1. Refer to the Handout Set operations.

2. Recall the respective definitions for the notions set equality, subset relation, intersection,
union, complement.

o Let A, B be sets. We say A is equal to B if both of the following statements (1), (1)
hold:

(1) For any object x, [if (x € A) then (x € B)].
(1) For any object y, [if (y € B) then (y € A)].
We write A = B.

o Let A, B be sets. We say A is a subset of B if the following statement (1) holds:
(1) For any object x, [if (x € A) then (x € B)].
We write A C B (or B D A).

e Let A, B be sets.
x The intersection of the sets A, B is defined to be the set
{r|x € Aand x € B}. It is denoted by AN B.

x The union of the sets A, B is defined to be the set
{x |z € Aorx e B}. It is denoted by AU B.

x The complement of the set B in the set A is defined to be the set
{x |z € Aandx ¢ B}. It is denoted by A\B.



3. Theorem (I).
(3) Let A, B,C' be sets. Suppose A C B and B C C. Then A C C.

Proof of Statement (3) of Theorem (I).
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Very formal proof of Statement (3) of Theorem (I).

Let A, B,C be sets.
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I. Suppose A C B and B C C. [Assumption.] IVii. z € B. [II, IVi, definition of subsets.]
I AC B. [1] IViii. z € C. [III, IVii, definition of subscts.]
I11. B C C. [1]

IV. Let 2 be an object. [We have verified that if x € A then z € C]

IVi. Suppose z € A. [Assumption.| V. A C C. [IV, definition of subsets.]



4. Theorem (III).
(1) Let A be a set. ) C A.

Proof of Statement (1) of Theorem (III).
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Remark.

Remember that whenever H is a false statement, the conditional

will be a true statement no matter what the statement K is.
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5. Theorem (IV).
(1) Let A, B, S be sets. Suppose S C Aand S C B. Then 5 C ANB.

Proof of Statement (1) of Theorem (IV). i, ;-)( JeS then yefy
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Theorem (IV).
(1) Let A, B, S be sets. Suppose S C A and S C B. Then 5 C ANB.

Proof of Statement (1) of Theorem (IV).

Very formal proof of Statement (1) of Theorem (IV).
Let A, B, S be sets.

I Sﬁppose S C Aand S C B. [Assumption.
1. S C A [1]
III. S C B. [1]
IV. Let x be an object.
IVi. Suppose x € S. [Assumption.]
IVii. x € A. [II, IVi, definition of subsets.|
IViii. z € B. [III, IVi, definition of subsets.]
IViv. 2 € A and z € B. [IVii, IViii|
IVv. z € AN B. [IVv, definition of intersection.]
[We have verified that if z € S then x € AN B]
V.S Cc AN B. [IV, definition of subsets.]



6. Theorem (IV).
(2) Let A, B, S be sets. Suppose S C A or S C . Then S C AUB.
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Proof of Statement (2) of Theorem (IV).
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Theorem (IV).
(2) Let A, B, S be sets. Suppose S C Aor S C B. Then S C AU B.

Proof of Statement (2) of Theorem (IV).

Very formal proof of Statement (2) of Theorem (IV).
Let A, B, S be sets.

I. Suppose S C A or S C B. [Assumption.] ITiii.
ITiiil. Suppose S C B. [The other possi-

IT. Let x be an object. bility in 1]

ITi. Suppose z € S. [Assumption.| ITiii2. z € S and S € B. [IIi, 1Tiiil |
ITLii. ITiii3. z € B. [IIiii2, definition of sub-
ITiil. Suppose S C A. [One of the possi- Setf'.]
bilities in L] 1111‘114]1. ze€AorzeB [ITiii3, rules of
.. R OglC.
I1ii2. z € S and S € A. [IIi, ITiil.] Iiv. z € A or ¢ € B. [TTii, TTii]
I1ii3. x € A. [ITii2, definition of subsets.] IIv. = € AU B. [Iliv, definition of union.|

Hi.i4- v € Aorxz € B. [Ilii3, rules of [We have verified that if z € S then x € AU B ]
logic.| III. S € AU B. [II, definition of subsets]



7. Theorem (V).
Let A, B, C be sets. The following statements hold:

4) (ANB)UC=(AUC)N(BUC). (4) (AuB)NC=(ANC)u(BNC).

Proof of Statement (4) of Theorem (V).
Let A, B, C be sets.

e Let z be an object. [We want to verify that if z € (AN B)UC then z € (AUC)N(BUC)]
Suppose z € (AN B)UC.
Then z € AN B or z € C [according to the definition of union].

__ Therefore (z € Afand)z € B)ovz € C [according to the definition of intersection].

((#e~ce)) We now have (x € Aopz € C)land) (z € Borz € C) [by logic |. a— DiAvibatve Lous fov o juntron
Then (z € AUC) and (z € B U C) [according to the definition of union]. o, Disjunlion-
Therefore z € (AU C) N (B UC) [according to the definition of intersection].

[We have verified that if z € (AN B)UC then z € (AUC)N(BUC)] [—— ()]
e Let z be an object. [We want to verify that if z € (AUC)N(BUC) thenz € (AN B)UC] ...

e Hence (ANB)UC = (AU C)N(BUC) [according to () and (b)].
Remark. We have used the Distributive Laws in logic. (Where?)




Theorem (V).
Let A, B, C be sets. The following statements hold:

4) (ANB)UC=(AuC)N(BUC). (#) (AuB)NC=(ANC)U(BNC).

Proof of Statement (4) of Theorem (V).
Let A, B, C be sets.

e Lot z be an object. [We want to verify that if z € (AN B)UC then z € (AUC)N(BUC)] ...

e Let = be an object. [We want to verify that ifz € (AuC)N(BUC) thenz € (AN B)UC]
Suppose z € (AUC)N(BUC).
Then (z € AU C) and (z € B U C) [according to the definition of intersection].
_ Therefore (z € Alovz € C')@and) (z € Bz € C) [according to the definition of union].

@We now have (z € Aand)z € B)(opz € C [by logic |. +— Divbirve Lo fo %Mdbw
o D &w_"( ne
J

Then z € AN B or 2 € C [according to the definition of intersection].
Therefore z € (AN B) U C [according to the definition of union].
[We have verified that if z € (AUC)N(BUC) then z € (ANB)UC| [—— (b)]

e Hence (ANB)UC = (AUC) N (BUC) [according to (f) and (b)].

Remark. We have used the Distributive Laws in logic. (Where?)

Very formal proof of Statement (4) of Theorem (V)?

Compare the orders of the lines in the respective parts of the proot.



Theorem (V).
Let A, B, C be sets. The following statements hold:

@)(AﬂBﬂM%%AUCMMBUC) (4) (AuB)NC=(AnC)u(BNC).

Proof of Statement (4) of Theorem (V), with use of ‘=’
Let A, B, C be sets.

e Let = be an object. [We want to verify that if x € (ANB)UC then z € (AUC)N(BUC) |

re(ANB)UC
— z€eANBorzc C |according to the definition of union]
— (z € Arand)z € B)orz € C' [according to the definition of intersection|
(=) (z€Aovz ) and)(z € Borz € C) |by logic]
— (re AUC)and (z € BUC) |according to the definition of union]
— 2 (AUC)N(BUC) [according to the definition of intersection]

[We have verified that if z € (AN B)UC thenz € (AUC)N(BUC).| [— (#)]
e Let = be an object. [We want to verify that if z € (AUC)N(BUC) then z € (ANB)UC ]

o ﬁence (ANB)UC = (AU C)N (BUC) [according to (f) and (b)].



Remark on the use of ‘—’.

Whenever you write H = K, you are telling the reader that,

x the statement H is (known/asserted to be) true and
x the conditional ‘H — K is also (known to be) true,

+ and so by Modus Ponens you conclude that the statement K 1s true.

(So whenever there is the temptation to write

‘blah-blah-blah = bleh-bleh-bleh’,

think whether you mean the above.)



Theorem (V).
Let A, B,C be sets. The following statements hold:

4) (AnB)UC=(AUuC)N(BUC). (4) (AuB)NC=ANC)U(BNC).

Proof of Statement (4) of Theorem (V), with use of ‘=",
Let A, B, C be sets. |
e Let = be an object. [We want to verify that if x € (ANB)UC then z € (AUC)N(BUC) |

e Let z be an object. [We want to verify that if x € (AUC)N(BUC) then z € (ANB)UC ]
re(AuC)N(BUC)
— (rc AUC) and (z € BUC) [according to thé definition of intersection]
— (v € Aonz € C)and (z € Bovz € C')  [according to the definition of union|
@ (r € Aand)z € B)orz € C  [by logic|
— zc€ANBorxeC |according to the definition of intersection]
z € (AN B)UC [according to the definition of union|

[We have verified that if z € (AUC)N(BUC) thenz € (ANB)UC] [ (b)]
o Hence (ANB)UC = (AUC)N(BUQC) [according to (f) and (b)).

l




Theorem (V).
Let A, B, C be sets. The following statements hold:

(4) (AnB)UC=(AUuC)N(BUC). (4) (AuB)NnC=ANC)uU(BNC).

Proof of Statement (4) of Theorem (V), with use of ‘=>".
Let A, B, C' be sets.

e Let z be an object.
[We want to verify that z € (AN B)UCiff x € (AUC)N (BUC) ]

re(ANB)UC
— ze€ANBozel
< (x€ Alandz € B)ovz € C
@ (x € Alovx € C)and/(z € Bovz € C)
<— (r€AUC)and (x € BUC)
— ze(AuC)N(BUC)

[We have verified that z € (AN B)UC iff z € (AUC)N(BUC)]
It follows that (AN B)UC = (AUuC)N(BUC).




8. Theorem (V).
Let A, B, C be sets. The following statements hold:

(6) A\(BNC)=(A\B)U(A\C). (6) A\(BUC) = (A\B)N(A\C).

Proof of Statement (6) of Theorem (V).
Let A, B, C be sets.

e Let 2 be an object. [We want to verify that if z € A\(B N C) then z € (A\B) U (A\C) ]

Suppose z € A\(BNC).

Then z € A and = ¢ B N C [according to the definition of complement].

Therefore 2 € A and (it is not true that z € BN C).

Hence z € A and (it is@ot)true that (z € Bland z € C)) [according to the definition of intersection).

Then)z € A and ((it is@ot) true that z € B)(op (it ismot) true that € C)) [by logic ] Do 7’(5\@ i s
We now have z € Aand)(z ¢ Bovz ¢ C).

(x c Aand)z ¢ B)op)(z € A@and)z ¢ C) [by logic . — Diddvibdve Lawy JCN %M&m
Therefore z € A\B or z € A\C [according to the definition of complement]. 0 Digjunction
Hence z € (A\B) U (A\C) [according to the definition of union].

[We have verified that if z € A\(B N C) then z € (A\B) U (A\C)] [— (#)]
e Let z be an object. [We want to verify that if z € (A\B) U (A\C) then z € A\(BNC)]
e Hence A\(B N C) = (A\B) U (A\C) [according to () and (b)].

Remark. We have used De Morgan’s Laws in logic. (Where?)
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Theorem (V).
Let A, B,C' be sets. The following statements hold:

6) A\(BNC) = (A\B)U(A\C). (6) A\(BUC) = (A\B) N (A\C).

Proof of Statement (6) of Theorem (V).
Let A, B, C be sets.

e Let z be an object. [We want to verify that if z € A\(B N C) then x € (A\B) U (A\C).]
e Let z be an object. [We want to verify that if z € (A\B) U (A\C) then x € A\(BNC).]
Suppose z € (A\B) U (A\C).
Then z € A\B or x € A\C [according to the definition of union].
~ Therefore (z € Atand)xz ¢ B)lor)(z € Aland/z ¢ C) [according to the definition of complement].
@We now have z € Aand)(z ¢ Bonz ¢ C) [by logic]. ¢— DRvibukve Laws for Coxu,ifﬂnv
Then z € A and ((it ismot) true that z € B) orm not)true that € C)). ol D el
(Therefore)z € A and (it is(ot)true that (z € Band)z € C)) [by logic |. «— De Moo’y Lows
Hence z € A and (it is not true that z € B N C) [according to the definition of intersection).
We have x € Aand x ¢ BN C. "
Then x € A\(B N C) [according to the definition of complement].
[We have verified that if z € (A\B) U (A\C) then z € A\(BNC).| [— (b)]

e Hence A\(BNC) = (A\B) U (A\C) [according to (f) and (b)].

Remark. We have used De Morgan’s Laws in logic. (Where?)



Theorem (V).
Let A, B, C be sets. The following statements hold:

(6) A\(BNC) = (A\B)U(A\C). (6 A\(BUC) = (A\B)N(A\C).

Proof of Statement (6) of Theorem (V), with use of ‘<.
Let A, B, C be sets.

e Let x be an object. [We want to verify that x € A\(BNC) iff z € (A\B)U(A\C)]

r e A\(BNC)
< ze€Aandz ¢ BNC
<= 1z € A and (it is not true that x € BN C)
< 1z € A and (it ismot true that (z € Bandz € C))
(=) z € A and ((it ismot)true that = € B) (v (it is mot/true that = € C))
< z € Aand (z ¢ Bovzx ¢ C) »‘
(xEAagdxgéB)AOr(xEAﬁandxgéC)
< ze€A\Borzxec A\C :
< x€ (A\B)U(A\C)

[We have verified that z € A\(BNC) iff z € (A\B) U (A\C) ]
It follows that A\(B N C) = (A\B)U (A\C).




