A Stochastic Model for BitTorrent-like Systems
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1. INTRODUCTION

BitTorrent (BT) [1] is a P2P protocol designed for fast anfi-ef
cient distribution of large files. Many factors contributethe BT
system dynamics, such as the arrival and departure of peeds,
the terminations of connections when peers find better beigh
Qiu and Srikant [6] consider the arrival and departure BscEs
the main source of dynamics. Lia al. [3] study the connec-
tion dynamics, in particular, they consider the effect ofimstic
unchoking and tit-for-tat, and estimate the average doshlates
for heterogeneous peers. However, as far as we know, no vesrk h
considered these two types of dynamics together.
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Optimistic unchoking and tit-for-tat are considered hefighe
download rate of a peer is influenced by these two mechanisms,
and we denote the download rate caused by optimistic unchok-
ing (tit-for-tat) asd®Y (d7F7T). Then the average download rate
isd = d°Y + d*FT. Since the receiver of optimistic unchok-
ing is randomly selected, a peer has equal probability teivec
an optimistic unchoking upload from all other peers,&8’ =
SN, cigi, where we knowi®Y is the same for all peers.

When an optimistic unchoking occurs, the receiver shoubitige
whether to upload to the sender subjected to the tit-fometha-
nism. To study this influence, we model the optimistic unchgk

This paper takes into account these dynamics, and presents @nd tit-for-tat as the following processes: @andom upload: It

stochastic model to study the fractions of peers with difféicon-

nection numbers, from which we can compute the average num-

ber of connections per peer. In practice, to limit P2P apgibns,

is used to characterize optimistic unchoking. Every peentais
a random upload, whose receiver is randomly selected. Tt du
tion is the same as optimistic unchoking, aifd” is the average

some ISPs charge users by the numbers of TCP connections, sdate of the random upload. (Bendom request: Itis used to char-

it is important to estimate the average number of connestpar
peer. Using this model, BT users can estimate the averagberum
of connections per peer, and then choose the numbers of TiGP co
nections to minimize their costs. Since we assume homogeneo
peers, the average download rate is equal to the uploadsaie,

is trivial to estimate the average download rate or the aefie
download time in this model.

1.1 Peers

We assume homogeneous peers here, and each peer has an u

load capacity of”. Then the average download rate is alsoThe
maximum number of uploads (or connectionsMs> 1. Peers are
classified into different types according to the numbersativa
uploads connections, i.e., a peer maintainingploads is of type
i. Note that there are no peers of type 0, since each peer alway:
maintains an upload via optimistic unchoking. For peersyptt
i, the bandwidth per upload is = C'/i. We denote the fraction
of peers of type in the system ag;, with >, ..y ¢ = 1. We
assume the download capacity is not the system bottlenadkhe
limit to the system throughput is the peer upload capacitycivis
a well-known assumption suggested in [5, 2, 4].

1.2 Optimistic Unchoking and Tit-for-tat
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acterize the tit-for-tat process. When a random requestearra
peer selects another peer randomly, and sends the lateuesteq
If both peers find it beneficial to exchange service, a bidiveal
connection is established.

In a realistic BT system, at the end of each random uploade the
should be a random request. To simplify the analysis, wenassu
these two processes are independent. Then peers are messoryl
and all connections except optimistic unchoking are baiomal.

In the rest of this paper, unless we state otherwise, we s@él u
B;onnection” instead of “bidirectional connection” fongplicity.

1.3 System Dynamics

In a realistic BT system, connections may be terminated due t
the following reasons: 1) peers finish the file download ardde
the system, and 2) for a peer, if the number of connectiorchesa
the maximum and it finds a non-neighboring peer with a higher
bandwidth per upload, it terminates the connection withrttie-
imum bandwidth download so as to establish a new one with the
non-neighboring peer.

Assume the peer arrival process is a Poisson process wéh rat
A, and peers will leave the system immediately after theyHitiie
file download. If the file size i$” and the average download rate of
typei peers isd;, then the departure rate for a single typseer is
w; = d;/F. Since the average download time of all peergj€,
using the Little’s Theorem, the number of peers in the systém
steady state i3/ = X - F/C.

If there is a connection between a typpeer and a typg peer,
we denote this connection as- j, andp(z, 7) is the rate that the
typej peer terminates this connection. We have

p(i,5) = - (1)
Assume the arrival of random requests is a Poisson proaeds, a
the duration of an optimistic unchoking igw in a BT system.



Note that for each optimistic unchoking, there should benaoan
request. So the rate of a peer sending random requestsikich
is also the rate of a peer receiving random requests.

2. A STOCHASTIC MODEL

In this section, we define peer state, and characterize gieray
state by the numbers of peers in different peer states. Tleetxw
press the transition rates between different system statdssolve
a system of differential equations to get the fractions adrpen
different peer states at steady state. We first give someititafig
and notations:

(1) Peer state: We say a peer isin peer staténi, na, -+ ,nny),
wheren; is the number of its type neighbors. We introduce the
definition of peer state, because peers of the same type rhayde
differently since they may have different types of neiglshso one
cannot simply use peer type to describe the system accouratel

(2) Feasible peer state: We denétas the feasible peer state set.
In this model, we fix the number of optimistic unchoking coomne
tions to 1, and consider the dynamics of tit-for-tat conioet only.

for the derivation of(4, 7).

(5)X(8)7X(8+Ej — Ek) — X(S) — 1,X(8+Ej — Ek) -+ 1:

It means that a random request arrives at a peer of stateSy
(say peera). Suppose the minimum bandwidth download which
peera receives is from a peer of tyge(saya’), soExsT > 0 and
IsT = N — 1. Then peew terminates the connection with peer
a’, and connects to a peer of typdsay peeib), wherej < k. So
whenEs? > 0, Irs¥ = N — 1 andj < k hold, the transition
rate is2Mw - p(s)Prob{s, € S;_1, Insi < N —1}.

(6) X(s), X(s—Ej+Ej41) = X(s)—1, X(s—Ej+ Ej11)+ 1

It means that for a peer of state one of the neighbors of typg
connects to a new peer, and then becomes a neighbor of tyde
where we know thag < j < N — 1. We denote byy" (5) the rate
that a typej peer becomes a tyget 1 peer, and then the transition
rate isMp(s) - E;sTT(j). Please refer to Appendix B for the
derivation ofy™ (7).

(7)X(S),X(S+E]’71*E]’) — X(S)*l,X(S+Ej71*Ej)+12

It means that for a peer of state one of the neighbors of typg
loses a neighbor, and then becomes a neighbor ofjtypge, where
we know3 < j < N. We denote byy™ (i, j) the rate that a type

Then the maximum number of connections a peer can maintain isj peer becomes a tyge— 1 peer, which has at least one neighbor

N-1. Denotel}, as the vector whose firgtcoordinates equal 1 and
other coordinates equal zero. For each S, Iy - sT<N-1,
n1 = 0 andn; > 0. LetS; be the set of peer statesc S where
InsT =i — 1. Then all peers in peer statec S; are of typei.

(3) Exogenous peer arrival rate and exogenous peer departur
rate: LetA(s) be the exogenous peer arrival rate of peer state
Note that)(s) is zero except for the peer stai@ 0, - - - ,0). De-
note E; as the vector whoséh coordinate equals 1 and all other
equal zero. For peers in peer statehe average download rate is
d(s) =d°Y + 3, ... ci - Eis™, and the exogenous peer depar-
ture rate isu(s) = d(s)/F.

(4) System state: LeX (s, t) (p(s,t)) be the number (fraction)
of peers in peer stateat timet, and{ X (s, t)|s € S} be the system
state at time. If the total number of peers 8/, thenX (s, t) =
M -p(s,t) and) s p(s,t) = 1. We specifyp(s,t) = 0 for all
s ¢ S. Inthe rest of this paper, we omit the tetrfor simplicity.

Peers can transitions from one peer state to another. Fagra pe
in peer states, it may go tos + E;, s + E; — E (j < k) when
a random request arrives, or go4o- E; when a disconnection
occurs, or gote — F; + FE;11 or s+ E; — E;+1 when the type of
a neighbor is changed. Note that when a transition occursptw
more peers will change their peer states. To simplify thdyaig
we assume the peer states of different peers are indeperstent
we can consider the transition of a single peer at a time. e no
express the transition rates between different systerasstat
(1) X (s) — X(s) + 1: It means that an exogenous peer of state
enters the system, so the transition rat&(is).

(2) X(s) — X(s) — 1: It means that a peer of statdeaves the
system, so the transition rateA$p(s)u(s).

3) X (s),X(s+E;) — X(s)—1,X(s+FE;)+1: tmeans thata
random request arrives and a peer of stdeay peer) connects to
a peer of typej (say peeb). Suppose peer is of typei, and peer
bis in peer state,. We know thatlxs” < N — 1, and before this
random request, 1) if < N, peerb must be of typg — 1, and the
transition rate i Mw - p(s)Prob{s, € S;—1}, where Prols, €
Sj—1} = Zsbesj,lp(sb)’ and 2) ifj = N, peerb must be of
type N —1 or N, and the transition rate BMw - p(s)Prob{s, €
Sn-_1U SN7I/L'+18§ < N — 1}.

(4) X(s),X(s — E;) — X(s) —1,X(s — Ej) + 1. It means
that a disconnection occurs and a neighbor of typerminates the
connection with a peer in peer stateLet s € S;, and then the
transition rate isMp(s) - E;s7 p(i,5). Please refer to Appendix A

of typei. Then the transition rate &/ p(s) - E;s7 v~ (4, §). Please
refer to Appendix C for the derivation ef ™ (¢, 7).
Whenlys? < N — 1, we have:

d
X (5,8) = As) — Mp(s)u(s)
2<j<N-1
—2Mw - p(s)Prob{sy € Sn—-1 U SN,IiHst <N-1}

+ Z 2Mw - p(s — Ej)Prob{s, € Sj—1}
2<j<SN-—-1

+2Mw - p(s — En)Prob{s, € Sy_1 U SNJZ-st <N -1}
- > Mp(s)- E;s"p(i, 5)

2Mw - p(s)Prob{sy € Sj_1}

25N
+ > Mp(s+Ej) - (Ejs" +1)p(i+ 1, 5)
2N
Y. Mp(s)-Ejs"v ()
2<j<N-1
+ > Mp(s+Ej1—Ej) - (Bjas” +1)77(j 1)
8<j<N
— > Mp(s)-Ejs"y(i,])
3<j<N
+ > Mp(s— Ej+ Ejp) - (Ejpas” + 1)y (5,5 +1)
2<j<N-1

Similarly, we can get& X (s,t) whenIys” = N — 1. At the
steady state, we hang(s,t) = 0, and we can get an equation
for eachs € S. Note that all other parameters can be expressed by
{p(s)|s € S}, sowe can gefp(s)|s € S} by solving this system

of equations. As a result, we can compute the fractions ofspee
with different connection numbers and then the average ruib
connections per peer at steady state.

3. SIMULATION RESULT

We carry out simulation to verify the proposed model. In the
simulations, we leC' = 1000Kpbs, N = 4, A = 1, w = 1/30,
and vary the file size. Each simulation is executed 500 or
10000 seconds, and the fractions of peers with different conaecti



numbers{q;|1 < i < N} are depicted in Fig.1, Fig.2 and Fig.3. a stochastic model to evaluate the average number of céongct

We also solve the system of equations from our model by Gauss- per peer at steady state. We observe that this value insredde

Newton method. After gettingp(s)|s € S}, we compute{q;|1 < the file size. Using this model, BT users can choose the marimu

1< N}, whose values are also plotted in the corresponding figures. number of connections according to the file size to minimieert
We can observe that the numerical results from our modellmatc costs. For future work, we plan to extend this model to stuely h

well with the simulation results, especially when the fileesis erogeneous peers, and investigate the performance gaipsdcs

large. Moreover, from Fig.1, we know that only about 15% peer with different upload capacities. This can help us to unaeisthe

can connect with enough neighbors, and we can compute the ave behavior of peers which are able to adjust the upload capscit

age number of connections per peer, which is less th@anFrom
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APPENDI X

A. DERIVATION OF p(1,)

From equation (1), we can specify that, j) = p; + o(i,5),
wherec (i, 5) is the rate of a typg peer (say peeb) terminating
the connection with a typepeer (say peet) since it finds a better
neighbor (say peet). We know thatifi < 2orj < N, o(4,7) =
0. Otherwise,
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Figurel: Filesizeis10M.
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B. DERIVATION OF ~*(J)

Suppose a random request arrives at a peer of fyge< N),
and the other peer involved is of typeWe know that iff; 157 <
— M N — 1, a new connection will be established. So

7 (j) = 2wProb{I; ;15" < N —1}. (3)

Figure2: Filesizeis 100M.
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C. DERIVATION OF y~(1,)

Time (s) Time (s)
Note that, for a peer of typg, the rate of a type: neighbor
0.8 —SIM 0.8 . o . M . . . .
e NUM o terminating the connection is(j, k). Let this typej peer be in
& 0a & oa peer states, we know that ifk = i, F;sT > 1, and ifk # 4,
oo o — E;s™ > 0. So we can get
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Figure3: Filesizeis300M.

4. CONCLUSION

In this paper, we study the dynamics of BT systems, and peopos

PI’Ob{EiS/T > 0,8 € SJ}

E;sT>1,5€8;

+ >
2<k<N,k#i
E;sT>0,s€8;

p(s)Ers” p(j, k)
Prob{ E;s'T > 0,s" € S;}
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