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Question

(Q1) Show

sin y − sin x
y − x

>
sin z − sin y

z − y

for any 0 ≤ x < y < z ≤ �.

(Q2) Let f ∶ ℝ → ℝ be a differentiable function with f ′ is strictly increasing.

Show f ′(x) < f (x + 1) − f (x) < f ′(x + 1) for any x ∈ ℝ.

Hence, show

f ′(1) + f ′(2) + ... + f ′(n − 1) < f (n) − f (1) < f ′(2) + f ′(3) + ... + f ′(n)

for any n ∈ ℕ.

(Q3) Let x, y ∈ ℝ with x < y. Show that there exist some � ∈ (x, y) such that

sin x
y

−
sin y
x

=
(

1
y
− 1
x

)

(

sin � + � cos �
)

.

(Q4) Show

1
ln x

− e
x ln x

< ln
(

ln x
)

< x
e
− 1

for any x > e.

(Q5) Let x, y ∈ ℝ with x < y. Show that there exist some � ∈ (x, y) such that

yex2 − xey2

y − x
= ex

2+y2−�2
(

1 − 2�2
)

.

Further suppose −1
√

2
< x < y < 1

√

2
. Show that

0 <
yex2 − xey2

y − x
≤ ex

2+y2 .
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Answer

(A1) Fixed x, y, z with 0 ≤ x < y < z ≤ �. Let f (w) = sinw.

Note f is continuous on [x, y] and differentiable on (x, y) with f ′(w) = cosw,

by (Lagrange) Mean Value Theorem, there exist some � ∈ (x, y), such that

sin y − sin x
y − x

= cos �.

Note f is continuous on [y, z] and differentiable on (y, z) with f ′(w) = cosw,

by (Lagrange) Mean Value Theorem, there exist some � ∈ (y, z), such that

sin z − sin y
z − y

= cos �.

Note that 0 ≤ x < � < y < � < z ≤ � and cos is decreasing on (0, �),

hence cos � > cos � and that is,

sin y − sin x
y − x

>
sin z − sin y

z − y
.

(A2) Fixed x ∈ ℝ. Note f is continuous on [x, x + 1] and differentiable on (x, x + 1),

by (Lagrange) Mean Value Theorem, there exist some � ∈ (x, x + 1), such that

f (x + 1) − f (x) =
f (x + 1) − f (x)

x + 1 − x
= f ′(�).

Since f ′ strictly increasing and x < � < x + 1, we have f ′(x) < f ′(�) < f ′(x + 1), hence

f ′(x) < f (x + 1) − f (x) < f ′(x + 1).

It is true for any x ∈ ℝ. Hence, fixed n ∈ ℕ, we have

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

f ′(1) < f (2) − f (1) < f ′(2)
f ′(2) < f (3) − f (2) < f ′(3)

⋮
f ′(n − 2) < f (n − 1) − f (n − 2) < f ′(n − 1)
f ′(n − 1) < f (n) − f (n − 1) < f ′(n)

,

sum all the inequality, we have

f ′(1) + f ′(2) + ... + f ′(n − 1) < f (n) − f (1) < f ′(2) + f ′(3) + ... + f ′(n)

(A3) Fixed x, y ∈ ℝ with x < y. Let f (w) = w sinw.

Note f is continuous on [x, y] and differentiable on (x, y) with f ′(w) = sinw +w cosw,

by (Lagrange) Mean Value Theorem, there exist some � ∈ (x, y), such that

y sin y − x sin x
y − x

= sin � + � cos �
(

x − y
xy

)

y sin y − x sin x
y − x

=
(

1
y
− 1
x

)

(

sin � + � cos �
)

x sin x − y sin y
xy

=
(

1
y
− 1
x

)

(

sin � + � cos �
)

sin x
y

−
sin y
x

=
(

1
y
− 1
x

)

(

sin � + � cos �
)

.
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(A4) Fixed x ∈ ℝ with x > e. Let f (w) = ln
(

lnw
)

.

Note f is continuous on [e, x] and differentiable on (e, x) with f ′(w) = 1
w lnw

,

by (Lagrange) Mean Value Theorem, there exist some � ∈ (e, x), such that

ln
(

ln x
)

x − e
=

ln
(

ln x
)

− ln
(

ln e
)

x − e
= 1
� ln �

.

Note 1
w lnw

strictly decreasing (since w and lnw strictly decreasing and POSITIVE),

and e < � < x, we have 1
e
= 1
e ln e

> 1
� ln �

> 1
x ln x

, hence

1
x ln x

<
ln
(

ln x
)

x − e
< 1
e

x − e
x ln x

< ln
(

ln x
)

< x − e
e

1
ln x

− e
x ln x

< ln
(

ln x
)

< x
e
− 1.

(A5) Fixed x, y ∈ ℝ with x < y. Let f (w) = we−w2 .

Note f is continuous on [x, y] and differentiable on (x, y) with f ′(w) =
(

1 − 2w2
)

e−w2 ,

by (Lagrange) Mean Value Theorem, there exist some � ∈ (x, y), such that

ye−y2 − xe−x2

y − x
=
(

1 − 2�2
)

e−�
2

ex
2+y2 ⋅

ye−y2 − xe−x2

y − x
=
(

1 − 2�2
)

e−�
2
⋅ ex

2+y2

yex2 − xey2

y − x
= ex

2+y2−�2
(

1 − 2�2
)

.

Now if −1
√

2
< x < y < 1

√

2
, then −1

√

2
< � < 1

√

2
,

that means 0 < 1 − 2�2 ≤ 1 and 0 < e−�2 ≤ 1(Why?) and hence

0 <
(

1 − 2�2
)

e−�
2 ≤ 1,

and we have

0 <
yex2 − xey2

y − x
≤ ex

2+y2 .
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