MATH1050 Examples: Binomial coefficients and Binomial Theorem.

1. Let a be a real number, n be a positive integer, and f(z) be the polynomial given by f(x) = (1 + z + az?)®".
Denote the coefficients of the a-term, the 22-term, and the z3-term in the polynomial f(z) by ki, k2, k3 respec-
tively.

(a) Express ki, ko, k3 in terms of a.
(b) Suppose ki, ko, k3 are in arithmetic progression.
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i. Prove that a = % Here A, B, C are some appropriate integers whose values you have
n —

to determine explicitly.

ii. Further suppose a > 0. What is the value of n? Justify your answer.

2. Let n be a positive integer.
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(a) Suppose r is an integer amongst 0,1, --- ,n. Prove that / = u

r+1 T r+1
(b) Hence, or otherwise, deduce the equalities below:
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Here A, B,C, D, E, F are some positive integers whose respective values you have to determine explicitly.
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3. Let m be a positive integer. Prove that 22% ( ok ) =— Here A, B are some positive integers
k=0

whose respective values you have to determine explicitly.

4. Prove the statement below, which is known as Vandemonde’s Theorem:

,
e Let p,q,r be non-negative integers. Suppose r < p + q. Then Z ( Z ) ( q . )
r—
k=0
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5. Let n be a positive integer. Find the respective values of the numbers below. Leave your answer in terms of n.

(Hint. Note that (1 + 2)PT4 = (1 4+ 2)?(1 + x)9 as polynomials.)
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(Hint. Exploit the relation L " 2
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6. Let n be a positive integer. Find the respective value Z k < i

> . Leave your answer in terms of n.
k=0

7. Let n be a positive integer, and f: R — R by f(z) = (1 4+ 2)" for any = € RR.

(a) Suppose n > 3.
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By differentiating f, or otherwise, prove that ,;_O 3 E )= m
Here A, B, C' are some appropriate integers whose respective values you have to determine explicitly.
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(b) By integrating f, or otherwise, prove that Z ( ( " > = (n+B)
k=0

E+3)k+2)k+1)\ k) Cn+3)(n+2)(n+1)

Here A, B, C are some appropriate integers whose respective values you have to determine explicitly.

8. (a) Let n,m be positive integers.

i. Verify the equality z[(14+2)"+(1+z)" T 4+ -+ (1+2)"T™] = (1+2)"t™ T — (1+2)" for polynomials.

. e . n n+1 n+2 n+m
ii. Let k be a positive integer. Write ¢, 1 = p + & + . ot L .

A. Suppose k < n. What is the value of ¢, 1?7 Leave your answer in terms of n,m,k where
appropriate.

B. Suppose n < k < n+ m. What is the value of ¢, 1?7 Leave your answer in terms of n,m,k
where appropriate.

(b) Let m be a positive integer.

i. Applying the results in the previous parts, or otherwise, prove that

m+4
m+95
S orr=1)(r—2)(r-3)= 24(( 5 ) —-1).
r=>5
m+4
ii. Hence, or otherwise, find the value of Z r(r—1)(r — 2)(r — 3). Leave your answer in terms of m
r=0
where appropriate.
9. Let p be a positive real number, satisfying 0 < p < 1. Let n be a positive integer. For each £k =0,1,2,--- ,n,

define a;, = ( Z )pk(l —p)n k.

(a) Show that Zar =1
r=0

(b) Show that 0 < ay < 1 for each K =0,1,--- ,n.

(c) Define p = Z ra,. Show that p = np.
r=0

(d) Further define o =

S - w)2a,.

r=0

n
i. Show that o2 = ZTZa,« — 2.
r=0

ii. Show that Zr(r —1)a, = n(n — 1)p?. Hence deduce that o = np(1 — p).
r=0

Remark. The finite sequence of numbers ag,aq,- - ,a, gives a binomial distribution. The numbers pu, o
are the mean and the standard deviation for this distribution.



