MATH1050 Summation and Product

1. Convention on the summation symbol.

Suppose m,n are integers.

(a) Suppose m < mn. Suppose Gm, Am+t1, Am+2,° " »An-1, Gy are numbers.

We agree to write a,, + am+1 + @ms2 + - +ap—1+a, as Z ag.

k=m

(b) Suppose m > n. Then we agree to read Z bi as 0 no matter what the by ’s are.

k=m

n

Remark. The symbol k& in the expression Z ay, is called the dummy index in this expression.

k=m
2. Illustrations.
50
(@) 1+3+5+7+---+99+101 =) (2k+1).
k=0
50
(b) 1=3+5—7+9—11+---—994+101 =Y (=1)"(2k +1).
alternating +, — k=0
50
(c) 1* 43+ 5"+ 74+ 9%+ +99% +101* =) "(2k + 1),
k=0
20
1 1 1 1 1 1 1 1
d) —+—+— . = —_—.
() -2 43+9-4+16-5+25-6++361-20+400~21 ;W(k—&—l)
10
(€) 1+2%+4%+8% ... 45125 410247 = Y "2+,
k=0
3. Theorem (1). (Basic properties of the summation symbol.)
Let m,n, p,q be integers. Suppose m < n < p.
Let am,y Qmig1s 5Oy Gpgts o 5 Gpy Oy b1, -+, by bga, - -+, by, e The statements below hold:
a) Zak:Zaj. (e) Zc:(n—erl)c.
k=m j=m k=m

(b) Zak:am. () ank:cZak.
k=m k=m k=m

n

(c) Zak— Z @jtq- (@) D (an+b) =Y ar+ > by
k=m

j=m—q k=m

(d) Zak:Zam+"—j' (h) Zak— Zak—F Z a.
k=m j=m

k=n-+1

Remark. Do not be scared by the symbols. Many of these formulae are just ‘short-hand’ for what you are very
familiar. For instance:

o ¢ E ar = E Omtn—j 18 ‘@m + Qma1 + -+ Qo1 + Qn = Ap + Gp_1 + -+ - + Gyy1 + ap,” in disguise.

n
¢ E cay =c g ay’ i ‘Capm + Capmy1 + -+ can = c(am + @me1 + -+ - + ay)’ in disguise.

Proof. Apply mathematical induction. (Hence they are postponed at this moment but will be left to you).



4. Some basic results on ‘double summation’.

The results stated below on ‘double summation’ are left as exercises. These results can be generalized to ‘triple
summation’ et cetera.

Theorem (2).
Let m,n, p,q be integers. Suppose m <n and p < q. Suppose

Am,p, Am,p+1, o Qmygs
Um+1,ps  Am41,p+1, “°° Gmilg
Qn,p, Qn,p+1, Tt Ong
n q q n
are numbers. Then E E aj = E g aj k-
j=m k=p k=p j=m

Corollary (3).

Let m,n be integers. Suppose m < n. Suppose

Um,ms  Om,m+1, Ay, m+2 ot Omon—1 G,
am+1,m+17 am+1,m+2 e af’m-i—l,n—l afm-i—l,na

am+2,m+2 Tt am+2,n—1 am+2,na

An—1,n—1, Oan—1,n;

Qn,n

n n n k
are numbers. Then E E aj k= E E ajk-
j=mk=j+1 k=m j=m

Theorem (4).
Let m,n,p,q be integers. Suppose m < n and p < q.

Suppose m, Amy1; A2, 5 An—1, An, by, bpt+1,bpt2,- -+, bg—1,bq are numbers.
n q n q q n
Then E a; E bp | = E E ajby = E E a;by.
Jj=m k=p j=mk=p k=p j=m

5. Convention on the product symbol.

Suppose m,n are integers.

(a) Suppose m < mn. Suppose G, Amt1,Gmt2," " 5 An_1, Gy are numbers.
n
We agree to write G, * Gm+1 * Gm42 * «or - Ap—1 * Ay, aS H ag.
k=m

n
(b) Suppose m > n. Then we agree to read H b as 1 no matter what the by ’s are.

k=m

n
Remark. The symbol k in the expression H ay, is called the dummy index in this expression.

k=m
6. Theorem (5). (Basic properties of the product symbol.)

Let m,n,p,q be integers. Suppose m<n < D. Let Am, Am+1, " 5 Gy Qn41, "7 5 p, bnu bm+17 e 7bna bn+1a e 7bpa C.
The statements below hold:



k=m j=m k=m

(b) H ak = am €3] H cay = "Mt H ay.
k=m k=m k=m

(c) ap = @jtq- (g) H(akbk) = ( H ak) ( H bk)
k=m j=m—q k=m k=m k=m

(d) H ap = H Um4n—j- (h) H ap = (H ak>< H ak>.
k=m j=m k=m k=m k=n-+1

Remark. Do not be scared by the symbols. Many of these formulae are just ‘short-hand’ for what you are very
familiar. For instance:

o ¢ H (arbr) = <H ak> (H bk>’ i8S ‘@mbm * mgp10mag1 oo s Gy = (m - @mg1 + oo @) (O - big1 - oo - b))’ in
k=m

k=m k=m

disguise.

Proof. Apply mathematical induction. (Hence they are postponed at this moment but will be left to you).

. Telescopic method for sums and products.

Suppose we are given some ‘finite sequence’ of numbers by, byn41, bmt2, -+, bn, and we want to compute the sum
n
g by. If it happens that there are some appropriate numbers a, , Gm+41, @m+2, 5 An, Gpy1 for which b; = a1 —a;
k=m

holds for each j, then we obtain the equality

n n

Z bk‘ = Z (ak+1 - ak) = ap+4+1 — Qm

immediately. This method for computing/simplifying sums is referred to as the telescopic method for sums.

There is an analogous telescopic method for products; formulate it as an exercise.

. Theorem (6). (Mechanism behind the Telescopic Method.)
Let {a,}5% be an infinite sequence of numbers.

n
(a) Whenever m < n, the equality Z (ag+1 — ag) = Aps1 — Gy, holds.
k=m

(b) Further suppose aj # 0 for each j. Then whenever m < n, the equality H Ahktl _ Gntl holds.

Qg (£2%%)

k=m

Proof.

Let {a,}22, be an infinite sequence of numbers.

(a) Let m be an integer.
n
For any integer n no less than m, denote by P(n) the proposition Z (ak+1 — Qk) = Apg1 — Q.
k=m
m
o We have Z (ag+1 — Ag) = Qa1 — Q-
k=m

Then P(m) is true.

o Let ¢ be an integer no less than m. Suppose P(¢) is true.
¢
Then Z (ag+1 — ag) = apy1 — am

k=m

We deduce that P(¢ + 1) is true:



441 J4 {41

We have Z (ag+1 —ag) = Z (ag+1 — ag) + Z (ag+1 — ag) = (ap — am) + (@41 — ag) = apy1 — Q-
k=m k=m k=0+1

Then P(¢ + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any integer n no less than m.

(b) Exercise.
9. Illustrations on the Telescopic Method.

1 1
(a) Note that ———~ = — — —— any number z equal to neither 0 nor —1.
z(z+1l) =« xz+1

Then

Zn:j(jl zn:<_3+1>_1_n‘1"1

J=1 Jj=1

(b) Note that 4(z+1)(z+2)(z+3) = (z+1)(z+ 2)(z + 3)(z +4) — z(x + 1)(x + 2)(x + 3) any number z.
Then

n

DAG+DG+2)(+3) = Z GHDE+2G+3)G+4) =6+ 16 +2)( +3)]
=0 =0

= (n+1)(n+2)(n+3)(n+4)—0-(0+1)(0+2)(0+3)
(n+1)(n+2)(n+3)(n +4)

Therefore S 4(j +1)(j +2)(j +3) = %(m D)+ 3)(n+3)(n + 4).
=0



