MATH1050/1058 Assignment 4 (Answers and selected solutions)

1. Solution.

2 2
Let ¢ = sin(—ﬂ-) + icos(i).
3 3
(a) ¢ = Cos(z — 2—7T) Jrisin(z - 2—7T) = COS(*E) + z‘sin(fz)
23 2 37 6 6"

(b) The three cubic roots of ¢ are given by 81, B2, 83, given by

b1 = (cos(—%) +isin(—%)),
B = (cos(—15 + %”) +isin(— o + %”) — (cos(%) + ism(%”)),
By = (cos(—lis - %”) +z‘sm(—118 - %”) - (cos(—ll?)—;) +isin(—%)).
2. Answer.
(a) z is a solution of the equation concerned iff z = 2(005(% +N- 2%) +isin(g +N- 2%)) for some N amongst

0,1,2,3,4.

s .. T 3m - 3m T .. T
(b) z= Q(COS(E) + zsm(m) or z = Q(COS(_E) + zsm(—l—o) or z = 2(005(—1—0) + zsm(—ﬁ)) .

3. Answer.

(a) The quintic roots of w are given by:
(i = cos (
G = cos( 5
(3 = cos ﬂ + isin i
3 - 1 1 )
(4 = cos (

(s = cos

(¢) i 0.
T
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4. Answer.
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(IT) P(1) is true
(III) P(k) is true
(Ivyo
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= 2(Wk+1-Vk) - T+ +(2VEk-1) - <1+\/§+\/§+"'+\/E>
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T VErl+vE VEFI
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(VD) 2vE+1-1
(VII) P(k+1) is true
(VIII) By the Principle of Mathematical Induction, P(n) is true whenever n is a positive integer.
(b) (I) Denote by P(n) the proposition ‘n(n? + 2) is divisible by 3.
(I) 0-(02+2)=0=3-0and 0 € Z
(IIT) 0 - (02 + 2) is divisible by 3
(IV) Let k be a natural number. Suppose P(k) is true.
(V) k(2 +2)
(VI) there exists some q € Z such that k(k? + 2) = 3¢
(VII) (k+D[(k+1)?2+2]=k>+ 3k + 5k +3=k(k* +2) +3k*+3 =3¢+ 3k> +3=3(¢ + k* + 1)
(VIII) ¢ + k2 + 1
(IX) (k+ 1)[(k + 1)® + 2] is divisible by 3
(X) By the Principle of Mathematical Induction, P(n) is true for any n € N.

5. Answer.

n 1+a 2
(a) (I) Suppose jz::oaj = ( 5 ") for each n € N.

1) ‘a, =2n+1’

0 2

1 1

(I11) We have ag = Zaj = ( —;a0> = 1(1 + 2ag 4+ ap?). Then (ag — 1)? = ap? — 2ag + 1 = 0. Therefore
§=0

ag = ]. = 2 . 0 + ].

(IV) Let k € N. Suppose P(k) is true.

(V) We have

2 k41 2 2
( k+1> Zaa Zaj +(1k+1:< 2 k) + ap41 = {(2)] +appr = (k+1)% + appa.

1
Then 1(1 + 20511 +aps1?) = (k+1)% 4+ apyq.
Therefore (a1 — 1)? = agr1? — 2ap41 + 1 = (2k +2)%
Hence agy1 = 2k + 3 or ag41 = —2k — 1. Since ag41 > 0, we have agy1 =2k +3=2(k+1)+1
(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.

(b) (I) Let a, B are the two distinct roots of the polynomial f(x) = 22 — 2 — 1. Suppose {a, }5°; is the infinite
sequence of real numbers defined by

a; = 1, as = 3,

ap4+2 = Qpt1+an if n > 1



Mi=—-(-1)=a+4
(IT) 3 = [—(—1)]2 = 2(—1) = (a + B)? — 208 = a® + 32
(IV) Let k be a positive integer. Suppose P(k) is true.
(V) okt 4 gl
(VD) P(k)

(V Ay = Qpyr +ay = ( k+1+ﬁk+1)+(ak+ﬁk)Zak(a+1)+,8k(ﬂ+l)Zak~a2+ﬁk~62:ak+2+ﬂk+2.
(VIII) By the Principle of Mathematical Induction, P(n) is true for each positive integer n.

6. Answer.

(I) Suppose {a,}22, is the infinite sequence of real numbers defined by

an =1
3

a .
Uil = 1+"an2 sin?(a,,)

. Denote by P(n) the proposition ‘1 > a,, > ap41 > 0.

(IT) Let k& € N. Suppose P(k) is true.
(1) P(k)
(IV) sin®(ag41) > 0
V)
ak+13 )
k41 — Q2 = Qg1 — TTar? sin®(ax+41)

2
Ak41 )

= ap11 |1 — ————5sin“(ars1

* ( 1+ ap41? ( +)>

1 ak+12 2
= a + cos“(a
k1 (1 T T T4 an? (ar+1)

> 0.

(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.

7. (a) 1. Answer.

n

ey Z(ak+1 — ag) = an41 — o
k=0
0
Z Q41 — Qk) = a1 — Ao = Ag41 — Ao.
=0
(III) Suppose P(m) is true
(IV) am+1 — Qg
m—41

m
(V) D (ansr — ax) Z akt1 — ak) + (@mt2 — Am1) = (@ms1 — @0) + (@mt2 — A1) = Gmy2 —ao =
k=0 k=0

A(m+1)+1 — A0
(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.

ii.
(b) Solution.

Let {c,}22, be an infinite sequence of numbers. Let a, 8 be numbers, with a # 1. Suppose ¢,+1 = ac, + § for
each n € N.

c
For each n € N, define a,, = —-.
o



Cn _OGCnt+ B B B

Then by definition, for each n € N, we have an41 = T = gl = an T gt = On + T
By the result described in the statement (A), for each n € N, we have
n n n
ﬁ —n—1 k —n—1 1 — O[n+1
an+1*00*2(ak+1*ak)—zﬁ—a 5204 =« ﬂ'ﬁ
k=0 k=0 k=0
Therefore
ﬁ(l _ an+1)
ent1 — " Tleg = a"Map — " lag = o (apg — ag) = 1l —a

Remark. The key step in the application of the telescopic method is displayed below:

By assumption, for each n, we have

Cn+1 — « Cn = 6
« Cn - a? Cp—1 = ﬂOé
a? Cho1 — a3 Choo = pa?
an—2 s _ an—l Co — Ban—Z
n—1 _ n _ n—1
« Co o c1 = Pa
am c1 — o™l g = Ba”
n n
_ ) [3 1— anJrl
Then ¢p41 — a™tley = g a™ kﬂ = E o= ( : )
-«
k=0 §j=0

(¢) i

ii. Solution.

0
Let 6 € IR. Suppose sin (2) # 0. Pick any n € N.

(1 + 2;cos(ka)> sin (g) = sin (g) + é 2 cos(k6) sin (Z)
sm(§>+gzcm(@+;w)gngk;w>)
~ i+ o)

sin((n + 1/2)6)
sin(6/2)

9 n
By assumption sin(i) #0. Then =1+2 Z cos(kf) =
k=1

iii.
iv. ——

8. (a) Answer.

1)l + ol + 20l - ] — () (a o 9) = |l + P =+ 20 - 9] — ufi — 07 — i — i
1) (Re(47))?

1) (Re(4))? + (Im(4))?

IV) |+ P2 < (i + v])?

V) lul+ vl =0

I) Suppose p1,- , pun € C.

D D <> sl
j=1 j=1

i.

ii.

Py



(III) P(2) is true

(IV) Let k € N\{0,1}. Suppose P(k) is true.
(V) vq,- -+, Vk, Vg41 be complex numbers
(VD)

k+1 k+1

k k k
Sovil = Doyt ven| < Dovi| el <D0l 4 el < 1yl
j=1 j=1 j=1 j=1 j=1

(VII) the Principle of Mathematical Induction

(b) Solution.

i.

Let ¢ € €. Suppose 0 < |¢| < 1. Then we have

‘gzo k ‘%3:0 | k| 4§j:0 k 1050 ?ilzo k 1050 1- ‘C|3011 |C|1050
¢l D It = X Il =1 Y I = el < T
k=1050 k=1050 k=1050 k=0 1= |C‘ 1= |C|

The first inequality is a consequence of Statement (7).
The last inequality follows from [¢[195° > 0 and 0 < |¢[31! < 1.

ii. Let @ € €C and n € N\{0}. Suppose |a| > 5.

2ok N5\ 11— (5/a)ntt 1 —5ntl /gt
Wehavekzoakzkzo(a> = — _

1-5/a 1-5/a
n 5k: o n 5k 1 5n+1/an+1 5n+1
Th — — = — — =- =- .
enkg;)ak a—75 l;)ak 1-5/a 1-5/a a™(a —5)

By assumption, |a| > 5. Then by Statement (T'), we have |« — 5| > |a| — 5 > 0.

" 5k a
ZJ_0¢75

k=0

5n+1

‘ 5n+1 5n+1
= _— = < .
Oé"(a5)‘ laf™or = 5]  [a| (o] = 5)

Therefore




