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In this tutorial, you may use lim — = 0 for any integer k and lim —— = 1 without proof.
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Question

(Q1) Evaluate the following limit.
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. x’ —8
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(@) =2 x4 =2x—12
x+x2+x3+x4 =30
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. COScCcOsXx + tansin x
(Q2) Evaluate )cll»nc;lo o .

sin (x3)
(Q3) Evaluate lim ———=.
x—0 xtan? x

(Q4) Let f : R — R be the function defined by

o {lnx+e_x+1 ifx>1
x) =

xt=3x2+2x ifx<l1
(a) Compute f/(x) for x # 1.
(b) Compute lim f”(x).
x—>1t
(¢) Compute lir? £ ().
x—=>1"
(d) Is f differentiable at 1? Justify your answer.
(Challenging Question) Suppose f, g are (real-valued) functions defined on an open interval containing O,
such that g is continuous at 0, and g(0) # 0.
For x sufficiently close to 0, define u(x) = f(x)g(x), v(x) = f(x)/g(x).

Suppose u and v are both differentiable at 0. Show that f is also differentiable at 0.



Answer
(A1)(a) Note (2)> -8 =0 = (2)* —2(2) — 12, by root theorem, x — 2 is a factor of x> — 8 and x* —2x — 12

Using long division, x* — 2x — 12 = (x — 2) (x3 +2x% +4x + 6). Hence

_ 2
. 3-8 & 2)<x +2x+4>  X242x+4 2 2
lim = lim = lim =—= ==
=2 x4 —2x—12 x-=2 (x—2)(x3 +2x2+4x+6) x=2x34+2x2+4x+6 30 5
(b) One may use the method of long division, but here is another method.
lim x+x2+x3+x*-30
x—2 x—2
(x=2)+ (¥ =4)+ (x*=8) + (x* - 16)
=lim
x—2 x—=2
(x—2) + (x—2) (x+2) + (x—2) (x2+2x+4)+ (x—2) <x3+2x2+4x3+8>
=1l
x1—>n% x—=2

=lim [1+(x+2)+(x2+2x+4>+(x3+2x2+4x3+8)]
X—
=1 +4+12+32=49

(¢) Note that

In (e + 2x° 9)
m = = lim -
x=+00 |n (e X 4+ 8x ) x—>+oc>1 1+681)(C)x)+1n (eIOX)
1n<1+i71f)+7x

= lim -
e 1+68ff)x)+10x
1 1n(1+§7if)+7
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%—i>=\/3+0—0=\/§.

(d) liI_P —— = lim = lin
X—=+00 X X—+0o0 2 X Xx—+00 X
VX
(e)
242-1 242
fim Y32, VICHZ 1 <—,/3+3_1>=_ 340-0=—1/3.
X——00 X X—=>—00 _ x2 X X——00 x2 X
(A2) Note that —1—tanl < COS COs X + tansin x < l+tan1. (Check it!)
e eX ex
Note that lim ——401 _g_ jj, 1+tanl
X—>+00 ex xX—>+00 eX
by sandwich theorem, lirJP coSCOSx t tan sin x exists and equal to 0.
x—+00 e
sin <x3) .5 ) 5
(A3) lim ——Z = lim sinx” X X COSTX _13'1'1'M_1
x—0 xtan2x x-0\ x3 sinx sinx 1 11 1



Inx + e~ xt! ifx>1
x*=3x2+2x ifx<1’

(Ad) f(x)= {

1 —x+1 :
- = fx>1
@ f/=4x_° e
4x3 —6x+2 ifx<1
. ' . | —1+1
(b) lim f'(x)= lim (——e >=1—e =0.
x—1t x—=1t \ X
(©) lim fl(x) = lim 4x3 —6x+2=4-6+2=0.
x—=1" X—=1"
(@) Note that lim f(x) = lim <lnx+e_x+l> —lnl+e=1
x—1- x—1-

and lim f(x)= lim <x4—3x2+2x) —1-3+42=0,
x—1* x—1*t
these two limits are not equal, so lirn1 f(x) does not exist,
X—
that implies f is not continuous at x = 1.
Hence f is not differentiable at x = 1.

Remark:

It will be difficult for doing this by definition of differentiable

since the function involving log, exp and polynomial of degree 4.



