Exercises: Vector Derivative

Problem 1. Solve the following limits:

1. limy s f(t), where f(t) = [5¢ + 3, 22023,
2. limy 0 £(1), where f(t) = [5t2 + 3t,12, €=1].

3. limy_0 f(t), where

f) = 562+ 3t,2, €1 if t # 0
[10, 10, 10] otherwise

Solution.
1. Since limy,3(5¢ + 3) = 18 and limy3 222 — 1, we know that lim 3 f(¢) = [18,1].
2. limy_ £(t) = [0,0,1].

3. lim 0 f(t) = [0,0,1]. Note that f(0) is irrelevant to the limit.

Problem 2. Discuss the continuity of f(¢) at ¢t = 0.
t__
1. f(t) = [5t* + 3¢, 12, <.
2. f(t) = [5t2 + 3t,¢%, €71 if t # 0; otherwise, f(t) = [10,10,10].

3. f(t) = [5¢% + 3t,¢%, €71 if ¢ # 0; otherwise, f(t) = [0,0,1].

Solution.
1. No. The function is not defined at ¢t = 0.
2. No because lim;_,o f(t) = [0,0, 1] # f£(0).

3. Yes because lim;_,o f(t) = [0,0, 1] = f(0).

Problem 4. Suppose that f(t) = [sin(t), cos(¢?), 5t?]. Answer the following questions:
1. Give the function f'(t).
2. Give the function f”(t) (which is the derivative of f'(t)).

3. Give the function f"”(1) (where f(t) is the derivative of f”(t)).

Solution.

1. To compute f'(t), simply take the derivative of each component function of f(t). We thus
obtain f’(t) = [cos(t), —3t%sin(t3), 10¢].



2. To compute f”(t), simply take the derivative of each component function of f’(t). We thus
obtain f”(t) = [—sin(t), —6tsin(t3) — 9t* cos(t3), 10].

3. To compute f”'(t), simply take the derivative of each component function of f”(¢). Doing so
and then plugging in t = 1 gives f"”/(1) = [~ cos(1), —54 cos(1) + 21 sin(1), 0].
Problem 5. Suppose that f(t) = [t?,sin(t),2t] and g(t) = 2ti + ﬁj + 3t%k.
1. Give the function h(t) = f(t) - g(t).
2. Give the function h/(¢).
3. Give the function f/(¢) and g'(t).
. Verify that 1/(t) = f/(t) - g(t) + g'(t) - £(¢).

W

Solution.

L h(t) =% 2t +sin(t) gy + 2t - 3t° = 87 + 1.

2. h/(t) = 2412

3. F/(t) = [2t,cos(t),2] and g'(t) = [2, — <L 61].

sin2(t)’
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fl(t)-gt)+4'(t)- f(t) = 2t-2t+ + 2t 6t

= 24t°

Problem 6. Suppose that f(t) = [t,t?,1] and g(t) = [1,t,t?].
1. Give the function h(t) = f(t) x g(t).
2. Give the function h/(t).
3. Verify that h'(t) = f/'(t) x g(t) + f(t) x g' ().

Solution.

1. h(t) = [z(t),y(t), z(t)] where

z(t) = 22 —1-t=t'—1t
yt) = 1-1—t-t*=1-1¢
2(t) = t-t—t2.1=0

2. h/(t) = [4t® — 1,-3¢2,0].

3. f(t)=11,2t,0] and ¢'(t) = [0, 1, 2¢].
Hence f'(t) x g(t) = [2t3, 12, —t] and f(t) x g'(t) = [2t3 — 1,22 ¢]. This gives f'(t) x
glt)+ f(t) x g'(t) = [4¢3 — 1,-3t2,0].



