MATH1050 Examples: Formal definition for the notion of functions.

1. (a) Let F={(z,y) | y¥> =2?+ 1 and x € R and y € IR}. (Note that F' C IR%.)
Verify that (IR, R, F") is a function.
(b) Let A = (0,4+00), and F = {(x,y) | x>y =1 and € A and y € A}. (Note that F' C A?.)
Verify that (A, A, F') is a function.

(c) Let Ay = [0,+00), As = (—00,0), F1 = {(z,y) | y=2? and x € A; and y € R}, Fs = {(z,y) | y=2+1 and z €

Ag and y € R}, and F = F; U Fy. (You can take for granted that F' C R2.)
Verify that (R, R, F') is a function.

Remark. Such is an example of ‘piecewise-defined functions’ in school mathematics.

3. In this question, 0, 1,2 are regarded as pairwise distinct objects.
(a) Let A =1{0,1,2}, B=1{0,1,2}, and F = {(0,1),(1,2), (2,1)}. Note that F C A x B.
Is (A, B, F) a function? Justify your answer.
(b) Let A={0,1}, B={0,1,2}, and F = {(0,1),(0,2),(1,0)}. Note that FF C A x B.
Is (A, B, F) a function? Justify your answer.
(c) Let A={0,1,2}, B={0,1,2}, and F = {(0,0), (1,2)}. Note that F' C A x B.
Is (A, B, F) a function? Justify your answer.

4. (a) Let A=1[0,1], B=10,2], and F = {(z,y) | # € A and y € B and 42? + y? = 4}. Note that FF C A x B.
Define f = (A, B, F'). Verify that f is a function.
(b) Let A=1[0,1], B=10,1], and F = {(z,y) | * € A and y € B and 422 + y? = 4}. Note that F C A x B.
Define f = (A, B, F). Is f a function? Justify your answer.
(c) Let A=10,1], B=[-1,2],and F = {(z,y) | * € A and y € B and 422 + y? = 4}. Note that F C A x B.
Define f = (A, B, F). Is f a function? Justify your answer.
5. (a) Let A=10,3], B=10,2], and F = {(z,y) | z € A and y € B and 422 + 9y* = 36}. Note that F C A x B.
Define f = (A, B, F'). Verify that f is a function.
(b) Let A=10,3], B=[-1,2], and F = {(z,y) | z € A and y € B and 422 4+ 9y = 36}. Note that ' C A x B.
Define f = (A, B, F). Is f a function? Justify your answer.
(c) Let A=10,3], B=10,1], and F = {(z,y) | * € A and y € B and 42% + 9y*> = 36}. Note that F C A x B.

Define f = (A, B, F). Is f a function? Justify your answer.

6. (a) Let A=[0,400), F ={(z,y) | r € Aand y € R and (y + 2)? = z}. Note that F C A x R.
Is (A, R, F) a function? Justify your answer.
(b) Let A=1[0,+0c0), F={(z,y) | r € Aand y € A and (y + 2)? = x}. Note that F' C A2
Is (A, A, F) a function? Justify your answer.

(c) Let A=10,+00), B=[-2,+00), F={(z,y) | 7 € Aand y € B and (y + 2)> = z}. Note that F C A x B.
Is (A, B, F) a function? Justify your answer.

7. Let A=10,2], B=1[0,3],and F = {(z,y) | v € Aand y € B and y* = 2*(2—=x)}. Note that ' C A x B by definition.

Define f = (A, B, F).

(a) Verify that f is a function.

(b) Is f injective? Justify your answer.



8. Let A =[0,+00). Let , 8 € R. Define Cp 5 = {(z,y) | (y — B)? =1+ (x — a)3}.

(a) Define E, = A2 N Cyp.
i. For which values of « is (A, A, E,,) a function? Justify your answer.
ii. For which values of « is (A, A, E,) an injective function? Justify your answer.
iii. For which values of « is (A, A, E,) a surjective function? Justify your answer.
iv. For which values of « is (A, A, E,,) a bijective function? Justify your answer.
(b) Write Fz = A2N Co 5.
i. For which values of 8 is (A, A, Fjg) a function? Justify your answer.
ii. For which values of 8 is (A4, A, Fjg) an injective function? Justify your answer.

iii. For which values of 3 is

o~ o~ o~ o~

)
)

A, A, Fj) a surjective function? Justify your answer.
)

iv. For which values of 8 is (A, A, Fg) a bijective function? Justify your answer.

9. Let A={x € Q: 2z = s> for some s € Q}, B={y € Q:y = t* for some t € Q}. Define

z € Aand y € B and
there exists some r € Q such that (z =7 and y = r%). [’

F= {(x,y)

and f = (A4, B, F). Note that FF C A x B.
(a) Is f a function from A to B? Justify your answer.
(b

(c

(d) Where f is a function, determine whether f is surjective. Justify your answer.

Where f is a function, write down the ‘formula of definition’ of f.
Where f is a function, determine whether f is injective. Justify your answer.

)
)
)
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10. Consider the ‘declarations’ below through each of which some function is supposed to be defined. Determine whether
it makes sense or not. Justify your answer.

2—z+2 if 0<zx<l1

‘Define the functi :[0,2] — R b
(a) ‘Define the function f : [0, 2] y{x3+x—2 i l<e<?

In(x+1) if 0<z<2

(b) efine the function f : [0, 4] y{10g$l(x) if 2<x<4

11. Consider the ‘declarations’ below through each of which some function is supposed to be defined. Determine whether
it makes sense or not. Justify your answer.

(a) ‘Define the function f : R — R by f(t*) =3 for any t € R

2 +1
(b) ‘Define the function f : (0,4+00) — R by f(t/s) = %—&-1 for any s,t € (0,400).
s

2 2
12. For each n € N\{0}, we define w,, = cos <;) + isin (;:), and Z, = {¢ € C: ( = w,” for some k € Z}.

You may take for granted that w,™ = 1 and Z,, = {1,w,,w,?, - ,w,""1}. (Note that Z,, is the set of all n-th roots
of unity.)

Consider the ‘declarations’ below through each of which some function is supposed to be defined. Determine whether
it makes sense or not. Justify your answer.

(a) ‘Define the function f : Zg — Z by f(we") = 6k for any k € Z.
(b) ‘Define the function f : Z15 — Zg by f(w12¥) = we® for any k € Z.’

2 2 .
13. For any k € N\{0}, define wy, = cos (l::r) + isin (;), and define Z, = {¢ € C: { = wy? for some j € Z}.
Let m,n € N\{0}. Define the subset F,,, ,, of Z,, X Z,, by

Fon = {(C,n) | There exist some r € Z such that ( = w,,” and n = w,,"” }

Define the relation f,n by fmn = (Zm, Zn, Fm.n). Consider the statements (x), (%) below:



(x) m is divisible by n.

(%%) fm.n is a function from Z,, to Z,.

(a) Suppose (x) holds. Prove that (xx) holds.
(b) Suppose (**) holds. Prove that (%) holds.

14. Let A=C\{1}, F={(z,y) | r€ Aand y € A and (x — 1)y = x}. Define f = (A4, A, F). Note that F C A%

b

(a) Verify that f is a function.

(b) What is the ‘formula of definition’ of the function f.

(¢) Verify that the function f is bijective.

(d) What is the ‘formula of definition’ of the inverse function of f.
)

(e) What are the respective ‘formulae of definition’ of f o f and fo fo f?

15. Let D = {¢ € €:|¢| < 1}. Define

F:{ (z,w) | zeCand w € D and w =

z
—————(cos(|z|) + isin(|z
g conlla) + dsin(lD) .
Note that F C € x D. Define f = (C, D, F).

(a) Verify that f is a function.

(b) Is f injective? Justify your answer.

(c) Let w € D, and 6 € R. Define the complex number v by v = (cos(0) + isin(0)).

v
V1= w?
Verify that

f(v) = Kw(cos(LO + M - ¢)+isin(L9+M~ vl

V1—|w|? V1—|w|?
Here K, L, M are some appropriate non-negative integers whose values are independent of that of w and 6. You
have to determine the value of K, L, M explicitly.

)

(d) Is f bijective? Justify your answer.



