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AN AUGMENTED LAGRANGIAN METHOD FOR IDENTIFYING
DISCONTINUOUS PARAMETERS IN ELLIPTIC SYSTEMS*

ZHIMING CHEN' AND JUN ZOU?

Abstract. The identification of discontinuous parameters in elliptic systems is formulated as
a constrained minimization problem combining the output least squares and the equation error
method. The minimization problem is then proved to be equivalent to the saddle-point problem of
an augmented Lagrangian. The finite element method is used to discretize the saddle-point problem,
and the convergence of the discretization is also proved. Finally, an Uzawa algorithm is suggested
for solving the discrete saddle-point problem and is shown to be globally convergent.
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1. Introduction. The main purpose of this paper is to propose a numerical
approach and conduct convergence analyses on each approximation process in the
identification of the unknown coefficient ¢ in the elliptic problem

-V-(@Vu)=f in @ wuwu=0 on T.

The identifying process is carried out so that the solution u matches its observation
data z optimally in a certain sense. Here € can be any bounded domain in R,
d = 1,2, or 3, with piecewise smooth boundary I' and f € H~1(Q) as given. The
problem may describe the flow of a fluid (e.g., groundwater) through some medium
with permeability ¢(z), or the heat transfer in a material with conductivity g(x); we
refer to the books by Bank and Kunisch [1] and Engl, Hanke, and Neubauer [7]. Prac-
tically, it is often easier to measure the solution u at various points in the medium
than to measure the parameter g(z) itself [11]. Then the measured data of u (often the
interpolated function of the data) are utilized to estimate the parameter g(x) through
the above boundary value problem. We study a hybrid method proposed in [13, 14]
that combines the output least squares and the equation error formulation within the
mathematical framework given by the augmented Lagrangian technique. The aug-
mented Lagrangian methods have been widely used earlier in nonlinear constrained
optimization problems and nonlinear boundary value problems to relax some compli-
cated constraints or difficult couplings among some nonlinear and nonsmooth terms
or to enhance convexities of the objective functions (cf. [10, 2]). Ito and Kunisch
[13, 14] applied the augmented Lagrangian method for parameter identifying prob-
lems, incorporated with a regularization term of the H? seminorm of the parameters
to be estimated. Their methods appear to be very efficient and successful in recov-
ering the smooth parameters. The major novelty of this paper is to generalize the
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aforementioned method so that we can identify even nonsmooth parameters. To this
aim, we propose to search for the coefficients in the space of functions with bounded
variation (BV), namely, in the space

BY(©) ={ae L' lalpvi) <o}

Here ||ql|vo) = llallz1) + [ [Pg| with the notation [, [Dq| defined by

/|Dq|:sup{/qdivgdx; gE(C&(Q))d and |g(z)| <1 in Q},
Q Q

which allows us to identify the discontinuous parameters in elliptic systems.

Because of the involvement of the BV (€2) norm in the cost function and because
there is not as much regularity as in [13, 14], we cannot apply the techniques of Ito
and Kunisch to show the existence of the saddle-points of the augmented Lagrangian
and the convergence of the discrete saddle-points to the continuous ones. Instead, our
crucial tool for the convergence analyses will be an appropriate application of the
Hahn-Banach convex separating theorem. This enables us to have a clear and simple
convergence theory without making any a priori assumptions on cost functional or
constraint functionals. We note that quite a different approach was used in [12] for
the identification of discontinuous parameters.

We now formulate the aforementioned parameter identifying problem as the fol-
lowing constrained minimization problem:

L 1 o2
(1.1) minimize J(g,v) = i/Qq\Vv Vz| dx—l—ﬁ/Q|Dq|
(1.2) subject to (¢,v) € K xV and
(1.3) e(q,v) = (=A)"H(V - (¢Vv) + f) =0,

where V = Hi(Q)) and K is a subset of the function space BV (Q2) of BVs defined by
K={qe BV(Q); a; <g(x)<ay almost everywhere (a.e.) in Q}.

Here a7 and as are two positive constants and 8 > 0 is a regularization parame-
ter. —A is the Laplace operator from H}(Q) to its dual space H1(Q), so e(q,v) is
understood as an operator from K x V into V defined by

(1.4)  (Ve(q,0),V9) = (¢Vv,V9) = (f,¢) V(gv) e KXV,  ¢eV,

where (-,-) denotes the duality pairing between H1(Q) and H} (), which is the
extension of the inner product in L?(). It is useful to remark that e(g,v) is convex
with respect to each variable.

The problem (1.1)-(1.3) will be solved by the augmented Lagrangian method.
Thus we introduce the augmented Lagrangian functional £, : K x V x V — R by

r
(15) ‘Cr(qvv;:u‘) = J(qa ”U) + (Vluv Ve(q,v)) + §||v€(q,’l1)||%2(9)7

where r > 0 is some given constant. The first main result of the paper states that the
minimization problem (1.1)—(1.3) is equivalent to the saddle-point problem associated
with the Lagrangian functional £, in (1.5). To solve the saddle-point problem, we
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propose a finite element discretization of the problem and show that the saddle-
points of the discrete problem converge to those of the continuous problem. Finally,
we propose an Uzawa algorithm to solve the discrete saddle-point problem and prove
the global convergence of the algorithm. We note that recently Chan and Tai have
performed many numerical experiments on a local convergent Uzawa algorithm and
its combination with domain decomposition and multigrid methods [4, 16].

Throughout the paper, the constant C' is a generic constant that might be different
at each occurrence but is independent of the mesh parameter h and of the various
functions involved.

2. The continuous saddle-point problem. We start this section with the
existence of the solutions to the minimization problem (1.1)—(1.3) and then prove that
the minimization problem is equivalent to the saddle-point problem of the augmented
Lagrangian £, defined in (1.5).

LEMMA 2.1. There exists at least one solution to the minimization problem (1.1)—
(1.3).

Proof. Let

A= {(q,v) e K xV; e(gv) :0}

be the admissible set of the minimization problem (1.1)—(1.3). It is clear that A # 0
and J(gq,v) > 0 on A. Thus there exists a minimizing sequence (g,,v,) € A such that

(2.1) lim J(gn,v,) = inf J(gq,v).
(gv)eA

Hence J(gn,v,) < C for each n > 0, which implies by definition of J and K that

vl 51 ) + llgnllBv @) < C.

Therefore, by possibly extracting a subsequence, there exists a pair (¢*,v*) € BV () x
V satisfying

(2.2) v, —v* in H(Q), qn — q* in LY(Q).

Since g, € K, we also have ¢* € K. To show that e(¢*,v*) = 0, we first note that
e(qn,vn) =0 as (¢n,vn) € A; therefore,

(2.3) (@:Von, Vo) = (f,¢) VoeV.

However,
(2.4)
(( WV, V) — (q*Vv*,ng)‘

< |((@0 = 4")Von, V)| + |4V (00 = v). V9)|

* 2 1/2 * 2 1/2 * *
<{ [lan—c1vopart " [ o= a11Vnac} " + @0 - 07).90)
Q Q

)

<o{ o - lvePac} " 4]V - ). 70

where we have used the fact that a; < ¢,,q < as and ||v, || g1() < C. Now letting
n — oo in (2.4), we obtain

(@ Vv, Vo) — (¢*Vv*, Vo) VeV
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by means of the Lebesgue dominant convergence theorem and the weak convergence
in (2.2). Thus we see that e(¢*,v*) = 0 by (2.3) and the definition of e(-,-). Now
using (2.2), we have (cf. [9])

/|Dq*\ §liminf/ |Dqy|.
Q n—eeJa

On the other hand, by e(g,,v,) = 0, we have

(qnv(vn - Z)7 v¢) = (f, (b) - (anz7 VQS) VQZS S V

Taking ¢ = v,, — z gives

[ 01900 = e = (0 = 2) = (0,92 T, - 2))
Similarly, using e(¢*,v*) = 0, we get

/Qq*\V(v* —2)|2dz = (f,v* — 2) — (¢*Vz, V(v* = 2)).

Then using the last two relations, (2.2), and the Lebesgue dominant convergence
theorem, we can immediately derive

(2.5) / ¢*|V(v* = 2)|dx = lim / |V (v, — 2)|?dx,
Q n—oo Q

which with (2.1) yields

n—oo 2

1
J(g*,v*) < liminf f/qn|VUn—Vz|2dx+liminf/ | Dgn|
Q n—oo Jo

<liminf J(gn,v,) = inf J(g,v).
n—00 (q,v)EA
This completes the proof of Lemma 2.1 as (¢*,v*) € A. 0
The following theorem is the main result of this section.
THEOREM 2.2. (¢*,v*) € K xV is a solution of the minimization problem (1.1)—
(1.3) if and only if there exists a \* € V such that (¢*,v*,\*) € K xV xV is a
saddle-point of the augmented Lagrangian L, : K x V x V. — R, namely,

(2.6)  L(qg",v"5p) < L(¢",v5N) < L(q,v;0) V(g,o,u) € KXV x V.

The key step in proving Theorem 2.2 is an appropriate application of the Hahn—
Banach convex set separating theorem. To do so, we introduce two subsets in R x V:

2.7) S= {(J(qm)—J(q*,U*)—i—s, e(qv) €RxV; (q0) € K xV, 320},
(2.8) T:{(ft,O)ERxV; t>0},

where (¢*,v*) € K x V is some minimal point of the problem (1.1)—(1.3). The
following three lemmas provide the properties of two subsets required by the Hahn—
Banach theorem.

LEMMA 2.3. S and T are two convex subsets in R X V.
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Proof. 1t is obvious that T is a convex subset in R x V. To see that S is also a
convex subset, we let

Pi: (J(qi7vi)_J<q*av*)+si> e(qi7vi))a 1= 1725

be two points in S, where (g;,v;) € K X V and s; > 0. We let 0 < a < 1, and we
have to show that

P,=aP+(1—a)P, = (po, ws)

with

Pa = aJ(qi,v1) + (1 — a)J(g2,v2) — J(¢", ") + as1 + (1 — a)sz,

wo = ae(qr,v1) + (1 — a)e(ge, v2)
is also a point in S. Let us now define ¢, € K as

Go = oqr + (1 = a)g2
and v, € V as the solution of the variational problem
(2.9) (qaVVa, Vo) = (aq1Vv1 + (1 — a)q2Vug, Vo) Vo e V.
Clearly, (qa,vq) € K xV is well defined. By (2.9) and the definition of e(-, -), we have
(Ve(gasva); VO) = (4aVa, VO) — (f,¢)
= (a1 Vv + (1 — @)g2Vve, Vo) — (f, ¢)

af(@1Vur, Vo) = (f, &)} + (1 — a){(g2Vv2, V) = (f, ¢)}
= (aVe(qi,v1) + (1 — a)Ve(ga,v2), Vo) Vo eV,

which implies that
(2.10) e(qa,va) = ae(q1,v1) + (1 — a)e(qz, va).

On the other hand, by the convexity of the BV-seminorm we have

(2.11) /Ian\ Sa/ IDq1|+(1—a)/ |Dgal,
Q Q Q

and we know from (2.9) that
(¢aV(va = 2), Vz) = (aqiV(v1 — 2) + (1 — a)g2V(v2 — 2), V).

Then letting ¢ = v, — z and using Schwarz’s inequality give
/ 0|V (Ve — 2)|2dz
Q

< / 4 0 V(v — 2) + (1 — a)gaV(vs — 2)*da
Q

2

< / do | 2V (0y — 2) + MV(W —2)| dz
Q do do
1 _
s/qa{“‘hwmz>|2+(a)q2v<v2z>2}dx
Q @ oY

:a/ @V —z)|2dx+(1—a)/ ©|V(g — 2)[2dz,
Q Q
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where we have used the fact that (ag; + (1 — @)g2)/qa = 1 and the convexity of the
function | - |2. Now combining this bound with (2.11) we obtain

(2.12) J(garva) < ad(qr,v1) + (1 — a)J (g2, v2),
and so (2.10) and (2.12) imply that
Po = (J(qarva) = J(q",0%) + Sa, €(da,va) ) €S
since (o, Vo) € K x V and
Sq =as1 + (1 —a)ss + aJ(q,v1) + (1 — @) J(q2,v2) — J (¢, Vo) > 0.

This completes the proof of Lemma 2.3. a

LEMMA 2.4. We have SNT = 0.

Proof. Assume that (a,w) € SNT; then there exists (¢,v) € K x V and s > 0
such that

a=J(qv)—J(¢",v")+s, w = e(q,v).
But (a,w) € T implies that a < 0 and w = e(q,v) = 0. Thus
J(gv) +s < J(g"v7),

which contradicts the assumption that (¢*,v*) is a minimal point of the problem
(1.1)—(1.3). O

LEMMA 2.5. The subset S has at least one interior point.

Proof. Tt is easy to see that for any sg > 0, (s0,0) = (J(¢*,v*) — J(¢*,v*) +
s0, e(g*,v*)) is a point in S. We will show that (sg,0) € R x V is also an interior
point of S. For any £ € (0,1), let (s, w) belong to the e-neighborhood of (s¢,0) in
R x V, that is,

(2.13) |s = so| + |w||g1() <e.
Let ¢ = ¢* and v € V be the solution to the equation
(2.14) (qVv, Vo) = (f,¢) + (Vw, Vo) VoeV.
Then we have e(q,v) = w. Let
s'=s+ J(g*v") = J(q,v)
=5+ %/ﬂq*\V(v* — 2)dx — %/QqﬂV(v — 2)[2dx

1
(2.15) =s—3 / ¢*V(v—v")-V(v+0v*" —22)dz.
Q

From (2.14) and e(¢*,v*) = 0, we derive that ||[Vv*||z2q) < || fllz-1()/c1 and
(Vv =), Vo) = (Vw, V) VoeV,

which yields ||V (v—v*)||12(q) < €/a1 by (2.13). Also, (2.14) implies that | Vv| 12(q) <
(Iflz-1 (@) + €)/ai, thus we deduce from (2.15) that

1 * *
s'>s89)—e— §a2||V(v =02 V(0 + 0" —22)| 12q)
o

Z80_6_2042
i

e{e +2/fllz-1() + 2|V L2 }-
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Now if ¢ is sufficiently small, then s’ > 0. Therefore
(s,w) = (J(q,v) = J(¢",v") + 5, e(q,v) ) e K xV

for any (s,w) in the e-neighborhood of (sp,0). This completes the proof. O

Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. First, assume that (¢*,v*,A\*) € K x V x V is a saddle-
point of £,.. Then the first inequality in (2.6) immediately gives e(¢*,v*) = 0, and the
fact that (¢*,v*) is a minimal point of the problem (1.1)—(1.3) follows readily from
the second inequality in (2.6).

Next we prove the remaining part of the theorem. Let (¢*,v*) be a minimal point
of the problem (1.1)—(1.3), so we have

(2.16) J(g*,v*) < J(g,v) V(¢,v) € K xV satistying e(q,v)=0.

By Lemmas 2.3-2.5, we can apply the Hahn—Banach theorem (see, e.g., [3, 4, 5, 6])
to separate the two convex subsets S and T defined in (2.7) and (2.8). Thus there
exists a pair (o, Ag) € R x V, but (ag, A\g) # (0,0) € R x V such that

ag(J(g,v) — J(g",v") +5) + (VXo, Ve(q,v)) > ag(—t)
for any (¢q,v) € K xV, s >0, and ¢t > 0. Taking (q,v) = (¢*,v*), s =t =1, we get
ag > 0, while taking s = 0 and letting ¢ — 0T, we obtain
(2.17) ao(J(q,v) — J(¢",v")) + (VAo, Ve(q,v)) >0 V(¢q,v) € K xV.
We now claim that o > 0. Otherwise, if ap = 0 we have from (2.17) that
(2.18) (VXo, Ve(q,v)) = (qVv, Vo) = (f,X0) >0 V(g,v) e K XV,

which implies that Ay = 0. In fact, taking ¢ = ¢* € K and v € V to be the solution
of the equation

(2.19) (¢"Vv, Vo) = (f —Xo, ) Vo€V,

we know from (2.18), (2.19) that —||)\0H%2(Q) > 0. Thus we have (ag, Ag) = (0,0),
which is a contradiction. Therefore cg > 0. Then taking A\* = Ag/ap and dividing
both sides of (2.17) by ag, we get

J(q*v") < J(g,v) + (VAY, Ve(q,v)) V(g v) € KXV,

which, combined with (2.16) indicates that (¢*,v*, A*) € K x V x V is a saddle-point
of the augmented Lagrangian £,. So we have proved Theorem 2.2. ]

3. The discrete saddle-point problem. Theorem 2.2 tells us that the min-
imization problem (1.1)—(1.3) is equivalent to finding the saddle-points of the func-
tional £, defined in (1.5). In this section, we will consider how to discretize the
augmented Lagrangian £, and derive a discrete saddle-point problem.

Let Q be a polyhedral domain in RY, d = 1,2, or 3, and {7"},~¢ be a family
of regular triangulations (cf. Ciarlet [5]) of the domain €, with simplicial elements.
Denote by V}, the standard piecewise linear finite element space over the triangulation
T" and

Vi= Ve NHYQ), Ky =KV
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We now introduce a discrete version of the operator e(q,v) : K x V — V defined in

(1.4): for any (gn,vp) € Kpx X;h, en(qn,vn) E‘;h is the solution of the system

(3.1) (Ven(gn,vn), V&) = (@nVon, Vo) — (f,¢) Yo €V .

It is clear that the operator e, : Kj x X;h—ﬂj'h is well defined. Moreover, the following
estimate holds:

(3:2) [IVen(gn,vn)ll2() < {a2lVurllLz) + Cllfllz—1 @} V(an,vn) € Kn X Vi,

where the constant C' comes from the Poincaré inequality.
Now for any given r > 0, we define the discrete augmented Lagrangian L, :

Ky x X;h X I;hﬂ R as follows:

,
(3.3)  Ly(qn,vn; tn) = Jn(qn,vn) + (Ven, Ven(gn,vn)) + §||veh(qmq}h)”%2(g)
with

1
Jn(qn,vp) = i/Qqh|V(vh — 2)|*dx + ﬁ/ﬁ VIVar|? + 6(h) dx,

where §(h) above is any given positive function satisfying limy_,q 6(h) = 6(0) = 0.

With the above preparations, we can state the following theorem.

THEOREM 3.1. For any r > 0, there exists at least one saddle-point for the
discrete augmented Lagrangian L, : Kpx Vi X Vi— R. Moreover, each saddle-point
(g5, v5, M%) of Lo is a saddle-point of L, for any r > 0.

Proof. Tt is obvious that each saddle-point of Ly is a saddle-point of L, for any

[e] [e]
r > 0. Then it suffices to show that Ly : Kpx V, X Vp— R has a saddle-point,
which we can argue in exactly the same way as in the proof for the continuous saddle-
point problem of the last section by showing first the existence of the solutions to the
discrete minimization problem

3.4 min  J U
(3:4) (gn,vn)EAR h(Qh h)

with
Ap = {(qn,vn) € Knx Vi  enl(qn,vn) = 0},
and then the existence of the Lagrangian multiplier A} E‘;h satisfying

In(an,vn) < Jnlan.vn) + (VAL Venr(qn,vn)) Y (qn,vn) € Knx Vy

for some minimal point (g, v}) of the problem (3.4). We omit the details. o

The following theorem is the main result of this section.

THEOREM 3.2.  Each subsequence of the saddle-points {(g},,v; A;) >0 of the
discrete augmented Lagrangian L, : KpX ‘;h X X;h—> R defined in (3.3) has a subse-
quence that converges to some saddle-point (¢*,v*; A\*) of the augmented Lagrangian
L,: KxV xV — R defined in (1.5) strongly in L'(Q) x L*(Q) x L?(2).

The proof of Theorem 3.2 depends on the following three lemmas.
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LEMMA 3.3. Let g € BV(R2). Then for any ¢ > 0, there exists a function g. €
C>(Q) such that

[lo-gdds<e. | [9glao— [ bl | <
Q Q Q

Proof. By the approximation property of functions with BVs (cf. p. 172 of [8]),
there exists g. € C°°(Q) N W1(Q) satisfying

[lo-adas<esz. | [ 1Valao— [ 1pg] | <er2
Q Q Q

Then the lemma follows from the density of C°°(Q) in W11(Q) as 9Q is Lipschitz
continuous (cf. page 127 of [8]). O
In what follows we will make use of the standard nodal value interpolant I}, :

C(Q)) — Vj, and the projection operator Ry, : V H‘;h defined by
(3.5) (VRyv, Vo) = (Vo, Vo) YveV, ¢evy.
It is well known (cf. [5]) that for any p > d = dim(2),

(3.6) lim, v = Inv|lwre) =0 Yo e WHP(Q),
(3.7) fllli% v = Rpvllgp) =0 YveW

LEMMA 3.4. Assume that (q,v) € K x V and (qn,vn) € KpXx ‘;h. Then limy,_.q
qn = q in L*(Q) and limy,_qv, = v in HE(Q) imply limp,_q en(qn,vn) = e(q,v) in
Hj(Q).

Proof. By the definitions of e(-,-) and e(-,-) we have

(V{en(gn,vn) —e(q,v)}, Vo) = ((qn — @)Vv, Vo) + (quV(on —v), Vo) Vo eV .
By taking ¢ = ep(qn, vr) — Rne(q,v) EX;h above and using (3.5) we obtain

IV {en(an, vn) — Rne(g,v)}[72q) < Q/Q lan — al* |Vol*da + 2/961;21|V(Uh —v)Pdz

<2 / g — qf? [VoPdz + 2(az)? / IV (on — v)|2da.
Q Q

Then the Lebesgue dominant convergence theorem and the fact that limp_gv, = v
in H}(Q) show that

foy IV {en(gn,vn) — Rne(q,v)}r2(0) = 0.

Lemma 3.4 now follows from (3.7). 0

LEMMA 3.5. Assume that (q,v) € KXV and (qpn,vr) € Kp X I;h. Then limy,_,q q, =
q in LY(Q) and limy_o vy, = v weakly in HE (Q) imply that limp,_o ex(qn, va) = e(g,v)
weakly in HE(S2).
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Proof. For any ¢ € V, let ¢, = Ry ¢. By the definition of R}, and ep(-, ) we have

(Ven(qn,vn), Vo)
= (Ven(gn,vn), Vén)
= (¢Von, Von) + ((gn — @)V, Voén) — (f, én)
= (¢Von, Vou)+ ((gn — @)Von, Vo) — (f, ¢n)
(3.8) +((gn — @)V, V(on — ).

Then using the assumed convergence on vy, we know that {||Vua|[12(q)} is bounded;
combining this with the Lebesgue dominant convergence theorem we derive

1/2
((gn — @)Vun, V)| < HVUh||L2(Q){/ \Qh—Q|2|V¢|2d$} —0 as h—0.
Q

Similarly, we can show that all other terms in (3.8) converge; we then take the limit
in (3.8) and use the definition of e(-,-) to yield

lim (Ven(an, vn), Vo) = (aVv, Vo) = (f,¢) = (Ve(g,v), Vo) VoeV.

Thus we have proved Lemma 3.5. O
Now we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. Let (¢f, vy, A\;) € Kpx {;;L X ‘;h be the saddle-point of
L., that is,

LT‘(q;;?U;:;,U/h) < L7'(QZ>”Z§ /\Z) < Lr(qmvh;)\Z) V(Qhavhaﬂh) €EKpXx Vi XVh.

The first inequality implies immediately that ey (gy;, v}) = 0, and the second inequality
gives us

r
(3.9)  Jn(gh.vy) < Jnlan,vn) + (VAL Ven(gn.vn)) + §||V€h(¢Ih,Uh)||%2(Q)
V(qh,’l}h) e KpxVy.

By letting q;, = a3, a constant, and vy, GX;'h be the unique solution of the equation
1 o
(Von, Vo) = (f0) voets
1

and hence ey, (qn, vn) = 0, we deduce from (3.9) that ¢} || sy (o) + V5] m1(0) < C. But
taking g, = ¢; in (3.9) and using (3.2) and the definition of ep(-, ) we get for any

vp, €V, that

1 * *
5 [ v - 2P
Q
1 * * * * r *
< 5 [ i 1V = 2)Pde -+ (60, VA = (£ + § I Venlaion) o
* * * C
<(qnVon, VAL) + 0l VAL Z 20 + E”f”%rl(sz) + C{IVunll7aia) + V2172000
for any 7 > 0. Now we take v;, = —eAj}, for some constant € > 0 and n = %ala and
we derive

1 . . 1
Sl VNI < C{2IVNL a0y + ZIF 1) + V203000 }-
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Then choosing € = a;/(4C) above gives ||[VA;|[12(q) < C. Hence each subsequence
of {(gf, v}, \}) }n>0 has a subsequence, still denoted by {(q};, v}, A;)}, satisfying

(3.10)

q; — ¢ in L}(Q), v — v* weakly in H (), 5 — \* weakly in H}(Q)
or

q; — ¢* in LY(Q), vy — v* in L*(Q), A — A in L2(Q)

for some (¢*,v*,\*) € K x V x V. By Lemma 3.5 we have e (¢}, v}) — e(q*,v*)
weakly in H} (). Thus ep,(q;,v}) = 0 also implies that e(¢*, v*) = 0, and the following
holds:
(3.11) (g 05 1) < Lolg™, v N7) VeV,

On the other hand, for any (g,v) € K x V and any ¢ > 0, by Lemma 3.3 we can find
a function g. € C*°(Q) satisfying

(3.12) /|q€—q|dx<€, ‘/ |Vq5|dx—/ Dgl | <<
Q Q Q

Now we define

aq if g <ay,
(3'13) Ge = qe if a; < e < g,
Qo if ¢ > as.

Then ¢. € K N W1°(Q) since

- | Vg on A.={ze€Q:a; <q¢ <az},
(3.14) Ve = { 0 on O\ A..

Now we take (gp,vr) = (Inge, Rpv) € Kp % \;h in (3.9) and get

(3.15)
* * ~ * ~ r ~
Inlan, vi) < InUnde, Bnv) + (VAL Ven(Inde, Rnv)) + 5[ Ven(Inge, Ryo)ll72q)-
Then by the lower semicontinuity of the BV-norm (cf. [9]) we derive
lim inf Jp (g, v;)
1
> timint {3 [ iV - 2)Pde+ 5 [ 1Dgi)}
h—0 L2 Jq Q
1
>timint 5 [ GV (i~ 2)Pdo -+ limint 8 [ |Dai]
1

(3.16) >1 / ¢ V(" - 2)dz + B / Dg*| = J(g" v"),
2 Ja Q

where we have used the following result:

1 1
i s [ V@i = 2)Pde = 5 [ 0190 = 2)Pds,
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which can be proved in exactly the same way as for (2.5).
Now by (3.6) and (3.7) we know that

lim 7. = G- in whi(Q), lim Ry = v in Hg(Q);
combining this with Lemma 3.4 gives
lim ey (Inge, Rpv) = e(Ge, v) in HyQ).
Then letting A — 0 in (3.15) and using (3.16) we obtain
(B17)  J(g"v") < J(@rv) + (VX Ve, v) + 5| Ve(de v) 2 -
Since g € K, we have from (3.12) and (3.13) that

G —allzr) < llge — allzr@) <e

Thus lim. o §. = ¢ in L'(Q), which implies that lim. g e(q.,v) = e(q,v) in Hg ().
Hence as ¢ — 0, we derive

(3.18)
. 5 r 5 . r
(VA*, Ve(ge,v)) + QHVG(QE,U)H%%Q) — (VA*, Ve(q,v)) + §||V€(Qav)||2L2(Q)~

But by (3.14) and (3.12) we obtain

/|vq€\dx:/ |qu|da:s/ |Vq5\dxs/ Dg| +&;
Q A, Q Q

therefore
1
(319)  liminfJ(G.,v) < f/ 4V (v — 2)Pda +ﬁ/ Dg| = J(q,0).
e—0 2 9] O

By substituting (3.18), (3.19) into (3.17) and passing to the limit ¢ — 0 we finally get
Lo(q", 0" 2N) = J(qg",v") < L.(q,v; ) V(g,v) e K xV.

This, together with (3.11), indicates that (¢*,v*; A*) is a saddle-point of L,. O

4. An Uzawa algorithm. In this section, we study an algorithm of the Uzawa
type to find the saddle-points of the discrete augmented Lagrangian L. : KpXx X;'h
X X;’h—> R defined in (3.3). We consider the following algorithm.

UzAWA ALGORITHM 1. We are given A\’ GI;h. Then for n > 0, with A™ known,
determine the pair {p™,u"} € K} x X;h such that

(4.1) Lo(p", 0" A") < Lo(q,v;A") ¥ (q,0) € KX Vi;
then compute A\"*! by

(4.2) A= A" 1 pen(p™, u™).
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THEOREM 4.1. Assume that 0 < By < pn < 1 <71 for anyn =1,2,.... Then
any subsequence of {p™,u"™; A"} computed in the Uzawa algorithm (4.1), (4.2) has a
subsequence (still denoted by) {p™,u™; A"} such that

p" —p in LY(Q), u" —u in L2(Q), N — X in L*(9),

and Jp(p™,u™) — Jp(p,u) asn — oco. Furthermore, {p,u; \} € Kjx &h X X;h s a

saddle-point of L, : KpX {;h X {;h—> R.
Proof. First, by Theorem 3.1 there exists a saddle-point (g}, vi; Af) of Lo :

K, x I;h X X;h, namely,

Lo(qh, vhs n) < Lo(qh, vh3 A*) < Lo(qs vas A*) -V (qns vis pin) € KnX Vi X Vi
The first inequality immediately gives e (g, vy;) = 0, and the second implies that
(4.3) Jnlan,vp) < Jnlgn,vn) + (VAL Ven(gn,vn)),  V(gn,vn) € KpX Vi .
Then taking (¢,v) = (g}, v};) in (4.1) and using (4.3) we obtain

Ju(p™,u") + (VA", Ven(p™,u")) + §||V6h(p",un)||iz(n)

r(q}t Uh7 ) = Jh(qlt)vlt)
Jn(P",u") + (VAL Ven(p", u")).

\/\ I/\

Hence
(4.4) (VO = AL, Ven®™,u™) + 2 Ven (™, u™) 72 < 0.
Now let A" = \"* — Ay ; then we have
N = X pen(p, o)
and thus

_ 1 _ _ _
(VA", Ven(p™,u™)) = —(VAn, VO™ =)

n

1 Y Y < —
2y TN s = VA" 2@ = IV = Ao |

EY ||V5‘n+1||%2(9) - ||V5\n|\%2(9) - Pi”veh(Pn,U")H%?(Q) .
2p

Substituting this into (4.4), we get

an An 1 n o, n
% {||V>\ T2y — VA ||2L?(S2)} + 5(’“ — pn)IVen (™, u™)||72 (0 < 0.

Thus if 0 < p, < r, the sequence { ||V5\”||2LQ(Q)} is monotonically decreasing and
Ven(p™, u™)||r2(0) — 0 as n — oco. Now letting (q,v) = (g, v};) in (4.1) we derive

Jh(pnaun) < Jh(q;av;) - (V)‘nv veh(pnvun)) < C
with constant C' independent of n. Therefore

1P| Bv () + IVu"|l2 @) < C,
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which implies that each subsequence of {p™,u™, A"} has a subsequence (still denoted
by) {p™, u™, A"} such that

(p™, u™, A") — (p,u, ) in L' (Q) x L2(Q) x L*(Q) as n — oo

o o
for some (p,u,A) € KpX Vi x V5. Note that in a finite-dimensional space all the
convergences are equivalent. Thus e, (p,u) = 0 by means of

[Ven(p™,u")||z2(0) — 0 and ex(p",u") — en(p,u) as n — oo.

Now letting n — oo in (4.1) we easily obtain
Ly(p,u; A) < Le(q,0;0)  V(q,v) € KpX Vi -

Therefore (p,u, \) € Kjx {;h X I;h is a saddle-point of L. O

Remark. To reduce the size of the minimization problem in (4.1), one may further
divide the problem into two minimization subproblems with each seeking only one of
the first two variables of the discrete augmented Lagrangian L,(-,-;-). See Uzawa
Algorithm 2 in the next section and [10, 3] for more algorithms of the same kind.

5. Numerical experiments. We now show some numerical experiments on the
proposed method for parameter identification. We first describe how to implement the
optimization step in (4.1). In order to solve the system (4.1) for the pair {p",u"}, we
use the following alternative iteration.

[e]
UzAWA ALGORITHM 2. We are given \° €V, and ¢° € Kj,. Set n = 1.
1. Set k=1 and ¢g™" =¢" .
2. Compute u™* by solving

(51) Lr(qn,kfl’un,k;)\nfl) — tmin Lr(qn’kil,vh; )\nfl)7
U;LEV}?

and then compute ¢™* by solving

(5.2) Lo (g™, u™F; A" 1) = min L, (pp, u™"; A" 1),
PrEVR
Compute ¢™* = max{a;, min{g™*, as}}.
If [|¢g™"* — ¢™*~1|| < tolerance, set u™ = u™* and ¢" = ¢™*, GOTO 3;
Otherwise set k =k + 1, GOTO 2.
3. Compute A" by

(5.3) =X e, ().

Set n=n+1, GOTO 1.

We use the Armijo algorithm (cf. Keung and Zou [15]) to solve problem (5.2). As
the problem corresponds to a nonlinear algebraic system of equations, one may also
use some other more efficient iterative methods. Problem (5.1), combining with the
equation for e, (¢"*~1,u™*), corresponds to two linear algebraic systems of equations
(both are positive definite), which are solved here by the conjugate gradient method.

We apply Uzawa Algorithm 2 to identify the discontinuous coefficients in the
following test problem:

(5.4) ——(q(m)iu(m)):f(:r), ze(0,1) with u(0)=u(1)=0.
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1 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fra. 5.1. ¢Y =5.0, 8 =103, error = 0.032, iter = 5.

Most parameters used in the algorithm are given below each figure. The error shown

is the relative L2-norm error between the exact parameter ¢(x) to be identified and

the computed parameter ¢;,. The regularization and smoothing parameters § and §(h)

(see (3.3)) are chosen to be 1072 and 0.01. The augmented Lagrangian coefficient r

is taken to be 1, and the finite element mesh size h to be 1/80. The lower and upper

bounds a; and s in the constrained set K are taken to be 0.5 and 20.0, respectively.
Example 1. We take the following discontinuous coefficient:

22—, x € [0, 0.3],
qg(r) =< 1—z+ 422 z € (0.3, 0.7),
3, x €[0.7, 1],

and compare it with the numerically identified solution ¢; obtained by using Uzawa
Algorithm 2. The exact observation data z is taken as z(z) = u(q)(z) = sin(rz), and
the function f(x) is then computed by (5.4) using u(x) and ¢(x). Figure 5.1 shows
the exact solution ¢(x) (the dotted line) and the numerically identified solution gy, (z)
(the solid line). The initial guesses \° and ¢} are taken to be the constants 0 and
5.0, respectively. q2 = 5.0 is not a good initial guess at all, but the numerical method
converges very stably and fast; Figure 5.1 gives the result of the 5th iteration (n = 5).

We now add some random noise to the gradient of the true solution u. (Recall that
we used the energy-norm in the output least squares formulation. If the L2-norm is
used, one should consider the noised observation data z of the true solution u directly,
instead of the gradient.) Namely, we replace the gradient Vz in the cost functional
L, with the noised data

V2% (z) = Vz(z) + d rand (z),

where rand () is a uniformly distributed random function in [—1, 1] and § is the noise
level parameter. The numerical result of the 5th iteration is shown in Figure 5.2 with
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1 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fic. 5.3. q; =5.0, 8= 1073, noise level § = 10%, error = 0.038, iter = 5.
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25F 4

151 ~

05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fia. 5.4. ¢) =5.0, 8 =103, error = 0.043, iter = 5.

25F 7

151 ~

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fic. 5.5. q2 =5.0, B8 =10"3, noise level § = 1%, error = 0.045, iter = 5.

the noise level parameter 6 = 1 %. We do not see much difference compared with the
noise-free case (Figure 5.1). When the noise increases to 10%, the numerical identified
solution is still very satisfactory; see Figure 5.3. This indicates that the numerical
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35

05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fic. 5.6. ¢; =5.0, 8= 1073, noise level § = 10%, error = 0.051, iter = 5.

method is not very sensitive to the noise.
Example 2. We take the discontinuous coefficient:

1, z €0, 0.3],
qg(x) =4 2.6 -2z, z € (0.3, 0.7),
9222+ 212/2—3, xel07, 1],

and compare it again with the numerical solution g, recovered by Uzawa Algorithm
2. Figure 5.4 shows the exact solution ¢(z) (the dotted line) and the numerically
identified solution g, () (the solid line), where we have taken the initial guesses \° = 0
and qg = 5.0. We see again that the numerical method converges very stably and
fast. Figure 5.4 is the result of the 5th iteration (n = 5).

Again, we add some random noise to the gradient of the true solution u; namely,
we assume that the available data are the following noised data:

V2 (x) = Vz(z) + 6rand (z).

Figure 5.5 gives the numerical result of the 5th iteration with the noise level parameter
6 = 1%. We can see that noise of this level has very little effect on the accuracy and
stability of the numerical method. When the noise increases to 10%, the numerical
identified solution is still very satisfactory; see Figure 5.6.

Our numerical experiences show that the numerical method proposed in the paper
converges very fast (5 iterations for the considered examples) and globally, which is
consistent with our theory. In fact one can take much worse initial guesses than
the preceding ones (q,OL = 5.0). More importantly, the method seems to be not very
sensitive to the noise.
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