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Question

X,_1+Xx,_
Inml T2 forn > 2.

(Q1) A sequence {x,} is defined by x; =1, x; =2 and x,, = >

(a) Write down the values of x, — x, x3 — x, and x4 — x3.
(b) Forn=1,2,3,..., guess an expression for x, — x,_; in terms of » and prove it.

(c) Hence find lim x,,.
n—00

(Q2) Letp>0andp # 1,

ag = 2
{a,} is a sequence of positive numbers defined by

" L+lan_1,n=1,2,3,...
{n P

(a) Prove that lim a, = 0 if the limit exists.
n—oo

(b) Using (a), or otherwise,

(i) if 2 =ay < a; < a, < ..., show that lim a, does not exist.

n—oo

(i) if a;_; > a; for some k > 1, show thata,_; > a, forn > k

and deduce that lim a, = 0.
h—00

(c) Using (a),(b), or otherwise,
(i) if 0 < p < 1, show that lim g, does not exist.
h—00

(i) if p > 2, show that lim a, = 0.

n—00

(d) Using (a),(b), or otherwise,

(i) Suppose 1 < p < 2. Prove by mathematical induction that a, <

21forn20.

(ii) Suppose 1 < p < 2. Prove that lim a, = 0.
n—oo

@3) Let f(v) = /22 o = V@ TR =2

x+2°

Find the maximal domain of f, g (in R).

(Q4) Find values of a and b such that

ax + 2b, x <0,
f)=4x+3a—b, 0<x<2,
4x — 2b, x>2

is continuous at every x € R.



Answer

Xy T Xpp
(A1) Letxg=1, x; =2and x, = > forn > 2.
3 7 13 1 1 1
@ x, = E,x_; = Z,x4 =3 Then x5 — x4 =—§,x3—x2 = Z,x4—x3 =-3
o 1
(b) Guess x,, — x,,_; = (=1)" 12,1—_1.
Let P(n) be the statement that "x,, — x,,_; = (=1)"~! %“

Note that P(1) is true since x; —xy =1 = (—1)0%

Letk € Z and k > 2, assume P(k) is true, i.e. x; — x;_| = (=D)k-1 2k—1_1
Considern =k + 1,
xk +xk1
Xyl = Xp = T_xk
— Xk T Xk
2
_(=DF
=

so P(k + 1) is true.

By principal of mathematical induction, P(n) is true for any n = 1,2, 3, ...,

ie. x,—x,_; =" ILforanyn—l 2,3,.

i1 1
(c) Note that x, — xy = Z(xi —x;_) = Z(_l)l IF

i=1 i=1

- 1 1 2
and ZO(—I)I IF = 1— = 5
i=l

Therefore, lim x, exist and lim x, = x + % = %
(A2) Let p, a, are defined as the question.
(a) If the limit exists, by the definition of a,,,
1 1
lim g, = lim —+— lim a,_; = - lim aq,
n—-oo n—oo {/_ p n— p n—o

lim a, =0 since p # 1

n—oo
(b) Using (a),
(i) Suppose it were true that lim g, exists,

Since {a,} is increasing sequence, so (Why?)

2=ay<a,<lima,=0 foranyn=0,1,2, ...

n—oo
Contradiction arises, hence lim g, does not exist.
n—oo

(ii) Let P(n) be the statement that "a;_,_; > a;,," .
Since a;_; > a;, P(0) is true.
Let [ be a nonnegative integer, assume P(/) is true, i.e. a;,,,_| > a;,,, then

1 1 1
Ay = gy = - + =(agp1-1 — aq) 20
{k+1 Afk+1+1) P

Hence, a;; > ay4;41,1.e. P(I + 1)is true.



By the principal of mathematical induction, P(n) is true for any n =0, 1,2, ... .
Since {ay,_;},2 is monotone decreasing and bounded below (by 0),
by Monotone Convergent Theorem, lim g, = lim a,,,_; exist.
n—o00 n—00
Apply (a), lim a, = 0.
n—0o0
(c) Using (a),(b),
(i) Foranyn=1,2,3,...,since 0 < p < 1, we have
1 1 1
an = — + —an_l > —an_l > an_l.
{/n p
Hence, 2 = ay < a; < ay < ..., by (b)(i), lim a, does not exist.
n—0oo0
(>ii) Since p > 2, we have

1
a1=—+

1

a0=l+

S
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By (b)(ii), lim a, = 0.
n—oo
(d) Using (a),(b),
(i) Suppose 1 < p < 2. Let P(n) be the statement that "a, < Ll".
p—
2 7 since p — 1 < 1, hence P(0) is true.

Note that ay =2 <

.. . . 2
Let k£ be a nonnegative integer, assume P(k) is true, i.e. a; < 7 then

1 1 1 2
+-a <14+-—"—

A1 = _
nr1 P pp

_PP-p+2 (p-D(pp-D+2p

pp—1 pp—1)
_p=2 2p 2p
= -0 Swo-D
2
e

Hence P(k + 1) is true, by the principal of mathematical induction,
P(n)istrue foranyn=0,1,2,..,ie. g, < Ll foranyn=0,1,2,....
p—
(i) By (d)(i), {a,} bounded above.
Suppose it were true that {a,} is strictly increasing, by (b)(i), lim a, does not exist,
n—0o0

which is a contradiction with Monotone Convergent Theorem,
hence {a,} is not strictly increasing, by (b)(ii), lim a, = 0.
n—0o0

X+ x| . .
| 2' , since the denominator cannot be 0.

(A3) For f(x) =

Hence, —2 NOT belongs to the domain of f.

; 13 - 2Jf2 ifx=0
X X
Note %b; =
X X=X .
=0 fx <0, =2
) if x X #
2x .
Note always non-negative for any x > 0.
x+2

So f well-defined for any x > 0. (The expression inside square root need to be non-negative.)

Maximum domain of f is R\ {-2}.



(A4)

—x-2=(x-2)(x+1) ifx>0

For g(x) = v/x2 —|x| = 2, Note x* —|x| =2 =4 °, , .
x*+x-2=x+2)(x-1) ifx<0

’ x Hx<—2\x=—2\—2<x<0\x=0\0<x<2\x=2\x>2‘
[-x=2] + [ o | - [ -] - [ 0]+ |

Since the expression inside the square need to be non-negative,

the number between —2 and 2 (not include +2) NOT belongs to the domain of g.

Hence, the maximal domain of g is R \ (=2,2). (Or you can write (—oo, —2] U [2, +00) )
Note that f is a polynomial when x < 0,0 < x <2 or x > 2.

Hence f is obviously continuous on R \ {0,2}.

Suppose f is continuous in R everywhere.

Then )1(1_r}r(1) S (), )1{1_% f(x) exist and )1(1_1)1(1) () = f(0), )1(1_% f(x)= f(Q2).

That means 1i1})1+ f(x)=f0) = lir(r)l_ f(), 1i1121+ fx)=f2)= lir?_ f(x). Note that

lim f(x)= lim ax+2b=2b
x—0~ x—0~
li = lim x> +3a—-b=3a—-b
xir(r)l*' /) in(I)l"' x a4 a4
lim f(x)= lim x>+3a—b=4+3a—b
x—2- x—2-
li = lim 4x —2b =8 — 2b.
A S0 = i 4

2b =3a-b

Therefore, we have .Hence,a=b=1.
4+43a—-b =8-2b



