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Theorem (3). (Cauchy-Schwarz Inequality for ‘real vectors’.)

Let L1y Ly, *-

y Ty Y1, Y2,y Yn € IR.

Suppose x1,Zso, - - - , X, are not all zero and y1,1ys, - - - , Yy, are not all zero.

Then the statements below hold:

1

n n 2 n 1 &
(a) The inequality Z Y| < Z z;° Z y;* | holds.
j=1 -\ =L j=1

(b) The statements (x1), (*o) are logically equivalent:

T
(1) | 2505
j=1

1

1
n 2 n 2
_ Z 2 Z 2
= ZIZ'j ’y] .
j=i j=1

(%2) There exist some p,q € R\{0} such that pzi + qy1 = 0, pxy + qys = 0,
DLy + qQYn = 0.

..., and
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Bioi%’\ X (Cauchy-Schwarz Inequallty for tors:
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Suppose #pg————ss are not all zero and Yste———ts are not all zero.

Then the statements below hold:

oQ 1
£ 2

a7 s G
(a) The inequality Z Bl = Z z,° Z y;* | holds.
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(b) The statements (x1), (x2) are logically equivalent:
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(*2) There exist some p,q € R\{0} such that prr=—gy—=—0—prs—gy—"0r—urd
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Definition.

Let {a,}22, be an infinite sequence of real numbers.

(0.0}
n

The infinite sequence g a; is called the infinite series associated to the infinite sequence {a,}°2,.

3=0 n=0
o
n

(0.0}
When the infinite sequence Z a; converges in IR, we may denote its limit by Z .

§=0 o n=0

Definition.

Let {a,}5° be an infinite sequence of real numbers.

(0.0] (©.0]

(a) The infinite series Z a; Is said to be absolutely convergent if the infinite series Z \a;| is convergent.

=0 7=0

(0. ¢]

(b) The infinite sequence {a, }52, is said to be square-summable if the infinite series Z a;
=0

2 s convergent.



Theorem (B). (Cauchy-Schwarz Inequality for ‘square-summable infinite
sequences in R’.)

Let {Zn}oeg, 1¥ntneo be infinite sequences of real numbers, neither of them being the zero

kb 2T This entures that T+ mafen temse o tokk
@DOSG {2,315, {yn}2 0 are square—summe@ oot Jc(qe (wite lim S5 b 2y

Then(the infinite series Z z;y; Is absolutely convergent,)and the statements below hold:

[\JQ o, enymed thak 1t pmake, Jerta “
fOi&aLdQ\ {Lu, U“T (lh. S Jjj J

00 b/ oo ?
< (Z xn2> (Zyn2> holds.

(a) The inequality

00
E LnYn
n=()

(b) The statements (x1), (x2) are logically equivalent:

(%1

) z InlYn| = (Z xn2> (Z ynz) .
n=0 n=0 n=0
*9) There exist some p,q € IR, not both zero, such that px; + qy; = 0 for any j € N.
J J J
(The infinite sequences {xn}52 o, {Un}o, are ‘linearly dependent over IR’)
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Theorem (4). (Triangle Inequality for ‘real vectors’)

Let T1, X2, 3, Tpy Y1, Y2, ,Un € R.
Suppose 1, o, -+ , Ty are not all zero and yq, vy, - -+ , Yy, are not all zero.

Then the statements below hold:

1 1
n

P . ] o )
(a) The inequality Z (z; + yj)Q < Z z7 | + Z y;* | holds.
j=1 j=1

=1

(b) The statements (*1), (x9) are logically equivalent:

n

Y
2
() | D ()| =D 2] + D) w?]
=1 =1

j=1

(%2) There exist s > 0,t > 0 such that sxz1 = ty1, sT9 = tys, ..., and sz, = ty,.
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Suppose gpes————ae= are not all zero and gee==—s are not all zero.

Then the statements below hold:
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(a) The inequality Z (z; + ;)° Zaz] + ny holds.
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(b) The statements (1), (*g) are logically equivalent: Do the (il
| L~ _i (X + J) )
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(%9) There exist s > 0,t > 0 such that ser—tyr=sEsr——typo——-and=sEr——rtym




Theorem (C). (Triangle Inequality for ‘square-summable infinite sequences
in IR”.)
Let {2,352, {yn}2, be infinite sequences of real numbers, neither of them being the zero

sequence. va [*(L s %M\% tﬁif ‘l‘ Men &%if’- to f;lé ]
ble

@OSG {2,320, {yn}>2, are square-summa 5

o™ o v ]
Then(the infinite sequence {x, + yn}>2, I8 Square—summa@ and the statements below

hold: V(e o2 ongmred that )
- | T mokes derhe fo tolk

1 1 1
‘ > > 2 * 2 bk Tl/\b (htt
. . 2 2 L
- (a) The inequality Ii E L, + Yn) } £ ( E E > + ( 5_0 Un ) holds.} \» % (<) ;)

n>e =9
n= J

0
(b) The statements (%1), (x3) are ]ogwa,]]y equivalent:

(*1) Z(wn + yn (Z L ) + (Z yn2>
n=0 n=0

(*9) There exist non-negative real numbers s,t, not both zero, such that sx; = ty; for any
7 € N.
(One of the infinite sequences {xn}o2 o, {yn}el, Is @ non-negative scalar multiple of
the other.)



