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Let C be a piecewise-smooth curve from point p = (0,0) to ¢ = (1,1) in R2. Would you be able to
calculate the following line integral?

/Cydx+xdy. (1)

You may sense that something is missing: the details of C' have not been given yet! It turns out
that we do not need those details to evaluate the integral. In other words, the result of the integral
will always be the same regardless of C'. Furthermore, introducing g(x,y) = xy, we will learn that
the result of (1) is definitely ¢g(1,1) — ¢(0,0) = 1!

Line integrals such as (1) constitute a path independent set. In this lecture, we will study this
interesting type of line integrals.

1 Path Independence in R?

Definition 1. Fix scalar functions fi(x,y) and fo(x,y). Define S to be the set of all possible line
integrals of the form

/ﬁw+ﬁ@
C

where C can be any piecewise smooth arc with a starting point and an ending point. S is path
independent if

fide + fody = fidx + fody.
Cl CZ

holds for any C1 and Cs in S that share the same starting and ending points.

The following theorem gives a convenient way to judge whether S is path independent.

Theorem 1. Suppose that %—];1 and % are both continuous in R%. S is path independent if and
only if
0
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Proof. See Appendix A. O

Example 1. Consider the set S of line integrals of the form:

/yda:+:1cdy
C
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where C is a piecewise smooth arc in R?. By Theorem 1, we know that S is path independent
because %—’; = % =1, where fi =y and fy = z.

Now, consider S instead to be the set of line integrals of the form
/ y*(sin(z) 4 z - cos(x)) dx + 2zy sin(z) dy
C

where C is a piecewise smooth arc in R?. Here, f; = y?(sin(z) + - cos(z)) and fo = 2zysin(z).

Since %f; = % = 2y(sin(x) + x - cos(z)), S is path independent. O

2 Line Integral Evaluation under Path Independence: Method 1

After realizing path independence, we may choose to evaluate a line integral along a simpler arc to
make calculation easier, as is demonstrated in the example below.

Example 2. Suppose that we want to calculate

/yd:v—l—a:dy
C

where C is the arc from (0,0) to (1,1) on the curve r(t) = [ t*sint, W:T/Qt-et]. Note that the curve
is deliberately chosen to be complicated to make it difficult and tedious to compute the integral
using the methods taught in previous lectures.

On the other hand, Example 1 tells us that the value of the integral will not be affected if we
replace C' with any piecewise smooth arc C’ from (0,0) to (1,1). Let us choose C’ to be the straight
line segment directed from (0,0) to (1,1). In other words, C’ is an arc on the curve r/(t) = [t, ]
defined by increasing ¢ from 0 to 1. Hence:

dx

/ do +zdy = /1tdt+tdydt
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= /Qtdtzl
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3 Line Integral Evaluation under Path Independence: Method 2

In this section, we will introduce another method to evaluate a line integral based on path inde-
pendence. This method requires us to figure out an “original function”. Once we have managed to
do so, the line integral becomes trivial to evaluate.

Let us start by stating an important theorem:

Theorem 2. Fiz scalar functions fi(z,y) and fa(xz,y). Suppose that %—}2 and % are both contin-

uous in R2. If
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then there exists a function g(x,y) such that
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fl(xay)_%7 and f?(xay)_ 6y (4)



Proof. See Appendix B. O
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Example 3. Consider f; =y and fo = x. Since By = ax =1, Theorem 2 asserts that there must
be an “original function” g(x,y) satisfying fi(z,y) = 52 and fa(z,y) = 8 . For example, one such

function is g(z,y) = zy.
Consider instead f; = y%(sin(z) + 2 - cos(x)) and fo = 2zysin(z). Since %J;l = % = 2y(sin(x)

_l’_
x - cos(z)), we must be able to find an “original function” g(x,y), an example of which is g(z,y) =
O

rsin(z) - y2.

Now consider a path-independent set S of line integrals of the form

/ fidz + fody.
C

By Theorem 1, f; and fs obey (2). Let g(z,y) be any “original function” promised by Theorem 2.
For simplicity, we may also write g(z,y) as g(p) where p is the point (x,y). The next theorem
provides an extremely simple way to evaluate a line integral from S

Theorem 3. Suppose that C' is an arc from point p to point q. Then:

/C frde+ fody = glg) — g(p).

Proof. See Appendix C. O

Example 4. Let us reconsider the line integral in Example 1. Since there is an original function
g(z,y) = zy satisfying fi(z,y) = % and fo(x,y) = %Z’ Theorem 3 tells us that the value of the
line integral can be obtained immediately as ¢g(1,1) — g(0,0) = 1. O

Example 5. Suppose that we want to calculate:
/ y?(sin(z) + z - cos(x)) dz + / 2zysin(x) dy. (5)
C C
where C' is the arc from (0,0) to (1,1) on the curve r(t) = [%t2 sin t, ;T/Qt -el].

Define f; = y%(sin(z) + zcos(z)) and fo = 2zysin(z). Since there exists g(x,y) = zsin(z) - y?

satisfying % = f1 and g—z = fa2, we know by Theorem 3 that (5) = g(1,1) — ¢(0,0) = sin(1). O

4 Path Independence in R?

The discussion in the above sections can be generalized to R? for an arbitrary d. Fix d scalar
functions fi(x1,xa,...,xq), fo(x1,x2,...,24), .., and fg(x1,x2,...,24). Define S to be the set of all
possible line integrals of the form

/ f1 dzry + fg dro + ... + fd dxrg
C

where C' is a piecewise smooth arc in R,



Definition 2. We say that S is path independent if

fidzy + fodxo + ... + fagdrgy = fidxr + fadxo + ...+ fadzg
Cl C2

holds for any two piecewise-smooth arcs Cy and Cy in R? that share the same starting and ending
points.

We state the next theorem without proof:

Theorem 4. S is path independent if and only if we can find a function g(x1, 2, ...,xq) such that

fl(xh"axd) = Tm(wla--gxd)
0

f2(1’1,..,a}d) = Tai(mly--;xd)
0

fd(-xla--axd) = %(%1,..,.%51).

When S is path independent, for any points p = (Tp,, Tpys - Tpy)s ¢ = (g1, Tgo, -y Tgy), and any
piecewise-smooth curve C from p to q, it holds that

/fldxl—i—fgdxg—l—...—i—fddxd = g(qu,xqz,...,:):qd)—g(xpl,xm,...,mpd).
C

Example 6. Let C be a piecewise smooth curve from point p = (2,3,4) to ¢ = (1,1,1) in R3, but
the other details of C' are hidden from you. Calculate:

/ 2xy?z dx + 22%yz dy + 2%y? dz. (6)
C

Solution. Let g(x,y,z) = 2%y*2. Clearly, % = 2x1°%2, g—g = 22%yz, and % = 22%y%. Hence, by
Theorem 4, (6) = ¢(2,3,4) —g(1,1,1) = 143. O

A  Proof of Theorem 1

The If-Direction. We will first prove that if (2) holds, then S is path independent. Consider any
C1 and Cs in S that have the same starting point p and ending point ¢, as shown in Figure la. Let
us reverse the direction of Co, and thereby obtain a curve CJ from ¢ to p; see Figure 1b. We will
prove that

< f1d:1:+f2dy>+</ f1da:+f2dy)=0 (7)
o cy

which indicates that [, o fidx + fody = — fcé fidz + fady = |, Oy f1dx + fody, as desired.
We resort to Green’s theorem in proving (7). Consider the closed curve C' that concatenates
Cy and C). Let D be the area enclosed by C. Thus,

(7) = /Cfldx+f2dy

(by Green’s Theorem) = // 0f _9h dxdy
D
0
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(by (2)) =
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Figure 1: Proof of the if-direction of Theorem 1
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Figure 2: Proof of the only-if direction of Theorem 1

as claimed.

The Only-If Direction. Next, we will prove that if S is path independent, then (2) definitely
holds everywhere in R?. Assume, on the contrary that, this was not true at some point p = (g, yo).
Without loss of generality, suppose that

0 0
afj;(fc()?yo) - E)fyl(ﬂfo,yo) > 0.

As both % and %—Z are continuous, so is % - %—J;l. Hence, we can find a small disc D centered at

p such that

a / / 8 / /
)~ G ) > 0 ®

holds for any point (z,3y’) in D; see Figure 2a: Let C' be the boundary of D, namely, a circle, in
the counterclockwise direction. Now consider the following line integral:

[ svdo+ paay 9)
C
which is supposed to be 0 because S is path independent. To see this, choose two distinct points

p’ and ¢’ on C arbitrarily, and consider the arc Cy from p’ to ¢’ counterclockwise, and the arc Co
from ¢’ to p’ counterclockwise; see Figure 2b. S being path independent implies that

( f1d1‘+f2dy> +< fldaz+f2dy> -0
C1 Cs

which directly indicates that (9) = 0.
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Figure 3: Proof of Theorem 2

However, by Green’s Theorem, we have:
dfs  0f
9) = — — ——dxd
0 = [ T2 -G duay

which gives a contradiction.

B Proof of Theorem 2

We will construct such a function explicitly:

g(z,y) = /Cfld$+f2dy

where C' is any piecewise smooth curve from the origin to the point (z,y). Under the condition
(3), Theorem 1 tells us that the value of the integral does not depend on the choice of C'. Next, we

will show that g(x,y) satisfies (4). Due to symmetry, we will show only f1(z,y) = %.

By definition of partial derivative:

ox Az—0 Ax

Let p and ¢ denote the points (x,y) and (x + Az, y), respectively. Denote by C” the horizontal
directed segment from p to q. See Figure 3. Define C” as the arc that concatenates C' and C’. By
definition we have:

g(x+ Az,y) = frdz + fady
C//
and hence:
9(z+ Az, y) —g(z,y) = < f1d17+f2dy>—</ f1d$+f2dy>
c C
— [ fdet fady
C/
(as y-coordinate does not change on C') = f1dx
C/

r+Ax
= / f1 dx.



The continuity of % implies that f; is continuous on z. Therefore, the mean value theorem tells
us that there exists a value 2’ € [z,z + Ax] such that the above integral equals fi(z/,y) - Ax.
Therefore:

gz +Az,y) —g(z,y) . hil@hy) Az
lim = lim
Ax—0 Az Ax—0 Az

= lim fi(e',y) = fi(z.y)

which completes the proof.

C Proof of Theorem 3

Suppose that C' is an arc on the curve [z(t),y(t)] defined by increasing ¢ from ¢, to t;, namely,
p = (z(tp),y(tp)) and p = (z(ty), y(ty)). We have

0 0
/f1daf+f2dy = /gdx—l—/gdy
c c Oz c 9y

wogde dgdy
P

tq d
A

P

= g(q) — g(p).



