
1. Statements with many quantifiers.
When we carefully analyse the logical structure of a mathematical statement, say, S,
we will most likely find that S is of the form

(qxx)((qyy)(· · · ((qzz)((qww)P (x, y, · · · , z, w))) · · · )),

in which:
• P (x, y, · · · , z, w) is a predicate with variables x, y, · · · , z, w, and
• each of qx, qy, ..., qz, qw stands for the universal quantifier ∀ or the existential

quantifier ∃.
How to obtain S from P (x, y, · · · , z, w)? ‘Close the variables w, z, · · · , y, x with
quantifiers’ one by one:
• P (x, y, · · · , z, w),
• (qww)P (x, y, · · · , z, w),
• (qzz)((qww)P (x, y, · · · , z, w)),
• ...
• (qyy)(· · · ((qzz)((qww)P (x, y, · · · , z, w))) · · · ),
• (qxx)((qyy)(· · · ((qzz)((qww)P (x, y, · · · , z, w))) · · · )).
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In each of these examples, we have a pair of statements of the form:

(♭) (∀x)[(∃y)Q(x, y)]. (♯) (∃y)[(∀x)Q(x, y)].

They are resultants of different ‘sequences’ in ‘closing variables with quantifiers’:
• How to obtain (♭)? First Q(x, y); next (∃y)Q(x, y); finally (∀x)[(∃y)Q(x, y)].
• How to obtain (♯)? First Q(x, y); next (∀x)Q(x, y); finally (∃y)[(∀x)Q(x, y)].

The convention for (♭) to be understood is:
• For any object x, there exists some object yx, depending on what x is (as indicated

by the subscript ‘x’ in ‘yx’) such that Q(x, yx) is a true statement.

The convention for (♯) to be understood is:
• There exists some object y such that for any object x, Q(x, y) is a true statement.
If (for some very good reason,) you need start with ‘for any ojbect x’ in a ‘wordy’
formulation of (♯), you must write in this way:
• For any object x, there exists some object y independent of the choice of x such that
Q(x, y) is a true statement.
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4. Negations of statements starting with two quantifiers.
We apply the rules for negating statements with one quantifier repeatedly for statements
with two quantifiers:

(a) The negation of ‘(∀x)[(∃y)Q(x, y)]’ is
‘(∃x)[(∀y)(∼Q(x, y))]’.

(b) The negation of ‘(∃y)[(∀x)Q(x, y)]’
is ‘(∀y)[(∃x)(∼Q(x, y))]’.

(c) The negation of ‘(∀x)[(∀y)Q(x, y)]’ is
‘(∃x)[(∃y)(∼Q(x, y))]’.

(d) The negation of ‘(∃x)[(∃y)Q(x, y)]’ is
‘(∀x)[(∀y)(∼Q(x, y))]’.
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5. Statements with many quantifiers.
The principles in the discussion above can be extended to statements with three or
more quantifiers.
Questions. How to read and/or write them? How to negate them?
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