1. Statements with many quantifiers.

When we carefully analyse the logical structure of a mathematical statement, say, S,
we will most likely find that S is of the form

(922)((ay) (- - - ((a:2)((quw) P(z, - -+, 2,w))) -+ -),

in which:
o P(x,y,---,z,w) is a predicate with variables x,y,--- , z, w, and
e cach of q,, q,, ..., 9z, gy stands for the universal quantifier V or the existential

quantifier 4.

How to obtain S from P(x,y,---,z,w)? ‘Close the variables w,z,--- ,y,x with
quantifiers’ one by one:

‘P(Cﬁ,y,"’ ,Z,’U]),

* (CleU)P(fIZ', Yooy 2 ’UJ),

o <q22><(qu>P<x7 Yy -y 2, w))a

T

o () (@) (@) Pr, g, 2, w)) ),

o (q.:2)((q,9)( - ((4:2)(quw) Pz, y, -+, z,w))) -+ ).



2. Statements starting with two quantifiers.

From a predicate Q(x,y) with two variables z,y, eight statements can be formed:

(1) (Va)l(Vy)Q(z, ). (5)  (Vo)[(Fy)Qz, )]
(2 ()l(vVe)Q(z, )l (6)  (Fy)l(Ve)Q(z,y)]
(3)  (F0)[(Fy)Q(z, y)). (1) @E)[(Vy)Qz, ).
(4)  (F)IEx)Q(z,y)l. (8)  (vy)l(F=)Q(z, y)l.

We accept (1), (2) to be logically equivalent. Examples:

(a) For any x > 0, for any y >0, z +y > 0. (N")[W7)<(X>O>/\(77O)1_§ (“*7>°>>1
(b) Let vy € ”Z. Suppose z is divisible by y and y is divisible by z. Then |z| = |y|.

i RO (AN A
—> (=17

We accept (3), (4) to be logically equivalent (in most situations). Examples:

(b) There exist some integers q,r such that 10000 = 333¢q +r and 0 <7 < 332
i

((9 x)[(37 )((x ¢ @R\ &)
AEeRNR)
A (1*%7%&))1,

(a) There exist some irrational numbers x,y such that x +y is a rational numbezj

E (]al/)[@ \r) (QLE /\(‘(ez_) /\(wooo 3337/+Y) INCRL S S}z) ﬂ
Care must be taken with (5), (6), (7), (8).



3. Statements starting with one universal quantifier and one existential
quantifier.

Non-mathematical examples.
Compare and contrast the statements in each pair (b), () below:

(a)(b) Every student gets A in some MATH course.
(No big deal; everyone has his/her own ‘lucky” course.)

(#) In some MATH course, every student gets A. i \A)Q'TE,HS (X - 391 /991
(Then you will rush to enrole in such a course.) SIS shthws ; lned =

(b)(b) In every MATH course, some student gets A.
(No big deal; you don’t expect us to be excessively harsh.)

(#) Some student gets A in every MATH course. % @
(Then you will look for ‘source’ from him /her.) -

&Q&“\) - ShdeX x ééjis 7A\ e MArt cavae 7
@M @) QL )

b)% ((3[’ ;M‘x)gw,v ))
( ; (3x) QCx,v)) D_ . S ;
() . <§Z<)((\}7) &(x)7)> gm@ﬁ\&jé@w\\\j(j S?QCRQ L\nﬂ)&kg



Qo)+ Sede x 0 F o MATH e .

Now replace ‘A’ by ‘F’, and compare and contrast the resultant statements.

(2)(b) Every student gets I in some MATH course. WX)(@7 ) &( X Y )>
(Then getting F is nothing, but you still hope it happens to you no more than

once. )

(#) In some MATH course, every student gets F. (1Y) (( Vx ) @ (% Y ) )
()= (Then you will hope this is not a compulsory course.)
(b')(b) In every MATH course, some student gets L. (YY) (=) A x £ ))
(Then you will work hard and pray you are not those hopefully very few ones.)

() Some student gets F' in every MATH course. (i« ) ((V7 ) QC x ) ))
Q) — (You will probably not find him /her as a classmate next year.)

‘Moral of the story”: Be careful with the ‘relative positioning’ of the universal and

existential quantifiers.



Mathematical Examples.

Compare and contrast the statements in each pair (b), (ff)below:

(c)(b) For any = € R, there exists some y € R such that z <y. d]) -, (\{xek)((ayeﬂi) &(xl7 )>.
(#) There exists some y € R such that for any x € R, z <y. (%) (Hj(ﬂz) (@d«ﬁi) &(x, 9 )>'

‘0 10 *fo& jwj(aﬂcﬁk\ o
Piok oy xeR . ke 9= Xt 1. ‘TLeHe(R od x <xtivg.

s Ladse . Tuakitiekion
. )ﬁ - Sup uift\m ke Some 7€R M‘Lftﬁ‘%ﬂw <e R x <y .
71\@-\ Sn\quYR we wadd hawe 1<y . Qi\-kwoldfm\wvm‘

(d)(b) For any triangle x, there exists some circle y such that y passes through all

three vertices of x.
(#) There exists some circle y such that for any triangle z, y passes through all

three vertices of x. ;

d?) VY frae. CJNQ(X( Lg\\tjf i leawink OAOFX Co rcw\c.rc,(&; ]Cw -tw
e Then Uty eudl
4 @ O(Q;S\is N \ﬁi;k xS

#) i Jobe | s e 0y Srde <k cmko( Smaltanesnos
| Peas TmeAL ol six vortices & theae Yoo -&r\w:cg(a/) ? ﬁ ]

&(x,7) ’ x<7 :




Qe 9) 1 x4y =X .
(eXb) For any = € Z, there exists some y € Z such that z +y = x. OF (Vxﬁl)(@‘/‘l) A ,}))_
(#) There exists some y € Z such that for any x € Z, x +y = x. () - (ayel) ((hez )R ,9)
(B) i3 frae | JusXcshon |
‘P‘GLG»\J X€Z Toke i = O . Thew 7€Z o d. X+7 =X+t0=K .
RXx (p) 15 i\ UACTW .
(#) »U‘ true Ok wsedud % ‘f‘\“Fm\:k5*L\e’ Qfﬁ“& ke “a/ the ihT%SWO:
Qagwa((@ys o% the” Gwlue % xel wt hae xt0 =X

(fYb) (Let S be a non-empty subset of N.) For any x € S, there exists some y € .5
such that y < x.
(#) (Let S be a non-empty subset of N.) There exists some y € S such that for
any x € S,y < x. |

() s trwe . Juiti jic@k‘(o\; .
P(Q(QMJXGS TJ@ YRR The~ ‘76& Mj»:xsx‘
PAVY, R ,kS -t

#) 1 (heltewed to be) Hrne | _
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In each of these examples, we have a pair of statements of the form:

() (V2)[(Fy)Q(z,y)]. (8) (F)[(Vr)Q(x, y)].

They are resultants of different ‘sequences’ in ‘closing variables with quantifiers’:

e How to obtain (p)? First Q(z,y); next (Jy)Q(x,y); finally (Va)[(Jy)Q(x,y)].
e How to obtain (f)? First Q(x,y); next (Va)Q(x,y); finally (Fy)[(Vx)Q(x,y)].

The convention for (b) to be understood is:

« For any object x, there exists some object y,, depending on what x is (as indicated
by the subscript ‘z’ in ‘y,’) such that Q(x,y,) is a true statement.

The convention for (f) to be understood is:
o There exists some object y such that for any object x, Q(z,y) is a true statement.

If (for some very good reason,) you need start with ‘for any ojbect z’ in a ‘wordy’
formulation of (f), you must write in this way:

« For any object x, there exists some object y independent of the choice of x such that
Q(x,y) is a true statement.



Warning. Always remember these points when you read or write a statement involving
both the universal quantifier and the existential quantifier:

(a) The statements (b), (f) are different.

o (1) implies (b): if (f) is true then (b) is true.

e However, (b) does not imply (f): when (b) is true, (f) may be true or false.
(b) The ‘relative positioning’ of Vz’, ‘Jy’ cannot be interchanged.

e In (b), vy ‘depends’ on .

e In (), y does not ‘depend’ on .

(c) If you are in doubt, recall some examples which help you distinguish the meaﬁings
of (b) and (). For instance, refer to ‘non-mathematical examples’.

(d) Ask yourself whether what you write is the same as what you will be understood.

For instance, if what you mean 1s
‘for any = € R, there exists some y € IR such that x <y’, <"~ (Vx€ @)(@7@\) (x <7))

do not write the statement as A ML o Ty i :
‘for any © € R, z < y for somey € R, <~ 8§ ) :\,T @Q’Mj"ekz’“?) ][‘“”N%/R,
O Worse, fpemeR, <“<7 f‘““‘*"@?“@?

‘there exists some y € R such that x < y for any z € R’.

Cot > to be udodtimh o0 1 (39R)((9eR) Cxey))



4. Negations of statements starting with two quantifiers.

We apply the rules for negating statements with one quantifier repeatedly for statements
with two quantifiers:

(a) The negation of ‘(Vx)[(Jy)Q(x,y)| is

(F2)[(Vy) (~Q(z,y))]"
(b) The negation of ‘(Iy)[(Vz)Q(x,y)|

is (Vy)[(32) (~Q(z, y))I

(¢) The negation of ‘(Vz)|[(Vy)Q(x, y)] is

(32)[(3y)(~Q(,y))]"
(d) The negation of ‘(3x)[(Fy)Q(x, y)] is

(V) [(Vy) (~Q(,y))]"



Examples. How to write down the negations of the statements below?

| (a) There exists some y € S such that for any x € T z<y. — (%)
Convert the statement to be negated into a ‘chain of symbols™

e kst (Fyes) ((VxeT) (x<y) )
Now repeatedly apply the rules for negating statements with one quantifier:
Negtion o 007 0 | @ye3) ((eeT) Ce<y) )]
| s e ) )
- yesXCxDpesi]) — e
Now convert this last ‘chain of symbols’ into words: Xy
Fex oy 763, thew exths some KGT swd. Lok x27 ,

(b) For any a,b € Z, a + b is divisible by 2. —— <)
@) tends © (NaeZ)((WLeZ) (otb o dvisble by 2))

Negfo~dy ()1 » ~ [O} €] ) ((VLJL) (ot i ivible by Z))I |
(HAGZ)YN ((V(,GZ)(ML 5 doinble by 2))] .
(3 @)(@LQ){N (atb s o&:\ﬁh“tu by 2)1) .

I wrds, <he NIENS o% () veeds: e CAE SME o bel swd dk oth uﬁyolwiawﬁ??,



(%)

(¢) For any z € €, there exists some w € R such that Re(z +w) = Im(z + w).

0 wadst (Nee@) (GveR) (RG4v) = TnGatw)) )
Keyskin- oy (%) )~ [ (vze) (Que®) (Reaty) T (W) N
(32¢ @,)&v @awék) (ReGtwy = Im(34 W))ﬂ
@ reC ) (Qd we R )[N (Re(%’rw > Ivk(-uw)ﬂ)

C o (Ro ) = T (W) |
t T\( ~th Qame o ‘&(%M)#I’*(%W) ’.

N MS, +Lc “ng“\“‘% (9 »ﬁcﬂ) ' TL&L &'ﬁ(s §me. %eQMfLJ( j%’“"j e ZR/ pz(ﬁuhklk(%w).

(d) There exist some s,t € Q such that (s +t € Z and st ¢ Z). (=)

®) reds C:)&ec&)(@te Q) (stel od s@%l)),

g g @7 et (Guad e et D) ]
(¥ se @ [(Gte®) (L€l et s¢42)) ]
(Yee Q) (vt QL Gotedod 4] )
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5. Statements with many quantifiers.

The principles in the discussion above can be extended to statements with three or
more quantifiers.

Questions. How to read and/or write them? How to negate them?



6. Examples from linear algebra.

(a) Let u,v,w € R", and S be a subset of IR™.
How to formulate ‘every vector in S is a linear combination of u,v,w over IR’7

&) -

e Formulation in words:

C&)*@’AS . Tor Oy X € g) thore @K\DOQ 3M</ &,‘v,QGIR swd. thik x= ooutbv+cu,

e Formulation in symbols:

k) s (YxeS) [(aaeﬂl)(a e R)(@EceR) (% = awtbhvecu )]

. )

How to formulate ‘not every vector in S is a linear combination of u,v,w over . ?
Qo —— i

Negak o0 ok (%)

e Formulation in symbols:

7};&@;‘*@%; (3 xeS) [(‘d oe R)(V be R)Vee R) ( %t aw+by+cw )]

e Formulation in words:

s T I S sk ik ey bR, x o



(b) Let u, v, w € R".
How to formulate ‘u, v, w are lmearly independent over IR’?

{ Recald

‘YooK s the same
o C(vHIVEK.

e Formulation in Words. &)
Wob: For on k/(j’cc R .IT W ﬂ‘fi (O"O ol bz0 and c= o)
e e S
ALV\ VR/Q_M j%ﬁm o‘j((u\ — —_— T

bt Focomy o biceR, [autburew 40 o (azo end

o Formulatlon in symbols (~H)

@ veods: (Ve R Le® (\;Cemiwcwwu,o)—»[@\- ) A (b=o
m);@bt TE‘LVKQ(R)(V]QZVG(R QCG(M{(MJ((;\/J«QJio) \/[(o\ o)A(b=o

How to formulate ‘u, v, w are lmear]y dependent over IR'?
w
Megotx o~ o) (%)

e Formulation in symbols:

= oc»u{c, o>:{

)]

JA(e=2)1§

Nt (Q e R)@bed )(Hce(R)Z(M*W“W o) A[xg) V (bo)V (cte ﬂ}

e Formulation in words:

M&%% ; T\/\(’M— u(vt Somg O, (o ce R Sl,w(—\ 'CL&X
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7. Examples from calculus of one variable.

(a) Let f be a real-valued function on R, and ¢ € RR.
How to formulate ‘ f attains a relative minimum e_zfﬁ’?

_—

e Formulation in words: @
) PRY Th@,/e/ Q/x\ﬁts some §> 0 sudl tJ/\c*
Jovomg xe R, (i [x-cl<§ thee $& >{co).
{E[’b‘““mwﬁ wa&ak‘m‘ " :ﬂlgﬁi iﬁi{wsﬁi'm:; iiﬁ (1x-cl 2§ W»f(*))f(c)) ]
e Formulation in symbols:
s (35>0)f (¥ xeR) [(x-cl<§) — (Feo>Fo) T {
Faomlet frendstion: (3§50 Mxe R ) (el 20 V (o > 5 )]§

How to formulate ‘f does not attain a relative minimum at ¢’
e Formulation in symbols: Nl o} (%)

WL (e)[EreRI[0va <5) A Geo<50)]3

e Formulation in words:

a?&%mv Fov oy §>0, thae exiks Sme xe R qul <ok
(lx—¢l<£ od fe<$)



[ be N’]Eu&t?m\ 0\%\&)\ o R, ok ceR o
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(b) Let f be a real-valued function on IR, and ¢ € IR.

How to formulate ‘ f is continuous at ¢’7

e Formulation in words: -
(,, ' \_Q/(MQ : : - 2) O) *tl\&l—(/ eﬂﬁs SMC/ g >0 M ‘C{'\ﬁ
@a) 3o Joc oy  Porong xe R <(§ [X-c|<§ then {{’(ﬂ-{@l@)
alek foomdedtmn . Fov on >0, there s Sme §>o0
[ﬁ ﬁ\( swdk ZLK j%vcwj xe R 3 ( Ix-c( 2§ ov l'g(K)-‘gCQ (<E,> ]

e Formulation in symbols:

&) wdst  (We> o)i(BSQo) i(\} x€R.) [(lx—c\ < &) — (\f(x) -f©| < g)]gg
L bomddon (Y g o>{(3g>o){(\} e R) {(lx-cl s8)v (e -l <g )K%
How to formulate ‘ f is not continuous at ¢’

e Formulation in symbols: S A

mm: @e > ) fExeR) (et <8) A (-4 1> )]

e Formulation in words: |

v thee exiky Some xR gwch ¢laX
(Ix=cl<§ ok Ko -F0l2¢).
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