVAlGwJdfnmVtC9q1K3RW1pp1PM4inACp3AOFC6hATfQhBZw0PAMr/DmPDkvzrvzsWgtOPnMMfyB8/kDhdeRKA==</latexit>

[6 ⇥ 10]
<latexit sha1_base64="RwJGcVzQbnfXpKyHXbdVXsuK+Wo=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgInsKuiHoMePEYwTwgWePsZDYZMju7zPQqYcl/ePGgiFf/xZt/4yTxoIkFDUVVN91dQSKFQdf9cnJLyyura/n1wsbm1vZOcXevYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk385gPXRsTqFkcJ9yPaVyIUjKKV7srt8w6KiBviuX65Wyy5FXcKski8H1KqHoThPQDUusXPTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqqjd5GfTq8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF76mVBJilyx2aIwlQRjMomA9ITmDOXIEsq0sLcSNqCaMrRBFWwI3vzLi6RxWvHcinfjlapnMEMeDuEITsCDC6jCNdSgDgw0PMELvDqPzrPz5rzPWnPOz8w+/IHz8Q2PgZKq</latexit><latexit sha1_base64="a3tl0AOKjwRcKHVvQDCoYqrvPHE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxVbwVBIR9Vjw4rGC/YA0ls120y7dbMLuRCml/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LhzdRvPXJtRKLucZTyIKZ9JSLBKFrpoeJfdlDE3BDPDSrdUtmtujOQZeLlpAw56t3SV6eXsCzmCpmkxviem2IwphoFk3xS7GSGp5QNaZ/7lipqNwXj2dUTcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzKNgPSE5gzlyBLKtLC3EjagmjK0QRVtCN7iy8ukeV713Kp355VrF3kcBTiGEzgDD66gBrdQhwYw0PAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHiPWRKg==</latexit>

[6 ⇥ 10]
<latexit sha1_base64="RwJGcVzQbnfXpKyHXbdVXsuK+Wo=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgInsKuiHoMePEYwTwgWePsZDYZMju7zPQqYcl/ePGgiFf/xZt/4yTxoIkFDUVVN91dQSKFQdf9cnJLyyura/n1wsbm1vZOcXevYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk385gPXRsTqFkcJ9yPaVyIUjKKV7srt8w6KiBviuX65Wyy5FXcKski8H1KqHoThPQDUusXPTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqqjd5GfTq8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF76mVBJilyx2aIwlQRjMomA9ITmDOXIEsq0sLcSNqCaMrRBFWwI3vzLi6RxWvHcinfjlapnMEMeDuEITsCDC6jCNdSgDgw0PMELvDqPzrPz5rzPWnPOz8w+/IHz8Q2PgZKq</latexit><latexit sha1_base64="a3tl0AOKjwRcKHVvQDCoYqrvPHE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxVbwVBIR9Vjw4rGC/YA0ls120y7dbMLuRCml/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LhzdRvPXJtRKLucZTyIKZ9JSLBKFrpoeJfdlDE3BDPDSrdUtmtujOQZeLlpAw56t3SV6eXsCzmCpmkxviem2IwphoFk3xS7GSGp5QNaZ/7lipqNwXj2dUTcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzKNgPSE5gzlyBLKtLC3EjagmjK0QRVtCN7iy8ukeV713Kp355VrF3kcBTiGEzgDD66gBrdQhwYw0PAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHiPWRKg==</latexit>

[5 ⇥ 10]
<latexit sha1_base64="Ih7lFl6Vcxx8S3DeC1nz96HqSj0=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgInsKuKHoMePEYwTwgWePsZDYZMju7zPQqYcl/ePGgiFf/xZt/4yTxoIkFDUVVN91dQSKFQdf9cnJLyyura/n1wsbm1vZOcXevYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk385gPXRsTqFkcJ9yPaVyIUjKKV7srt8w6KiBviuX65Wyy5FXcKski8H1KqHoThPQDUusXPTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqqjd5GfTq8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF76mVBJilyx2aIwlQRjMomA9ITmDOXIEsq0sLcSNqCaMrRBFWwI3vzLi6RxWvHcinfjlapnMEMeDuEITsCDC6jCNdSgDgw0PMELvDqPzrPz5rzPWnPOz8w+/IHz8Q2N8pKp</latexit><latexit sha1_base64="kuM722LzpLwO0RIZSOP0AqYnkPU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxVbwVBJR9Fjw4rGC/YA0ls120y7dbMLuRCml/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LhzdRvPXJtRKLucZTyIKZ9JSLBKFrpoeJfdlDE3BDPDSrdUtmtujOQZeLlpAw56t3SV6eXsCzmCpmkxviem2IwphoFk3xS7GSGp5QNaZ/7lipqNwXj2dUTcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzKNgPSE5gzlyBLKtLC3EjagmjK0QRVtCN7iy8ukeV713Kp355VrF3kcBTiGEzgDD66gBrdQhwYw0PAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHh2aRKQ==</latexit>

[5 ⇥ 10]
<latexit sha1_base64="Ih7lFl6Vcxx8S3DeC1nz96HqSj0=">AAAB9XicbVDLSgNBEOyNrxhf8XHzMpgInsKuKHoMePEYwTwgWePsZDYZMju7zPQqYcl/ePGgiFf/xZt/4yTxoIkFDUVVN91dQSKFQdf9cnJLyyura/n1wsbm1vZOcXevYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk385gPXRsTqFkcJ9yPaVyIUjKKV7srt8w6KiBviuX65Wyy5FXcKski8H1KqHoThPQDUusXPTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqqjd5GfTq8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF76mVBJilyx2aIwlQRjMomA9ITmDOXIEsq0sLcSNqCaMrRBFWwI3vzLi6RxWvHcinfjlapnMEMeDuEITsCDC6jCNdSgDgw0PMELvDqPzrPz5rzPWnPOz8w+/IHz8Q2N8pKp</latexit><latexit sha1_base64="kuM722LzpLwO0RIZSOP0AqYnkPU=">AAAB9XicbVBNS8NAEJ34WetX1aOXxVbwVBJR9Fjw4rGC/YA0ls120y7dbMLuRCml/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LhzdRvPXJtRKLucZTyIKZ9JSLBKFrpoeJfdlDE3BDPDSrdUtmtujOQZeLlpAw56t3SV6eXsCzmCpmkxviem2IwphoFk3xS7GSGp5QNaZ/7lipqNwXj2dUTcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzKNgPSE5gzlyBLKtLC3EjagmjK0QRVtCN7iy8ukeV713Kp355VrF3kcBTiGEzgDD66gBrdQhwYw0PAMr/DmPDkvzrvzMW9dcfKZI/gD5/MHh2aRKQ==</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
<latexit sha1_base64="aQFAHwlf13TfrsPa+taTthm1Ry4=">AAAB+HicbVDJSgNBEK2JW4xLxuXmpTERPIVuEfQY8OIxgllgMsSeTk/SpGehu0eIQ77EiwdFvPop3vwbO8tBEx8UPN6roqpekEqhDcbfTmFtfWNzq7hd2tnd2y+7B4ctnWSK8SZLZKI6AdVcipg3jTCSd1LFaRRI3g5GN1O//ciVFkl8b8Yp9yM6iEUoGDVW6rnlqke6RkRcI4KxX+25FVzDM6BVQhakUj8OwwcAaPTcr24/YVnEY8Mk1dojODV+TpURTPJJqZtpnlI2ogPuWRpTu8rPZ4dP0JlV+ihMlK3YoJn6eyKnkdbjKLCdETVDvexNxf88LzPhtZ+LOM0Mj9l8UZhJZBI0TQH1heLMyLEllClhb0VsSBVlxmZVsiGQ5ZdXSeuiRnCN3JFK/RLmKMIJnMI5ELiCOtxCA5rAIINneIU358l5cd6dj3lrwVnMHMEfOJ8/cUeTEA==</latexit><latexit sha1_base64="qh0Xn25wqUVvc6BlKsbZMmRHeVA=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPIUZEfQY8OIxgnnAZgmzk9lkyOyDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIFXSACHfTmljc2t7p7xb2ds/OKy6R8cdk2SaizZPVKJ7ATNCyVi0QYISvVQLFgVKdIPJ7dzvPgptZBI/wDQVfsRGsQwlZ2ClgVute7QPMhIGU0L8+sCtkQZZAK8TWpAaKtAauF/9YcKzSMTAFTPGoyQFP2caJFdiVulnRqSMT9hIeJbGzK7y88XhM3xulSEOE20rBrxQf0/kLDJmGgW2M2IwNqveXPzP8zIIb/xcxmkGIubLRWGmMCR4ngIeSi04qKkljGtpb8V8zDTjYLOq2BDo6svrpHPZoKRB72mteVXEUUan6AxdIIquURPdoRZqI44y9Ixe0Zvz5Lw4787HsrXkFDMn6A+czx9qu5GQ</latexit>

[1 ⇥ 100]
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Objective

minimize LCB(x),−EI(x), −PI(x)

Batch Bayesian Optimization via Multi-objective Acquisition Ensemble for Automated Analog Circuit Design
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Figure 1. Illustration of the multi-objective optimization of acquisition functions

the objectives. A solution x1 is said to dominate x2 if ∀i ∈
{1 . . . m}, fi(x1) ≤ fi(x2) and ∃j ∈ {1 . . . m}, fj(x1) <
fj(x2). A design is Pareto-optimal if it is not dominated
by any other point in the design space and dominates at
least one point. The whole set of the Pareto-optimal points
in the design space is called the Pareto set, and the set of
Pareto-optimal points in the objective space is called the
Pareto front. It is often unlikely to get the whole Pareto
front as there might be infinite points on the Paret front,
multi-objective optimization algorithms try to find a set of
evenly distributed solutions that approximate the true Pareto
front.

There exist many mature multi-objective optimization al-
gorithms, like the non-dominated sorting based genetic
algorithm (NSGA-II) (Deb et al., 2002), and the multi-
objective evolutionary algorithm based on decomposi-
tion (MOEA/D) (Zhang & Li, 2007). In this paper, the
multi-objective optimization based on differential evolution
(DEMO) (Robič & Filipič, 2005) is used to solve multi-
objective optimization problems, but other multi-objective
optimization algorithms can also be applied.

3.2. Batch Bayesian Optimization via Multi-objective
Acquisition Function Ensemble

Each acquisition function represents a unique selection strat-
egy, different acquisition functions may not agree with each
other about where to sample the next point. For example,
the value of LCB function always decreases as the σ(x) in-
creases. However, for the PI function, when σ(x) increases,
the value of PI would decrease when µ(x) < τ , and in-
crease when µ(x) > τ . For the EI function, if the function
is noiseless, the values of EI function at already sampled
points would always be worse than the EI values at any

unsampled locations, while this property does not hold for
the LCB function.

Algorithm 2 Multi-objective Acquisition Ensemble Algo-
rithm
Require: Number of initial sampling points Ninit, number

of iterations Niter, batch size B.
1: Randomly sample Ninit points in the design space
2: Construct initial GP model
3: for t = 1, 2, . . . , Niter do
4: Construct the LCB, EI and PI functions according to

(4) and (6)
5: Find the Pareto front of LCB, EI, PI functions using

the DEMO algorithm
6: Randomly sample B points x1, . . . ,xB from the

Pareto-optimal points
7: Evaluate x1, . . . ,xB to get y1 = f(x1), . . . , yB =

f(xB)
8: Update the GP model
9: end for

10: Return best f(x) recorded during iterations

With multi-objective optimization, the best trade-off be-
tween acquisition functions can be captured by the Pareto
front of these acquisition functions. We can then sample on
the Pareto front to obtain multiple candidate points for the
objective function evaluations.

The proposed MACE algorithm is described in Algorithm 2.
In the proposed MACE algorithm, the LCB, EI, and PI ac-
quisition functions are selected. Other acquisition functions
like KG and PES can also be incorporated into the MACE
framework. In each iteration, the following multi-objective

The multi-objective optimization (LYU+,ICML’18)
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GCN-RL Circuit Designer: Transferable Transistor Sizing with
Graph Neural Networks and Reinforcement Learning

Hanrui Wang1, Kuan Wang1, Jiacheng Yang1, Linxiao Shen2, Nan Sun2, Hae-Seung Lee1, Song Han1

1Massachusetts Institute of Technology
2University of Texas at Austin

Abstract—Automatic transistor sizing is a challenging problem in
circuit design due to the large design space, complex performance trade-
offs, and fast technology advancements. Although there have been plenty
of work on transistor sizing targeting on one circuit, limited research
has been done on transferring the knowledge from one circuit to another
to reduce the re-design overhead. In this paper, we present GCN-RL
Circuit Designer, leveraging reinforcement learning (RL) to transfer the
knowledge between different technology nodes and topologies. Moreover,
inspired by the simple fact that circuit is a graph, we learn on the
circuit topology representation with graph convolutional neural networks
(GCN). The GCN-RL agent extracts features of the topology graph
whose vertices are transistors, edges are wires. Our learning-based
optimization consistently achieves the highest Figures of Merit (FoM) on
four different circuits compared with conventional black box optimization
methods (Bayesian Optimization, Evolutionary Algorithms), random
search and human expert designs. Experiments on transfer learning
between five technology nodes and two circuit topologies demonstrate that
RL with transfer learning can achieve much higher FoMs than methods
without knowledge transfer. Our transferable optimization method makes
transistor sizing and design porting more effective and efficient.

Index Terms—Circuit Design Automation, Transistor Sizing, Reinforce-
ment Learning, Graph Neural Network, Transfer Learning

I. INTRODUCTION

Mixed-signal integrated circuits are ubiquitous. While digital de-
signs can be assisted by the mature VLSI CAD tools [1], analog
designs still rely on experienced human experts. It is demanding to
have learning-based design automation tools.

Nonetheless, manual design is not an easy task even for seasoned
designers due to the long and complicated design pipeline. Designers
first need to analyze the topology and derive equations for the
performance metrics. Since analog circuits have highly nonlinear
properties, a large number of simplifications and approximations are
necessary during the topology analysis. Based on all the equations,
the initial sizes are calculated. Then, a large number of simulations
for parameters fine-tuning are performed to meet the performance
specifications. The whole process can be highly labor intensive and
time consuming because of the large design space, slow simulation
tools, and sophisticated trade-offs between different performance
metrics. Therefore, automatic transistor sizing is attracting more and
more research interest in the recent years [2]–[5].

With transistors rapidly scaling down, porting existing designs
from one technology node to another become a common practice.
However, although much research efforts focus on transistor sizing
for a single circuit, hardly any research has explored transferring the
knowledge from one topology to another, or from one technology
node to another. In this work, we present GCN-RL Circuit Designer
(Figure 1) to conduct the knowledge transfer. Inspired by the transfer
learning ability of Reinforcement Learning (RL), we first train a RL
agent on one circuit and then apply the same agent to size new circuits
or the same circuit in new technology nodes. In this way, we can
reduce the simulation cost without designing from scratch.

Moreover, prior works such as Bayesian Optimization (BO) and
Evolutionary Strategy (ES) treated transistor sizing as a black box
optimization problem. Inspired by the simple fact that: circuit is a
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Fig. 1: Graph Convolutional Neural Networks based Reinforcement
Learning for Automatic Transistor Sizing.

graph, we propose to open the black box and leverage the topology
graph in the optimization loop. In order to make full use of the
graph information, we propose to equip the RL agent with Graph
Convolutional Neural Network (GCN) to process the connection rela-
tionship between components in circuits. With the proposed GCN-RL
agent, we consistently achieved better performance than conventional
methods such as BO and ES. Remarkably, the GCN-RL not only
enables transfer knowledge between different technology nodes but
also makes knowledge transfer between different topologies possible.
Experiments demonstrate that GCN is necessary for knowledge
transfer between topologies.

To our knowledge, we are the first to leverage GCN equipped RL
to transfer the knowledge between different technology nodes and
different topologies. The contributions of this work are as follows:
(1) Leverage the Topology Graph Information in the optimization

loop (open-box optimization). We build a GCN based on the
circuits topology graph to effectively open the optimization black
box and embed the domain knowledge of circuits to improve the
performance.

(2) Reinforcement Learning as Optimization Algorithm, which
consistently achieves better performance than human expert [6],
[7], random search, Evolution Strategy (ES) [8], Bayesian Opti-
mization (BO) [9] and MACE [2].

(3) Knowledge Transfer with GCN-RL between different technol-
ogy nodes and different circuit topologies to reduce the required
number of simulations, thus shortening the design cycle.

II. RELATED WORK

Automatic Transistor Sizing. Automatic transistor sizing can be
classified into knowledge-based and optimization-based methods. For
knowledge-based such as TAGUS [10], circuits experts use their
knowledge to design pre-defined plans and equations with which
the transistor sizes are calculated. However, deriving a general
design plan is highly time consuming, and it requires continuous
maintenance to keep up with the latest technology. For optimization-
based methods, they can be further categorized into model-based and
simulation-based. Model-based methods such as [11], [12] model
circuit performance via manual calculation or regression with sim-
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Fig. 2: GCN-RL Overview: Six steps in one optimization iteration: (1) Embed topology. (2) Generate graph and node states. (3) Generate actions
(circuit parameters). (4) Refine circuit parameters. (5) Evaluate circuit parameters. (6) Update RL policy with the reward.

ulated data, and then optimize the model. The advantage is the
easy-to-get global optimal. Nevertheless, building a model requires
numerous simulations to improve the accuracy. For simulation-based
ones, performance of circuits is evaluated with simulators (e.g.
SPICE). The optimization algorithms such as BO [9], MACE [2],
ES [8] consider the circuits as a black box and conduct optimization.
Compared with ours, neither MACE nor ES leverage the topology
graph information. In addition, BO and MACE have difficulties in
transferring knowledge between circuits because their output space
is fixed. ES cannot transfer because it keeps good samples in its
population without summarizing the design knowledge.

Deep Reinforcement Learning. Recently, deep RL algorithms have
been extensively applied to many problems such as game play-
ing [13], robotics [14] and AutoML [15]. There are also environment
libraries [16] using RL for system design. For different RL task
domains, deep RL proves to be transferable [17]. In this work,
we propose RL based transistor sizing, which makes it automated,
transferable, and achieves better performance than other methods.
Comparing to supervised learning, RL can continuously learn in the
environment and adjust the policy.

Graph Neural Networks. Graph neural network (GNN) [18]
adapts neural networks to process graph data. Several variants of
GNN are proposed, including Graph Convolution Neural Networks
(GCN) [19], Graph Attention Networks [20], etc. There are also
accelerators [21], [22] focusing on GNN related workloads. In GCN-
RL Circuit Designer, we refer to [19] to build GCN, leveraging
topology graph information to benefit the optimization. [23] used
GNN to replace an EM simulator for distributed circuits. By contrast,
our work focuses on analog transistor sizing and exploits RL for
knowledge transfer.

III. METHODOLOGY

A. Problem Definition

We handle transistor sizing problem where the topology of the
analog circuits is fixed. The problem can be formulated as a bound-
constrained optimization:

maximize
x2Dn

FoM(x) (1)

where x is the parameter vector, n is the number of parameters
to search. Dn is the design space. Figure of Merits (FoM) is the
objective we aim to optimize. We define it as the weighted sum of

the normalized performance metrics as shown in Equation 2.

FoM =
NX

i=0

wi ⇥ min(mi, m
bound
i ) � mmin

i

mmax
i � mmin

i

if spec is satisfied (2)

where mi is the measured performance metrics. mmin
i and mmax

i are
pre-defined normalizing factors to normalize the performance metrics
to guarantee their proper ranges. mbound

i is the pre-defined upper
bound for some performance aspects which do not need to be better
after satisfying some requirements. wi is the weight to adjust the
importance of the ith performance metric. For some circuit baselines
we use, there exists performance specification (spec) to meet, if the
spec is not met, we assign a negative number as the FoM value.

B. Framework Overview

An overview of the proposed framework is shown in Figure 2.
In each iteration, (1) Circuit environment embeds the topology into
a graph whose vertices are components and edges are wires; (2)
The environment generates a state vector for each transistor and
passes the graph with the state vectors (refer to the graph on the
top with circle nodes) to the RL agent; (3) The RL agent processes
each vertex in the graph and generates an action vector for each
node. Then the agent passes the graph with the node action vectors
(refer to the graph with square vertices) to the environment; (4) The
environment then denormalizes actions ([-1, 1] range) to parameters
and refines them. We refine the transistor parameters to guarantee the
transistor matching. We also round and truncate parameters according
to minimum precision, lower and upper bounds of the technology
node; (5) Simulate the circuit; (6) Compute an FoM value and feed
to RL agent to update policy. We do not need the initial parameters
as in the human design flow. The detailed RL agent will be discussed
in Section III-D.

C. Reinforcement Learning Formulation

We apply the actor-critic RL agent in GCN-RL. The critic can be
considered as a differentiable model for the circuit simulator. The
actor looks for points with best performance according to the model.
State Space. The RL agent processes the circuit graph component
by component. For a circuit with n components in topology graph
G, the state sk for the kth component is defined as sk = (k, t,h),
where k is the one-hot representation of the transistor index, t is the
one-hot representation of component type and h is the selected model
feature vector for the component which further distinguishes different
component types. For the NMOS and PMOS, the model parameters
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DREAMPlace Strategies (LIN+,DAC’19)

• Cast the non-linear placement problem into a neural network training problem.

• Leverage deep learning hardware (GPU) and software toolkit (e.g. Pytorch)

• Enable ultra-high parallelism and acceleration while getting the state-of-the-art
results.

Placement: DREAMPlace Strategies
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Fig. 1 The overall flow of our framework.

III. ALGORITHMS

A. Overall Flow

We add a machine learning-based congestion penalty into the objec-
tive function for routability. The overall computation flow is shown in
Fig. 1. Different from DREAMPlace, it involves the computation of
congestion gradient to explicitly optimize cell placement.

The computation of the congestion penalty is shown in Fig. 3. Firstly,
three input features are extracted from the cell placement solution.
Through the inference of the pre-trained routability prediction model,
we get the predicted congestion map. Finally, we take mean squared
Frobenius norm of this congestion map as the congestion penalty.

B. Routability Prediction Model

There are many previous works on network-based routability eval-
uation [14], [11], [10]. In our proposed model, we obtain the ground
truth congestion hotspots information using Innovus global router and
choose three features composing the input M ⇥ N ⇥ 3 feature map
from the cell placement solution.

• RUDY: The RUDY map defined in Equation (4).
• PinRUDY: We further define PinRUDY as the pin density map

using RUDYe, p 2 e as the weight each pin p incident to net e.
Suppose we divide the layout into M ⇥ N bins, we can compute
the PinRUDY for each bin bij as follows,

PinRUDYp(i, j) =
1

we
+

1

he
, p 2 e, p 2 bij , (5a)

PinRUDY(i, j) =
X

p2bij

PinRUDYp(i, j), i 2 [1, M ], j 2 [1, N ], (5b)

where p denotes the pins covered by bin bij , e is the net that this
pin p is incident to.

• MacroRegion: We also adopt an M ⇥ N macro region map to
indicate the covered region of macro cells. For each bin (i, j), the
macro region map can be computed as,

MacroRegion(i, j) =

(
1 (i, j) is in a macro cell,
0 otherwise.

(6)

With the model structure illustrated in Fig. 2, we can get an output
map with size M⇥N , which contains congestion hotspots information.
The routability prediction problem fR can be formally expressed as,

fR : X ⇢ RM⇥N⇥3 �! Y ⇢ RM⇥N . (7)

We define the prediction error of fR as mean square error and train
the parameters with Adam optimizer [15].
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Fig. 2 Prediction model.

C. Routability-Driven Placement
To incorporate routing information into DREAMPlace, we add a

new penalty term into our objective function and formulate the new
optimization problem as follows.

min
x,y

X

e2E

We(x,y) + �D(x,y) + ⌘L(x,y), (8)

The computation flow, shown in Fig. 3, describes how the gradients
of this congestion penalty with respect to cell locations are computed.
Given the cell locations (x,y), we extract input features with the func-
tions defined in Equations (4) (5) (6) and then stack these three feature
maps into a three-channel feature map M 2 RM⇥N⇥3. We feed this
three-channel feature map M into our pre-trained model to generate a
congestion map fR(M) 2 RM⇥N . The mean squared Frobenius norm is
applied to compute the congestion penalty L(x,y) := 1

MN
kfR(M)k2

2.
To successfully proceed through the gradient-based optimization, we

are required to compute the gradients of loss function L with respect
to cell locations. Note that gradients are only defined on vector fields,
therefore we use the notation rA to represent taking a derivative with
respect to a matrix A of size M ⇥ N as the gradient with respect to
its vectorized representation, for simplicity.

rAf := rvec(A)f, (9a)

vec(A) :=
⇥
a1,1, · · · , aM,1, · · · , a1,N , · · · , aM,N

⇤>
. (9b)

Here ai,j represents the entry at ith row and jth column. With the
definition (9), the gradient with respect to fR(M) can be computed as

rfR(M)L =
2

MN
fR(M). (10)

Now we consider full steps of gradient computation with chain rule.
Illustrated in Fig. 3, the gradient propagation have three consecutive
parts.

1) Compute gradient w.r.t. congestion map: rfR(M)L.
2) Back-propagate rfR(M)L through our pretrained neural network

model, to obtain the gradient w.r.t. stacked features: rML.
3) Extract different channels of rML as gradient w.r.t. three different

maps, compute gradient w.r.t. cell locations respectively and finally
sum them together.

The chain rule in matrix calculus indicates the following formulation,

rxL = Jx(M)> · JM(fR(M))> · rfR(M)L. (11)

Here J denotes a Jacobian matrix. To enable the full steps of gradient
computation, we are going to complete the multiplication on the
righthand side of Equation (11) step-by-step.

In fact, the rightmost term rfR(M)L is explicitly calculated in
Equation (10). The middle term JM(fR(M)) represents the back-
propagation transformation matrix, therefore we can calculate the
gradient of loss w.r.t the RUDY features,

rML = JM(fR(M))> · rfR(M)L. (12)

Through the back-propagation of pre-trained neural network. As the in-
put feature M contains three channels, the gradient w.r.t. M can also be

Routability Estimation × DREAMPlace (LIU+,DATE’21)

Placement: Routability Estimation × DREAMPlace
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sample ε ∼ N(0, I) and then compute z = µ(X) + σ1/2(X) ∗ ε
[26]. In summary, Fig. 5 shows the architecture of a VAE. In a VAE
structure, µ(z) and σ(z) are trained by neural networks, and ε is
sampled from a simple Gaussian distribution.

Autoencoder and VAE models often embed convolution layers in
the neural networks to leverage the effectiveness of convolutional
neural network (CNN) in computer vision applications [27].

III. THE GENIUSROUTE ALGORITHM

In this section, we present the proposed GeniusRoute framework
flow and detail the algorithms. Figure 6 shows the overall flow of
GeniusRoute. The framework consists of two phases: training and
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Fig. 7: Training phase. (a) Data pre-processing. (b) Model training.

inference. In the training phase, neural networks are trained to extract
design expertise from manual layouts. The training phase consists
of data pre-processing and model training. Due to the efficiency in
image-based generative learning algorithms[27], GeniusRoute adopts
images for representing placements and routing. In the data pre-
processing stage, routing-relevant information are extracted from
placement layouts into 2D images. Then the model training stage
captures the human behaviors into machine learning models. Figure 7
shows the flow of the training phase. In the inference phase, the
framework conducts machine-guided analog routing leveraging the
trained machine learning models. The inference phase firstly pre-
process the placement, then generates the routing probability map
via trained models. The downstream AMS router routes the design
following the probability map as guidance in the end. Figure 8 shows
the flow of the inference phase.

The inference phase uses the model trained in the training model
and takes the inputs defined in Sec. II-A to perform the analog
routing. Instead of relying on the detailed guidelines or constraints,
GeniusRoute attempts to generate human-like routing with minimum
extra information from the inputs. To be specific, the symmetric
nets and the types of nets are assumed to be more “obvious” to
the designers than the guidelines on the physical layouts and can
be potentially identified by existing constraint generation algorithms
such as [5].

GeniusRoute consists of three tasks: (1) layout pre-processing to
extract the data for neural network model (Sec. III-A), (2) model
training to learn human layout approaches and generate routing
guidance (Sec. III-B) and (3) performance-driven analog routing
framework by mimicking manual layouts (Sec. III-C). The details
of the three tasks will be discussed in the rest of this section.

A. Data Representation and Pre-processing

Data pre-processing abstracts the routing and placement and ex-
tracts the routing-relevant information for machine learning models.
To effectively learn the relation between routing and placement, a
good strategy of layout-image conversion is needed.
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Fig. 8: Inference phase. (a) Data pre-processing. (b) Model inference.

Extracting routing from layouts into images is relatively straight-
forward; the regions that metal interconnections of the given nets
lay in can be easily converted into 2D images. On the other hand,
the information from placements that affects the routing decisions is
latent and needs additional definitions.

1) Placement Data Representation: In order to infer the routing
probability map, placement data representation needs to capture the
concise “pins” for the input nets and also a high-level global view
of the whole placement. In GeniusRoute, the global view is captured
by the “pins” of all the nets in the entire design. This allows the
trained model to consider the routing of other nets, which might
largely impact the routing decisions. In summary, for each data point,
we extract the pins for the entire design and the pins for the given
nets and map them into two separate channels of an image. In all
experiments, the image size for each channel is selected to be 64×64.

However, unlike the standard cell-based digital routing, the concept
of “pins” is ambiguous in customized analog circuits. For example,
layout designer may choose to have a common “pin” for multiple
fingers of one device (Fig. 9(a)) or connect every finger separately
(Fig. 9(b)). To generalize the methodology in extracting the starting
points of routing, we propose the following strategy:

1) The first metal layer (M1) shapes overlapping with contact
window (CO) shapes are pins. CO layer is used as contacts
between interconnection metals and oxide diffusion (OD) or
poly-silicon (PO). The pins identified with this strategy in
practice are the terminal points of the metal interconnection
for typical transistor and resistor devices.

2) Metal oxide metal capacitor uses metal layers as the terminals
for routing and are labelled by hands in our experiments.

3) Nets sometimes have additional ports connecting the external
system and are labelled by hands in our experiments.

2) Data Pre-processing: Data processing step takes the layout, list
of nets of interest, and additional labeled pins as inputs, and outputs
placement and routing information as images for the downstream
machine learning models.

The layouts in both training and inference phases are in GDSII
format. GDSII represents the layout as shapes in different layers, e.g.,
metal and via layers. To identify the nets of interest in the layout, we
label a text of net name on the layout for each net of interest. Since

(a) (b)

Fig. 9: Examples of pins of transistors. (a) Combined pin for fingers.
(b) Separated pin for fingers.

the standard layout flow requires all IO nets being labelled to pass
Layout Versus Schematic, the number of nets that needs additional
manual labeling is reasonably small.

Algorithm 1 describes the main steps of data pre-processing.
Firstly, the layouts are read, and a disjoint set is constructed with
each shape as an individual set. An R-tree is also built for fast
geometrical querying of the shapes and text labels (line 1-7). Then
the connectivity of all shapes is explored by querying the overlapping
relations between shapes. The overlapping shapes will be unioned in
the disjoint set (line 8-11). During the process, the text labels are
also be investigated, and the net names are assigned to the disjoint
sets (line 12-14). After the shape clustering and labeling, the pins
and routing segments are aggregated in channels and exported into
desired images (line 15-18).

Algorithm 1 Layout Data Pre-Processing

Input:
Layout L
List of explicitly labeled pins P
List of interested nets N

Output:
Pins of entire design CH1

Pins of interested nets CH2

Routing of interested nets CH3

1: S ←read layout shapes(L)
2: R ← R-tree
3: D ← Disjoint set
4: for all s in S do
5: if s is metal, via, CO, PO or pin label then
6: R.insert(s)
7: D.make set(s)
8: for all s in S do
9: if s is metal, via, CO or PO then

10: S∗ ← Query shapes overlapping with s in R
11: Union the sets for s and S∗

12: if s is net label then
13: S∗ ← Query shapes overlapping with s in R
14: Label the sets of S∗ to be net s.text
15: Add all p ∈ P to CH2

16: Save all pins to CH1

17: Save all pins in {d ∈ D : d.net ∈ N} to CH2

18: Save all metals in {d ∈ D : d.net ∈ N} to CH3

When exporting the images, we apply Gaussian blurring on the
images (Fig. 10) to remove unwanted details for two reasons:
encouraging the models to focus on the routing regions rather that
the exact metal shapes and improving the model accuracy. We choose
Gaussian kernel sizes to be 17×17 for routing and 5×5 for placement
in all experiments.
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Extracting routing from layouts into images is relatively straight-
forward; the regions that metal interconnections of the given nets
lay in can be easily converted into 2D images. On the other hand,
the information from placements that affects the routing decisions is
latent and needs additional definitions.

1) Placement Data Representation: In order to infer the routing
probability map, placement data representation needs to capture the
concise “pins” for the input nets and also a high-level global view
of the whole placement. In GeniusRoute, the global view is captured
by the “pins” of all the nets in the entire design. This allows the
trained model to consider the routing of other nets, which might
largely impact the routing decisions. In summary, for each data point,
we extract the pins for the entire design and the pins for the given
nets and map them into two separate channels of an image. In all
experiments, the image size for each channel is selected to be 64×64.

However, unlike the standard cell-based digital routing, the concept
of “pins” is ambiguous in customized analog circuits. For example,
layout designer may choose to have a common “pin” for multiple
fingers of one device (Fig. 9(a)) or connect every finger separately
(Fig. 9(b)). To generalize the methodology in extracting the starting
points of routing, we propose the following strategy:

1) The first metal layer (M1) shapes overlapping with contact
window (CO) shapes are pins. CO layer is used as contacts
between interconnection metals and oxide diffusion (OD) or
poly-silicon (PO). The pins identified with this strategy in
practice are the terminal points of the metal interconnection
for typical transistor and resistor devices.

2) Metal oxide metal capacitor uses metal layers as the terminals
for routing and are labelled by hands in our experiments.

3) Nets sometimes have additional ports connecting the external
system and are labelled by hands in our experiments.

2) Data Pre-processing: Data processing step takes the layout, list
of nets of interest, and additional labeled pins as inputs, and outputs
placement and routing information as images for the downstream
machine learning models.

The layouts in both training and inference phases are in GDSII
format. GDSII represents the layout as shapes in different layers, e.g.,
metal and via layers. To identify the nets of interest in the layout, we
label a text of net name on the layout for each net of interest. Since

(a) (b)

Fig. 9: Examples of pins of transistors. (a) Combined pin for fingers.
(b) Separated pin for fingers.

the standard layout flow requires all IO nets being labelled to pass
Layout Versus Schematic, the number of nets that needs additional
manual labeling is reasonably small.

Algorithm 1 describes the main steps of data pre-processing.
Firstly, the layouts are read, and a disjoint set is constructed with
each shape as an individual set. An R-tree is also built for fast
geometrical querying of the shapes and text labels (line 1-7). Then
the connectivity of all shapes is explored by querying the overlapping
relations between shapes. The overlapping shapes will be unioned in
the disjoint set (line 8-11). During the process, the text labels are
also be investigated, and the net names are assigned to the disjoint
sets (line 12-14). After the shape clustering and labeling, the pins
and routing segments are aggregated in channels and exported into
desired images (line 15-18).

Algorithm 1 Layout Data Pre-Processing

Input:
Layout L
List of explicitly labeled pins P
List of interested nets N

Output:
Pins of entire design CH1

Pins of interested nets CH2

Routing of interested nets CH3

1: S ←read layout shapes(L)
2: R ← R-tree
3: D ← Disjoint set
4: for all s in S do
5: if s is metal, via, CO, PO or pin label then
6: R.insert(s)
7: D.make set(s)
8: for all s in S do
9: if s is metal, via, CO or PO then

10: S∗ ← Query shapes overlapping with s in R
11: Union the sets for s and S∗

12: if s is net label then
13: S∗ ← Query shapes overlapping with s in R
14: Label the sets of S∗ to be net s.text
15: Add all p ∈ P to CH2

16: Save all pins to CH1

17: Save all pins in {d ∈ D : d.net ∈ N} to CH2

18: Save all metals in {d ∈ D : d.net ∈ N} to CH3

When exporting the images, we apply Gaussian blurring on the
images (Fig. 10) to remove unwanted details for two reasons:
encouraging the models to focus on the routing regions rather that
the exact metal shapes and improving the model accuracy. We choose
Gaussian kernel sizes to be 17×17 for routing and 5×5 for placement
in all experiments.
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Open challenges and potential
directions



Dilemma

• Inputing the entire design causes out-of-memory on GPU;

• Inputing a subcircuit netlist or layout tile cannot consider corresponding stress
conditions.

Potential solutions

• Estimate the worst degradation;

• Incrementally, heuristically and hierarchically simulate subcircuits to obtain dynamic
stress conditions.

Verify dynamic reliability for large-scale design
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Dilemma

• GP has limited fitting ability for the very complicated model;

• CNNs and GCNs cannot be directly integrated into the Bayesian optimization
framework.

Potential solutions

• Neural processes and graph neural processes, which have the better fitting ability
and provide estimation uncertainty.

Integrate reliability model into sizing stage
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Challenge

• It is difficult to model the performance and reliability, such as EMI noise, via routing
layout and integrate ML-based models into routing cost function;

• in each search step, ML-based model inference has to be performed, which brings
expensive computation.

Potential solutions

• The gradient values of the ML-based reliability model can be used as cost values in
the routing stage;

• The gradient values are updated by the back-propagation for several routing nets to
achieve a better trade-off between runtime and layout routing reliability quality.

Integrate reliability models into the routing
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Conclusion



Conclusion

• It is promising to apply ML techniques to achieve AMS circuits DFR with high
efficiency.

• Some open challenges and promising solutions about ML are discussed in nanometer
AMS circuits DFR.

• More studies promote the development of AMS circuits DFR.

Conclusion
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