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Question

(Q1) Show

sin y — sin x S sinz —siny
y—x zZ=Yy

forany0<x<y<z<um.

(Q2) Let f : R — R be a differentiable function with f’ is strictly increasing.
Show f/(x) < f(x+1)— f(x) < f'(x+1) for any x € R.
Hence, show

'O+ QO+t =D < f) = fD <D+ B +...+ f(n)

for any n € N.

(Q3) Let x,y € R with x < y. Show that there exist some ¢ € (x, y) such that

sinx _ smy <l_l) (sing +&cosé).
y x yoox

(Q4) Show

1 e

x
nx *Inx <In (lnx) < ; -1

for any x > e.

(Q5) Let x,y € R with x < y. Show that there exist some & € (x, y) such that

2 2
WX _ = (1202,
y—x

Further suppose il <x<y< L Show that
2 2
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X% _ xeV
ye xe ex2+y2
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y—Xx



Answer
(A1) Fixed x,y,zwith0 < x < y < z < 7. Let f(w) = sin w.
Note f is continuous on [x, y] and differentiable on (x, y) with f/(w) = cos w,
by (Lagrange) Mean Value Theorem, there exist some & € (x, ), such that
siny — sinx
y—x

=cosé.

Note f is continuous on [y, z] and differentiable on (y, z) with f/(w) = cos w,
by (Lagrange) Mean Value Theorem, there exist some # € (y, z), such that

sinz — siny
z=Yy

= cos 7.

Note that 0 < x < £ < y < n < z < & and cos is decreasing on (0, ),

hence cos & > cos # and that is,

siny — sin x S sinz —siny
y—x z—y
(A2) Fixed x € R. Note f is continuous on [x, x + 1] and differentiable on (x, x + 1),

by (Lagrange) Mean Value Theorem, there exist some & € (x, x + 1), such that

1 —
Feca D)= fe = LEFDZI gy
x+1-—x

Since f' strictly increasing and x < & < x + 1, we have f/(x) < /(&) < f'(x + 1), hence

FlO<fx+D=fx) < fx+1).

It is true for any x € R. Hence, fixed n € N, we have

< f@Q-f<f@

Q< f@-f@<r'0
ffn=2)<fn-D—-fn=-2)< f'(n—1)
flin=D < fm)—fn—1) < f'(n)

sum all the inequality, we have
M+ + .+ ffn=D < fm) = fO < QO+ 'B)+ ..+ f(m)

(A3) Fixed x,y € R with x < y. Let f(w) = wsinw.
Note f is continuous on [x, y] and differentiable on (x, y) with f/(w) = sin w + w cos w,
by (Lagrange) Mean Value Theorem, there exist some ¢ € (x, ), such that

siny — x sin x .
YUY 7 XSMX siné + &cosé

y—x
x—y\ysiny—xsinx (1 1 .
< 5 > T _<y x> (51n§+§cos§)
xsinx — ysiny 1 1 .
AT e A (I +
o (y x>(sm<§ £cosé)
m_w=<l_l> (sin + Ecos ).
y x yo X



(A4) Fixed x € R with x > e. Let f(w) =1In (ln w)

1
wlnw’

Note f is continuous on [e, x] and differentiable on (e, x) with f/(w) =
by (Lagrange) Mean Value Theorem, there exist some & € (e, x), such that

In (Inx) _ In(Inx) —In (Ine) 1

xX—e x—e C ElnéE’

strictly decreasing (since w and In w strictly decreasing and POSITIVE),

Note !
wlnw

1 1 1

ande < € < x, Wehavee cine Elng , hence

In (1
1 <n(nx)<1

xInx x—e e
x—e x—e
<In (1l <
xInx n(nx) e
1 X
—_—— In (1 = —1.
Inx xInx < n(nx) < e

(A5) Fixed x, y € R with x < y. Let f(w) = we ",
Note f is continuous on [x, y] and differentiable on (x, y) with f/(w) = (1 - 2w2> e‘wz,

by (Lagrange) Mean Value Theorem, there exist some & € (x, y), such that

2 )
ye 7 — xe™* =<1_2§2>e—§

y—x
—y? )
o ye ™V —Xxe _ (1 _2§2> o2 R
y—Xx
2 2
yel mxel _ plep-g (1 —2§2>.
y—x
-1 1
Now if — <x<y< — then—<§<—

G

that means 0 < 1 — 22 < 1 and 0 < e~¢” < 1(Why?) and hence

0< (1 - 252) <,

and we have
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