MATH1050/1058 Guided Study Exercise 1 (Answers)

4. Solution.

(a) Let n be a positive integer, and f(x) be the polynomial f(z) = (1 + z)™.

Note that f(z) = Z ( Z ) z¥ as polynomials.
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(b) Let m be a positive integer. Then 2m is a positive integer.

Let g(x) be the polynomial g(x) = (1 + x)?™.
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Note that g(z) = Z ( ;n ) z" as polynomials.
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5. Solution.

6.

(a) Let n € N\{0}, and k € Z.

o (Case 1.) Suppose 0 < k < n. Then
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(b) i. Let n be a positive integer.
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(¢) i. Let m be a positive integer.
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ii. When n =1, Zk(k—l) < Z > = 1. Whenever n > 2, Zk(k—l)(
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(a) Answer.

(I) There exists some non-zero complex number r
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(II) for any n € N, o T
(b) Answer.
bn

(I) there exists some non-zero complex number r such that for any n € N, b+1 =7
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(c) Solution.
Let {an,}°, be a geometric progression. Suppose k, ¢, m € N, and a;, = A, ag = B and a,, = C.

By the result in the previous part, there exists some non-zero complex number r such that for any n € N,
a, = agr™.

In particular, ai = aor”, ap = aort and a,, = agr™
Then
Aé—mBm—kck—é _ (aork)é—m(aoré)m—k(ao,r,m)k—é

g = Hn—R) (k=0 (=) +L(m—k)+m(k—0)

= aooro =1

7. (a) Answer.
(I) Suppose a, b, ¢ are in arithmetic progression.
(I1) d
(I) ¢ —b=d

(V) b¥* —a®>—ca+bc=(b—a)(b+a)+ (b—a)c=d(a+b+c)
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V) [(c® —ab) — (b? —ca)]=c® —b*> —ab+ca= (c—b)(c+b)+ (c—bla=d(a+b+c)
I) (b — ca) — (a® — be) = (c? — ab) — (b* — ca)
(b) Solution.

Let a, b, ¢ be complex numbers. Suppose a? —bc, b% —ca, ¢> — ab are in arithmetic progression. Further suppose
a+b+c#0.

By assumption, b2 — ca = (&0 T (€~ ab)

2
Therefore 2b% — 2ca = a® + ¢? — ab — be.
Hence 0 = (a? — b?) + (¢ — b?) + (ac — ab) + (ac —bc) = -+ = (a + ¢ — 2b)(a + b + ¢).
b

Since a + b+ ¢ # 0, we have a + ¢ —2b = 0. Then b = ot .
Therefore a, b, ¢ are in arithmetic progression.
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10. Solution.
Let n be a positive integer.
(a) Pick any z,t € R. Suppose t # 0.
We have
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(b) Pick any z,t € R. Suppose ¢ # 0.
We have
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(¢) Pick any x,t € IR. Suppose z > 0, t # 0 and x + ¢ > 0.

We have
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11. Answer.

(1) A=B=C=D=E=F=G=H=1=J=1.
1
(b) (1 —sin())(1 — xsin(d))”
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