MATH1050 Weierstrass’ Product Inequalities

1. Lemma (1).
Let a,b be real numbers. Suppose 0 < a <1 and0<b< 1. Then (1—a)(1—->b)>1— (a+Db).
Proof of Lemma (1).
Let a,b be real numbers. Suppose 0 <a<land 0 <b < 1.
Note that (1 —a)(1 —b) — [1 — (a + b)] = ab.
Since a > 0 and b > 0, we have ab > 0.
Then (1 —a)(1—5b) —[1 - (a+b)] > 0.
Therefore (1 —a)(1 —b) >1— (a+1D).
2. Theorem (2).
Let n € N\{0,1}. Suppose x1,22, - ,xn € (0,1). Then (1 —21)(1 —x2) ... - (1 —xy) > 1= (x1 + 22+ -+ zp).
Remark. What is Theorem (2) saying? It says that each of the (infinitely many) statements below is true:

e Suppose x1,22 € (0,1). Then (1 —21)(1 —x2) > 1 — (21 + x2).

o Suppose x1,x2,23 € (0,1). Then (1 —z1)(1 —x2)(1 —x3) > 1 — (x1 + z2 + x3).

o Suppose x1, T2, 3,24 € (0,1). Then (1 — x1)(1 — 22)(1 — z3)(1 — z4) > 1 — (x1 + 22 + x5 + x4).

o Suppose x1, %2, 23, 74,75 € (0,1). Then (1 —x1)(1 —x2)(1 —23)(1 —24)(1 —@5) > 1 — (21 + 22 + T3 + 24 + T5).

So the statement of Theorem (2) is of the form

‘for any n € N\{0, 1}, P(n) is true’,
in which P(n) is the predicate

‘fwy, a9, xyn € (0,1) then (1 —xz1)(1—@2) - oo (1 —2p) > 1 — (21 + 22+ -+ 24)"
We shall apply mathematical induction to prove Theorem (2).

3. Proof of Theorem (2).

For each integer n greater than 1, we denote by P(n) the proposition below:
‘Ifxy, w9, - ,xn € (0,1) then (1 —xz1)(1—22) ... - (1—xp)>1—(x1+ 22+ +xp).

e By Lemma (1), P(2) is true.
o Let k € N\{0,1}. Suppose P(k) is true.
(Therefore, if ¢1,ca,- -+ ,cx € (0,1), then the inequality (1 —c1)(1 —c2) .- (1 —ck) >1—(c1+ca+ -+ ck)
holds.)
We verify that P(k + 1) is true:
[Reminder. What we are trying to do is to deduce
b1, ba, - b bt € (0,1) then (1—by)(1—ba)- oo (1—bg)(1—bps1) > 1— (b +bat - +by+bpsr).
We expect somewhere along the argument we need to use P(k)/]
Suppose b1, b2, -+, bx, b1 € (0,1).
[Ask. Is it true that the inequality

(I=01)(1—=Dg) .- (L =bg)(L —bgg1) >1—(by +ba+ -+ b + bry1)

holds?
Observe. There is the expression (1 —b1)(1—bz)--- (1 —by) in the left-hand side of the desired inequality.

It seems to link up with the content of P(k).]



By P(k), the inequality (1 —b1)(1 —b2) - ... - (1 = b)) > 1 — (by + b2 + - - - + by) holds.
Note that 1 — bgy1 > 0. Then

(1—=b) (1 =b2) - o - (1 = b)) (1 = bpg1)

> [1—=(by+bg4 -4 bp)](1 — brt1)

= 1—(br+ba+ - +br)=brr1+ (b1 + b2+ br)bri1
1— (b1 + b+ -+ by + bya).

(Note that (by + ba + - - - bk )bg+1 > 0. It is used in the last inequality.)
Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any n € N\{0, 1}.

. Theorem (3).

Let n € N\{0,1}. Suppose t1,ta, -+ ,t, € (0,+00). Then (1 +t1)(1+t2) .- (L4ty) >1+ (t1+t2+ - +tn).
Proof of Theorem (3). Exercise in mathematical induction. (Imitate what is done in the proof of Lemma (1)
and Theorem (2).)

. Theorem (4).

1
14+ (z1+ 22+ +x)

Let n € N\{0,1}. Suppose z1,x2, - ,x, € (0,1). Then (1 —z1)(1 —z2)-...- (1 —x,) <

. Proof of Theorem (4). [We apply Theorem (3).]
Let n € N\{0,1}. Suppose =1, 2, - ,z, € (0,1).

For each j =1,2,--- ,n, Wehawelfacj2 <1. Then0<1—2z; < m
Therefore (1 —x1)(1 —23) - ... - (1 —2,) < LI ! .

1+21 149 1+,
By Theorem (3), we have (1 +21)(1+22) - oo. - (1 4+ 2,) > 14+ (1 + 22+ - + 2p).

Then

1 1 1 1

l—z)1—22) .- (1 —2p) < . <
(L=z)(d=az) - (1= 2n) l+a; 1+ T4z, 14+ (@ +aa+--+z,)

. Summarizing the results above, we have the result below:
Theorem (5). (Weierstrass’ Product Inequalities.)
Let n € N\{0,1}. Suppose 1,2, ,x, € (0,+00).

1

Thenl— (x14+zo+-+x,) <1 —21)(1—22) ... (1 —2,) < .
(1 2 ) ( 1)( 2) ( ) 1+<.’I}1+$2++xn)




