Math 2070 Week 9

Ring Homomorphisms

9.1 Homomorphisms

Definition 9.1. Let (A, +4,-4), (B, +5, 5) be rings. A ring homomorphism
from Ato Bisamap ¢ : A — B with the following properties:

1. ¢(14) = 1p.

2. ¢(ay +a az) = ¢(ar) +p ¢(az), for all ay,as € A.
3. ¢ay -4 az) = ¢(a1) ‘B Pas), for all ai,as € A.
Note that if ¢ : A — B is a homomorphism, then:

1.
1=¢(1) = ¢(1+0) = ¢(1) + ¢(0) = 1+ ¢(0),
which implies that ¢(0

)=0
2. Foralla € A,0 = ¢(0) = ¢(—a+ a) = ¢(—a) + ¢(a), which implies that
¢(—a) = —¢(a).

3. Ifuisaunitin A, then 1 = ¢(u-u™') = p(u)p(u),and 1 = p(u™t-u) =
d(u=1)p(u); which implies that ¢(u) is a unit, with ¢(u) ™! = ¢(u?).

Example 9.2. The map ¢ : 7. — Q defined by:

is a homomorphism, since:

L ¢(1) =1 =1g



2. ¢p(ntzm) =" =1 +q T = (n) +q o(m).

mn

3. p(n-zm) =" =TT =0o(n) qo(m)

Example 9.3. Fix an integer m which is larger than 1. For n € 7, let n denote
the remainder of the division of n by m. That is:

n=mqg+n, 0<n<m
Recall that Z,,, = {0,1,2,...,m — 1} is a ring, with the addition law defined by:
S+mt=5+1,
and the multiplication law defined by:
$Xmt=5-t,

for all s,t € Z,,. Here, + and - are the usual addition and multiplication for
integers.
Define a map ¢ : 7. — Z,, as follows:

¢(n)=mn, VnelZ.
Then, ¢ is a homomorphism.

Proof. 1. ¢(1)=1=1,

3. ¢(st) =st=3-t=3 Xy t = P(5) Xy, &(1)
[
Example 9.4. For any ring R, define a map ¢ : Z — R as follows:
¢(0) = 0;
Forn € N,
¢p(n)=n-1lg:=1p+1g+ -+ 1p;
nt?n;es
TL;;’I@S
The map ¢ is a homomorphism.
Proof. Exercise. [



Example 9.5. Let R be a commutative ring. For each element r € R, we may
define the evaluation map ¢, : R[x] — R as follows:

o (Y] - Sur
k=0 k=0
The map ¢, is a ring homomorphism.

Proof. Discussed in class. [

Definition 9.6. If a ring homomorphism ¢ : A — B is a bijective map, we say
that ¢ is an isomorphism, and that A and B are isomorphic as rings.

Notation If A and B are isomorphic, we write A = B.

Claim 9.7. If ¢ : A — B is an isomorphism, then ¢~ : B — A is an isomor-
phism.

Proof. Since ¢ is bijective, ¢! is clearly bijective. It remains to show that ¢! is
a homomorphism:

1. Since ¢(14) = 1, we have ¢~ (15) = ¢~ H(H(14)) = 14.

2. For all b, by € B, we have

¢~ (b + b)) = ¢ (B¢ (b1)) + D0 (b))
= ¢ (D7 (br) + ¢ (b2))) = 7 (br) + & (bo)

3. Forall by, b, € B, we have

¢~ by ba) = ¢ H(D(dH(br)) - d(o " (b2)))
= ¢ (¢(¢(br) - ¢ (ba)) = ¢~ (b)) - ¢ (ba)

This shows that ¢! is a bijective homomorphism. 0



	Homomorphisms

