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Abstract. We construct and apply Strominger-Yau-Zaslow mirror transforma-
tions to understand the geometry of the mirror symmetry between toric Fano
manifolds and Landau-Ginzburg models.
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1. Introduction

Mirror symmetry has been extended to the non-Calabi-Yau setting, notably
to Fano manifolds, by the works of Givental [18], [19], [20], Kontsevich [28] and
Hori-Vafa [27]. If X̄ is a Fano manifold, then its mirror is conjectured to be a
pair (Y, W), where Y is a non-compact Kähler manifold and W : Y → C is a
holomorphic Morse function. In the physics literature, the pair (Y, W) is called
a Landau-Ginzburg model, and W is called the superpotential of the model. One
of the very first mathematical predictions of this mirror symmetry is that there
should be an isomorphism between the small quantum cohomology ring QH∗(X̄)
of X̄ and the Jacobian ring Jac(W) of the function W. This has been verified
(at least) for toric Fano manifolds by the works of Batyrev [10], Givental [20]
and many others. A version of the Homological Mirror Symmetry Conjecture has
also been formulated by Kontsevich [28], which again has been checked in many
cases [39], [44], [7], [8], [1], [2]. However, no direct geometric explanation for
the mirror symmetry phenomenon for Fano manifolds had been given, until the
works of Cho-Oh [12], which showed that, when X̄ is a toric Fano manifold, the
superpotential W can be computed in terms of the counting of Maslov index two
holomorphic discs in X̄ with boundary in Lagrangian torus fibers.
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On the other hand, the celebrated Strominger-Yau-Zaslow (SYZ) Conjecture [43]
suggested that mirror symmetry for Calabi-Yau manifolds should be understood
as a T-duality, i.e. dualizing special Lagrangian torus fibrations, modified with
suitable quantum corrections. This will explain the geometry underlying mir-
ror symmetry [35]. Recently, Gross and Siebert [23] made a breakthrough in
the study of this conjecture, after earlier works of Fukaya [14] and Kontsevich-
Soibelman [29]. It is expected that their program will finally provide a very ex-
plicit and geometric way to see how mirror symmetry works for both Calabi-Yau
and non-Calabi-Yau manifolds (more precisely, for varieties with effective anti-
canonical class). On the other hand, in [6], Auroux started his program which is
aimed at understanding mirror symmetry in the non-Calabi-Yau setting by apply-
ing the SYZ approach. More precisely, he studied the mirror symmetry between
a general compact Kähler manifold equipped with an anticanonical divisor and
a Landau-Ginzburg model, and investigated how the superpotential can be com-
puted in terms holomorphic discs counting on the compact Kähler manifold. In
particular, this includes the mirror symmetry for toric Fano manifolds as a special
case.

In this paper, we shall again follow the SYZ philosophy and study the mirror
symmetry phenomenon for toric Fano manifolds by using T-duality. The main
point of this work, which is also the crucial difference between this and previous
works, is that, explicit transformations, which we call SYZ mirror transformations,
are constructed and used to understand the results (e.g. QH∗(X̄) ∼= Jac(W)) im-
plied by mirror symmetry. From this perspective, this paper may be regarded as
a sequel to the second author’s work [30], where semi-flat SYZ mirror transfor-
mations (i.e. fiberwise real Fourier-Mukai transforms) were used to study mirror
symmetry for semi-flat Calabi-Yau manifolds. While in that case, quantum cor-
rections do not arise because the Lagrangian torus fibrations are smooth (i.e. they
are fiber bundles), we will have to deal with quantum corrections in the toric Fano
case.

However, we shall emphasize that the quantum corrections which arise in the
toric Fano case are only due to contributions from the anticanonical toric divi-
sor (the toric boundary); correspondingly, the Lagrangian torus fibrations do not
have proper singular fibers (i.e. singular fibers which are contained in the com-
plement of the anticanonical divisor), so that their bases are affine manifolds with
boundaries but without singularities. This is simpler than the general non-Calabi-
Yau case treated by Gross-Siebert [23] and Auroux [6], where further quantum
corrections could arise, due to the fact that general Lagrangian torus fibrations
do admit proper singular fibers, so that their bases are affine manifolds with both
boundaries and singularities. Hence, the toric Fano case is in-between the semi-
flat case, which corresponds to nonsingular affine manifolds without boundary,
and the general case. In particular, in the toric Fano case, we do not need to
worry about wall-crossing phenomena, and this is one of the reasons why we
can construct the SYZ mirror transformations explicitly as fiberwise Fourier-type
transforms, much like what was done in the semi-flat case [30]. (Another major
reason is that holomorphic discs in toric manifolds with boundary in Lagrangian
torus fibers are completely classified by Cho-Oh [12].) It is interesting to gen-
eralize the results here to non-toric settings, but, certainly, much work needs to
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be done before we can see how SYZ mirror transformations are constructed and
used in the general case. For more detailed discussions of mirror symmetry and
the wall-crossing phenomena in non-toric situations , we refer the reader to the
works of Gross-Siebert [23] and Auroux [6].

What follows is an outline of our main results. We will focus on one half of the
mirror symmetry between a complex n-dimensional toric Fano manifold X̄ and
the mirror Landau-Ginzburg model (Y, W), namely, the correspondence between
the symplectic geometry (A-model) of X̄ and the complex geometry (B-model) of
(Y, W).

To describe our results, let us fix some notations first. Let N ∼= Zn be a lattice
and M = N∨ = Hom(N, Z) the dual lattice. Also let NR = N ⊗Z R, MR =
M⊗Z R, and denote by 〈·, ·〉 : MR × NR → R the dual pairing. Let X̄ be a toric
Fano manifold, i.e. a smooth projective toric variety such that the anticanonical
line bundle KX̄ is ample. Let v1, . . . , vd ∈ N be the primitive generators of the
1-dimensional cones of the fan Σ defining X̄. Then a polytope P̄ ⊂ MR defined
by the inequalities

〈x, vi〉 ≥ λi, i = 1, . . . , d,

and with normal fan Σ, associates a Kähler structure ωX̄ to X̄. Physicists [27]
predicted that the mirror of (X̄, ωX̄) is given by the pair (Y, W), where Y, which
we call Hori-Vafa’s mirror manifold, is biholomorphic to the non-compact Kähler
manifold (C∗)n, and W : Y → C is the Laurent polynomial

eλ1 zv1 + . . . + eλd zvd ,

where z1, . . . , zn are the standard complex coordinates of Y ∼= (C∗)n and zv de-
notes the monomial zv1

1 . . . zvn
n if v = (v1, . . . , vn) ∈ N ∼= Zn.

The symplectic manifold (X̄, ωX̄) admits a Hamiltonian action by the torus
TN = NR/N, and the corresponding moment map µX̄ : X̄ → P̄ is naturally a
Lagrangian torus fibration. While this fibration is singular (with collapsed fibers)
along ∂P̄, the restriction to the open dense TN-orbit X ⊂ X̄ is a Lagrangian torus
bundle

µ = µX̄ |X : X → P,

where P = P̄ \ ∂P̄ is the interior of the polytope P̄.1 Applying T-duality and
the semi-flat SYZ mirror transformation (see Definition 3.2) to this torus bundle,
we can, as suggested by the SYZ philosophy, obtain the mirror manifold Y (see
Proposition 3.1 and Proposition 3.2).2 However, we are not going to get the su-
perpotential W : Y → C because we have ignored the anticanonical toric divisor
D∞ =

⋃d
i=1 Di = X̄ \ X, and hence quantum corrections. Here, for i = 1, . . . , d,

Di denotes the toric prime divisor which corresponds to vi ∈ N. To recapture the
quantum corrections, we consider the (trivial) Zn-cover

π : LX = X× N → X

1µ : X → P is a special Lagrangian fibration if we equip X with the standard holomorphic volume
form on (C∗)n, so that X becomes an almost Calabi-Yau manifold. See Definition 2.1 and Lemma 4.1
in Auroux [6].

2In fact, we prove that T-duality gives a bounded domain in the Hori-Vafa mirror manifold. This
result also appeared in Auroux’s paper ([6], Proposition 4.2).
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and various functions on it.3 Let K(X̄) ⊂ H2(X̄, R) be the Kähler cone of X̄. For
each q = (q1, . . . , ql) ∈ K(X̄) (here l = d− n = Picard number of X̄), we define a
TN-invariant function Φq : LX → R in terms of the counting of Maslov index two
holomorphic discs in X̄ with boundary in Lagrangian torus fibers of µ : X → P
(see Definition 2.1 and Remark 2.2). If we further assume that X̄ is a product
of projective spaces, then this family of functions {Φq}q∈K(X̄) ⊂ C∞(LX) can be
used to compute the small quantum cohomology ring QH∗(X̄) of X̄ as follows
(see Section 2 for details).

Proposition 1.1.
1. The logarithmic derivatives of Φq, with respect to qa, for a = 1, . . . , l, are given

by

qa
∂Φq

∂qa
= Φq ? Ψn+a.

Here, for each i = 1, . . . , d, the function Ψi : LX → R is defined, in terms
of the counting of Maslov index two holomorphic discs in X̄ with boundary in
Lagrangian torus fibers which intersect the toric prime divisor Di at an interior
point (see the statement of Proposition 2.1 and the subsequent discussion), and ?
denotes a convolution product of functions on LX with respect to the lattice N.

2. We have a natural isomorphism of C-algebras

(1.1) QH∗(X̄) ∼= C[Ψ±1
1 , . . . , Ψ±1

n ]/L,

where C[Ψ±1
1 , . . . , Ψ±1

n ] is the polynomial algebra generated by Ψ±1
1 , . . . , Ψ±

n
with respect to the convolution product ?, and L is the ideal generated by lin-
ear relations that are defined by the linear equivalence among the toric divisors
D1, . . . , Dd, provided that X̄ is a product of projective spaces.

The proof of the above isomorphism (1.1) given in Subsection 2.1 will be com-
binatorial in nature and is done by a simple computation of certain Gromov-
Witten invariants. While this result may follow easily from known results in the
literature, we choose to include an elementary proof to make this paper more
self-contained. Our proof relies on the assumption that X̄ is a product of projec-
tive spaces. However, the more important reason for us to impose such a strong
assumption is that, when X̄ is a product of projective spaces, there is a better
way to understand the geometry underlying the isomorphism (1.1) by using trop-
ical geometry. A brief explanation is now in order. More details can be found in
Subsection 2.2.

Suppose that X̄ is a product of projective spaces. We first define a tropical ana-
log of the small quantum cohomology ring of X̄, call it QH∗

trop(X̄). The results of
Mikhalkin [32] and Nishinou-Siebert [38] provided a one-to-one correspondence
between those holomorphic curves in X̄ which have contribution to the quantum
product in QH∗(X̄) and those tropical curves in NR which have contribution to
the tropical quantum product in QH∗

trop(X̄). From this follows the natural iso-
morphism

QH∗(X̄) ∼= QH∗
trop(X̄).

3In the expository paper [11], we interpreted LX as a finite dimensional subspace of the free loop
space LX̄ of X̄.
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Next comes a simple but crucial observation: each tropical curve which contributes
to the tropical quantum product in QH∗

trop(X̄) can be obtained by gluing tropical discs.4

Now, making use of the fundamental results of Cho and Oh [12] on the classifica-
tion of holomorphic discs in toric Fano manifolds, we get a one-to-one correspon-
dence between the relevant tropical discs and the Maslov index two holomorphic
discs in X̄ with boundary in Lagrangian torus fibers of µ : X → P. The latter
were used to define the functions Ψi’s. So we naturally have another canonical
isomorphism

QH∗
trop(X̄) ∼= C[Ψ±1

1 , . . . , Ψ±1
n ]/L.

Hence, by factoring through the tropical quantum cohomology ring QH∗
trop(X̄)

and using the correspondence between symplectic geometry (holomorphic curves
and discs) of X̄ and tropical geometry (tropical curves and discs) of NR, we obtain
a more conceptual and geometric understanding of the isomorphism (1.1). This is
in line with the general philosophy advocated in the Gross-Siebert program [23].

Notice that all these can only be done for products of projective spaces because,
as is well known, tropical geometry cannot be used to count curves which have
irreducible components mapping to the toric boundary divisor, and if X̄ is not a
product of projective spaces, those curves do contribute to QH∗(X̄) (see Example
3 in Section 4). This is the main reason why we confine ourselves to the case of
products of projective spaces, although the isomorphism (1.1) holds for all toric
Fano manifolds (see Remark 2.3).

Now we come to the upshot of this paper, namely, we can explicitly construct
and apply SYZ mirror transformations to understand the mirror symmetry be-
tween X̄ and (Y, W). We shall define the SYZ mirror transformation F for the
toric Fano manifold X̄ as a combination of the semi-flat SYZ mirror transformation
and taking fiberwise Fourier series (see Definition 3.3 for the precise definition). Our
first result says that the SYZ mirror transformation of Φq is precisely the expo-
nential of the superpotential W, i.e. F (Φq) = exp(W). Then, by proving that the
SYZ mirror transformation F (Ψi) of the function Ψi is nothing but the monomial
eλi zvi , for i = 1, . . . , d, we show that F exhibits a natural and canonical isomor-
phism between the small quantum cohomology ring QH∗(X̄) and the Jacobian
ring Jac(W), which takes the quantum product ∗ (which can now, by Proposi-
tion 1.1, be realized as the convolution product ?) to the ordinary product of
Laurent polynomials, just as what classical Fourier series do. This is our main
result (see Section 3):

Theorem 1.1.
1. The SYZ mirror transformation of the function Φq ∈ C∞(LX), defined in terms

of the counting of Maslov index two holomorphic discs in X̄ with boundary in
Lagrangian torus fibers, is the exponential of the superpotential W on the mirror
manifold Y, i.e.

F (Φq) = eW .
Furthermore, we can incorporate the symplectic structure ωX = ωX̄ |X on X
to give the holomorphic volume form on the Landau-Ginzburg model (Y, W)

4More recently, Gross [22] generalized this idea further to give a tropical interpretation of the big
quantum cohomology of P2.
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through the SYZ mirror transformation F , in the sense that,

F (Φqe
√−1ωX ) = eWΩY.

2. The SYZ mirror transformation gives a canonical isomorphism of C-algebras

F : QH∗(X̄)
∼=−→ Jac(W),

provided that X̄ is a product of projective spaces.

Here we view Φqe
√−1ωX as the symplectic structure corrected by Maslov index two

holomorphic discs,5 and eWΩY as the holomorphic volume form of the Landau-
Ginzburg model (Y, W).

As mentioned at the beginning, the existence of an isomorphism QH∗(X̄) ∼=
Jac(W) is not a new result, and was established before by the works of Batyrev [10]
and Givental [20]. However, we shall emphasize that the key point here is that
there is an isomorphism which is realized by an explicit Fourier-type transforma-
tion, namely, the SYZ mirror transformation F . This hopefully provides a more
conceptual understanding of what is going on.

In [15] (Section 5), Fukaya-Oh-Ohta-Ono studied the isomorphism QH∗(X̄) ∼=
Jac(W) from the point of view of Lagrangian Floer theory. They worked over the
Novikov ring, instead of C, and gave a proof (Theorem 1.9) of this isomorphism
(over the Novikov ring) for all toric Fano manifolds basing on Batyrev’s formulas
for presentations of the small quantum cohomology rings of toric manifolds and
Givental’s mirror theorem [20]. Their proof was also combinatorial in nature, but
they claimed that a geometric proof would appear in a sequel of [15]. A brief
history and a more detailed discussion of the proof of the isomorphism were also
contained in Remark 1.10 of [15]. See also the sequel [16].

The rest of this paper is organized as follows. In the next section, we define
the family of functions {Φq}q∈K(X̄) in terms of the counting of Maslov index
two holomorphic discs and give a combinatorial proof Proposition 1.1, which is
followed by a discussion of the role played by tropical geometry. The heart of this
paper is Section 3, where we construct explicitly the SYZ mirror transformation
F for a toric Fano manifold X̄ and show that it indeed transforms the symplectic
structure of X̄ to the complex structure of (Y, W), and vice versa. This is the first
part of Theorem 1.1. We then move on to prove the second part, which shows
how the SYZ mirror transformation F can realize the isomorphism QH∗(X̄) ∼=
Jac(W). Section 4 contains some examples. We conclude with some discussions
in the final section.

2. Maslov index two holomorphic discs and QH∗(X̄)

In the first part of this section, we define the functions Φq, q ∈ K(X̄), and
Ψ1, . . . , Ψd on LX in terms of the counting of Maslov index two holomorphic discs
in X̄ with boundary in Lagrangian torus fibers of the moment map µ : X → P,
and show how they can be used to compute the small quantum cohomology ring

5In [11], we rewrote the function Φq as exp(Ψ1 + . . . + Ψd), so that Φqe
√−1ωX = exp(

√−1ωX +
Ψ1 + . . . + Ψd) and the formula in part 1. of Theorem 1.1 becomes F (e

√−1ωX+Ψ1+...+Ψd ) = eW ΩY .
May be it is more appropriate to call

√−1ωX + Ψ1 + . . . + Ψd ∈ Ω2(LX)⊕Ω0(LX) the symplectic
structure corrected by Maslox index two holomorphic discs.
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QH∗(X̄) in the case when X̄ is a product of projective spaces. In particular, we
demonstrate how the quantum product can be realized as a convolution product
(part 2. of Proposition 1.1). In the second part, we explain the geometry of these
results by using tropical geometry.

2.1. Computing QH∗(X̄) in terms of functions on LX. Recall that the primitive
generators of the 1-dimensional cones of the fan Σ defining the toric Fano mani-
fold X̄ are denoted by v1, . . . , vd ∈ N. Without loss of generality, we can assume
that v1 = e1, . . . , vn = en is the standard basis of N ∼= Zn. The map

∂ : Zd → N, (k1, . . . , kd) 7→
d

∑
i=1

kivi

is surjective since X̄ is compact. Let K be the kernel of ∂, so that the sequence

(2.1) 0 −→ K ι−→ Zd ∂−→ N −→ 0

is exact (see, for example, Appendix 1 in the book of Guillemin [24]).
Now consider the Kähler cone K(X̄) ⊂ H2(X̄, R) of X̄, and let q1, . . . , ql ∈ R>0

(l = d − n) be the coordinates of K(X̄). For each q = (q1, . . . , ql) ∈ K(X̄), we
choose P̄ to be the polytope defined by

P̄ = {x ∈ MR : 〈x, vi〉 ≥ λi, i = 1, . . . , d}
with λi = 0, for i = 1, . . . , n, and λn+a = log qa, for a = 1, . . . , l. This associates a
Kähler structure ωX̄ to X̄.

Remark 2.1. Let P̄ be the polytope defined by the inequalities

〈x, vi〉 ≥ λi, i = 1, . . . , d.

Also let
Q1 = (Q11, . . . , Qd1), . . . , Ql = (Q1l , . . . , Qdl) ∈ Zd

be a Z-basis of K. Then the coordinates q = (q1, . . . , ql) ∈ K(X̄) of the Kähler cone are
given by qa = e−ra , where

ra = −
d

∑
i=1

Qiaλi,

for a = 1, . . . , l. Hence, different choices of the Z-basis of K and the constants λ1, . . . , λd
can give rise to the same Kähler structure parametrized by q ∈ K(X̄). We choose the Z-
basis {Q1, . . . , Ql} of K such that (Qn+a,b)1≤a,b≤l = Idl×l , and the constants λ1, . . . , λd
such that λ1 = . . . = λn = 0.

Recall that µ : X → P is the restriction of the moment map µX̄ : X̄ → P̄ to
the open dense TN-orbit X ⊂ X̄, where P is the interior of the polytope P̄. For a
point x ∈ P, we let Lx = µ−1(x) ⊂ X be the Lagrangian torus fiber over x. Then
the groups H2(X̄, Z), π2(X̄, Lx) and π1(Lx) can be identified canonically with K,
Zd and N respectively, so that the exact sequence (2.1) above coincides with the
following exact sequence of homotopy groups associated to the pair (X̄, Lx):

0 −→ H2(X̄, Z) ι−→ π2(X̄, Lx)
∂−→ π1(Lx) −→ 0.

To proceed, we shall recall some of the fundamental results of Cho-Oh [12] on
the classification of holomorphic discs in (X̄, Lx):
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Theorem 2.1 (Theorem 5.2 and Theorem 8.1 in Cho-Oh [12]). π2(X̄, Lx) is gen-
erated by d Maslov index two classes β1, . . . , βd ∈ π2(X̄, Lx), which are represented
by holomorphic discs with boundary in Lx. Moreover, given a point p ∈ Lx, then, for
each i = 1, . . . , d, there is a unique (up to automorphism of the domain) Maslov index
two holomorphic disc ϕi : (D2, ∂D2) → (X̄, Lx) in the class βi whose boundary passes
through p,6 and the symplectic area of ϕi is given by

(2.2) Area(ϕi) =
∫

βi

ωX̄ =
∫

D2
ϕ∗i ωX̄ = 2π(〈x, vi〉 − λi).

Furthermore, for each i = 1, . . . , d, the disc ϕi intersects the toric prime divisor
Di at a unique interior point. (We can in fact choose the parametrization of ϕi so
that ϕi(0) ∈ Di.) Indeed, a result of Cho-Oh (Theorem 5.1 in [12]) says that, the
Maslov index of a holomorphic disc ϕ : (D2, ∂D2) → (X̄, Lx) representing a class
β ∈ π2(X̄, Lx) is given by twice the algebraic intersection number β · D∞, where
D∞ =

⋃d
i=1 Di is the toric boundary divisor (see also Auroux [6], Lemma 3.1).

Let LX be the product X× N. We view LX as a (trivial) Zn-cover over X:

π : LX = X× N → X,

and we equip LX with the symplectic structure π∗(ωX), so that it becomes a
symplectic manifold. We are now in a position to define Φq.

Definition 2.1. Let q = (q1, . . . , ql) ∈ K(X̄). The function Φq : LX → R is defined
as follows. For (p, v) ∈ LX = X × N, let x = µ(p) ∈ P and Lx = µ−1(x) be the
Lagrangian torus fiber containing p. Denote by

π+
2 (X̄, Lx) =

{ d

∑
i=1

kiβi ∈ π2(X̄, Lx) : ki ∈ Z≥0, i = 1, . . . , d
}

the positive cone generated by the Maslov index two classes β1, . . . , βd which are repre-
sented by holomorphic discs with boundary in Lx. For β = ∑d

i=1 kiβi ∈ π+
2 (X̄, Lx), we

denote by w(β) the number k1! . . . kd!. Then set

Φq(p, v) = ∑
β∈π+

2 (X̄,Lx), ∂β=v

1
w(β)

e−
1

2π

∫
β ωX̄ .

Remark 2.2.
1. We say that Φq is defined by the counting of Maslov index two holomorphic

discs because of the following: Let (p, v) ∈ LX, x = µ(p) ∈ P, Lx ⊂ X and
β1, . . . , βd ∈ π2(X̄, Lx) be as before. For i = 1, . . . , d, let ni(p) be the (algebraic)
number of Maslov index two holomorphic discs ϕ : (D2, ∂D2) → (X̄, Lx) in the
class βi whose boundary passes through p. This number is well-defined since X̄
is toric Fano (see Section 3.1 and Section 4 in Auroux [6]). Then we can re-define

Φq(p, v) = ∑
β∈π+

2 (X̄,Lx), ∂β=v

nβ(p)
w(β)

e−
1

2π

∫
β ωX̄ ,

6Another way to state this result: Let M1(Lx , βi) be the moduli space of holomorphic discs in
(X̄, Lx) in the class βi and with one boundary marked point. In the toric Fano case, M1(Lx , βi) is a
smooth compact manifold of real dimension n. Let ev : M1(Lx , βi) → Lx be the evaluation map at
the boundary marked point. Then we have ev∗[M1(Lx , βi)] = [Lx ] as n-cycles in L. See Cho-Oh [12]
and Auroux [6] for details.



MIRROR SYMMETRY FOR TORIC FANO MANIFOLDS VIA SYZ 9

where nβ(p) = n1(p)k1 . . . nd(p)kd if β = ∑d
i=1 kiβi. Defining Φq in this way

makes it explicit that Φq carries enumerative meaning. By Theorem 2.1, we have
ni(p) = 1, for all i = 1, . . . , d and for any p ∈ X. So this definition reduces to
the one above.

2. By definition, Φq is invariant under the TN-action on X ⊂ X̄. Since X =
T∗P/N = P×√−1TN (and the moment map µ : X → P is nothing but the
projection to the first factor), we may view Φq as a function on P× N.

3. The function Φq is well-defined, i.e. the infinite sum in its definition converges.
To see this, notice that, by the symplectic area formula (2.2) of Cho-Oh, we have

Φq(p, v) =

(
∑

k1,...,kd∈Z≥0,
∑d

i=1 kivi=v

qkn+1
1 . . . qkd

l
k1! . . . kd!

)
e−〈x,v〉,

and the sum inside the big parentheses is less than en+q1+...+ql .

For TN-invariant functions f , g : LX → R, we define their convolution product
f ? g : LX → R by

( f ? g)(p, v) = ∑
v1,v2∈N, v1+v2=v

f (p, v1)g(p, v2),

for (p, v) ∈ LX. As in the theory of Fourier analysis, for the convolution f ? g
to be well-defined, we need some conditions for both f and g. We leave this to
Subsection 3.2 (see Definition 3.4 and the subsequent discussion). Nevertheless,
if one of the functions is nonzero only for finitely many v ∈ N, then the sum in
the definition of ? is a finite sum, so it is well-defined. This is the case in the
following proposition.

Proposition 2.1. [=part 1. of Proposition 1.1] The logarithmic derivatives of Φq, with
respect to qa for a = 1, . . . , l, are given by

qa
∂Φq

∂qa
= Φq ? Ψn+a

where Ψi : LX → R is defined, for i = 1, . . . , d, by

Ψi(p, v) =

{
e−

1
2π

∫
βi

ωX̄ if v = vi
0 if v 6= vi,

for (p, v) ∈ LX = X × N, and with x = µ(p) ∈ P, Lx = µ−1(x) and β1, . . . , βd ∈
π2(X̄, Lx) as before.

Proof. We will compute ql
∂Φq
∂ql

. The others are similar. By using Cho-Oh’s formula
(2.2) and our choice of the polytope P̄, we have

e〈x,v〉Φq(p, v) = ∑
k1,...,kd∈Z≥0,
∑d

i=1 kivi=v

qkn+1
1 . . . qkd

l
k1! . . . kd!

.
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Note that the right-hand-side is independent of p ∈ X. Differentiating both sides
with respect to ql gives

e〈x,v〉 ∂Φq(p, v)
∂ql

= ∑
k1,...,kd−1∈Z≥0, kd∈Z≥1,

∑d
i=1 kivi=v

qkn+1
1 . . . qkd−1

l−1 qkd−1
l

k1! . . . kd−1!(kd − 1)!

= ∑
k1,...,kd∈Z≥0,

∑d
i=1 kivi=v−vd

qkn+1
1 . . . qkd

l
k1! . . . kd!

= e〈x,v−vd〉Φq(p, v− vd).

Hence, we obtain

ql
∂Φq(p, v)

∂ql
= qle−〈x,vd〉Φq(p, v− vd).

Now, by the definition of the convolution product ?, we have

Φq ? Ψd(p, v) = ∑
v1,v2∈N, v1+v2=v

Φq(p, v1)Ψd(p, v2) = Φq(p, v− vd)Ψd(p, vd),

and Ψd(p, vd) = e
− 1

2π

∫
βd

ωX̄ = eλd−〈x,vd〉 = qle−〈x,vd〉. The result follows. ¤
In the previous proposition, we introduce the TN-invariant functions Ψ1, . . . , Ψd ∈

C∞(LX). Similar to what has been said in Remark 2.2(1), these functions carry
enumerative meanings, and we should have defined Ψi(p, v), i = 1, . . . , d in terms
of the counting of Maslov index two holomorphic discs in (X̄, Lµ(p)) with bound-
ary v which pass through p, i.e.

Ψi(p, v) =

{
ni(p)e−

1
2π

∫
βi

ωX̄ if v = vi
0 if v 6= vi,

for (p, v) ∈ LX = X× N, where x = µ(p) ∈ P, Lx = µ−1(x) ⊂ X and β1, . . . , βd ∈
π2(X̄, Lx) are as before. Again, since the number ni(p) is always equal to one, for
any p ∈ X and for all i = 1, . . . , d, this definition of Ψi is the same as the previous
one. But we should keep in mind that the function Ψi ∈ C∞(LX) encodes the
following enumerative information: for each p ∈ X, there is a unique Maslov
index two holomorphic disc ϕi in the class βi with boundary in the Lagrangian
torus fiber Lµ(p) whose boundary passes through p and whose interior intersects
the toric prime divisor Di at one point. In view of this, we put the d functions
{Ψi}d

i=1, the d families of Maslov index two holomorphic discs {ϕi}d
i=1 and the d

toric prime divisors {Di}d
i=1 in one-to-one correspondences:

(2.3) {Ψi}d
i=1

1−1←→ {ϕi}d
i=1

1−1←→ {Di}d
i=1.

Through these correspondences, we introduce linear relations in the d-dimensional
C-vector space spanned by the functions Ψ1, . . . , Ψd using the linear equivalences
among the divisors D1, . . . , Dd.

Definition 2.2. Two linear combinations ∑d
i=1 aiΨi and ∑d

i=1 biΨi, where ai, bi ∈ C, are
said to be linearly equivalent, denoted by ∑d

i=1 aiΨi ∼ ∑d
i=1 biΨi, if the corresponding

divisors ∑d
i=1 aiDi and ∑d

i=1 biDi are linearly equivalent.
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We further define Ψ−1
i : LX → R, i = 1, . . . , d, by

Ψ−1
i (p, v) =

{
e

1
2π

∫
βi

ωX if v = −vi
0 if v 6= −vi,

for (p, v) ∈ LX, so that Ψ−1
i ? Ψi = 1, where 1 : LX → R is the function defined

by

1(p, v) =
{

1 if v = 0
0 if v 6= 0.

The function 1 serves as a multiplicative identity for the convolution product, i.e.
1 ? f = f ? 1 = f for any f ∈ C∞(LX). Now the second part of Proposition 1.1
says that

Proposition 2.2 (=part 2. of Proposition 1.1). We have a natural isomorphism of
C-algebras

(2.4) QH∗(X̄) ∼= C[Ψ±1
1 , . . . , Ψ±1

n ]/L,

where C[Ψ±1
1 , . . . , Ψ±1

n ] is the polynomial algebra generated by Ψ±1
1 , . . . , Ψ±1

n with re-
spect to the convolution product ? and L is the ideal generated by linear equivalences,
provided that X̄ is a product of projective spaces.

In the rest of this subsection, we will give an elementary proof of this propo-
sition by simple combinatorial arguments and computation of certain Gromov-
Witten invariants.

First of all, each toric prime divisor Di (i = 1, . . . , d) determines a cohomology
class in H2(X̄, C), which will be, by abuse of notations, also denoted by Di. It is
known by the general theory of toric varieties that the cohomology ring H∗(X̄, C)
of the compact toric manifold X̄ is generated by the classes D1, . . . , Dd in H2(X̄, C)
(see, for example, Fulton [17] or Audin [5]). More precisely, there is a presentation
of the form:

H∗(X̄, C) = C[D1, . . . , Dd]/(L+ SR),
where L is the ideal generated by linear equivalences and SR is the Stanley-
Reisner ideal generated by primitive relations (see Batyrev [9]). Now, by a result of
Siebert and Tian (Proposition 2.2 in [41]), QH∗(X̄) is also generated by D1, . . . , Dd
and a presentation of QH∗(X̄) is given by replacing each relation in SR by its
quantum counterpart. Denote by SRQ the quantum Stanley-Reisner ideal. Then
we can rephrase what we said as:

QH∗(X̄) = C[D1, . . . , Dd]/(L+ SRQ).

The computation of QH∗(X̄) (as a presentation) therefore reduces to computing
the generators of the ideal SRQ.

Let X̄ = CPn1 × . . . × CPnl be a product of projective spaces. The complex
dimension of X̄ is n = n1 + . . . + nl . For a = 1, . . . , l, let v1,a = e1, . . . , vna ,a =
ena , vna+1,a = −∑na

j=1 ej ∈ Na be the primitive generators of the 1-dimensional
cones in the fan of CPna , where {e1, . . . , ena} is the standard basis of Na ∼= Zna .
For j = 1, . . . , na + 1, a = 1, . . . , l, we use the same symbol vj,a to denote the vector

(0, . . . , vj,a︸︷︷︸
a-th

, . . . , 0) ∈ N = N1 ⊕ . . .⊕ Nl ,
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where vj,a sits in the ath place. These d = ∑l
a=1(na + 1) = n + l vectors in N are

the primitive generators of the 1-dimensional cones of the fan Σ defining X̄. In
the following, we shall also denote the toric prime divisor, the relative homotopy
class, the family of Maslov index two holomorphic discs with boundary in La-
grangian torus fibers and the function on LX corresponding to vj,a by Dj,a, β j,a,
ϕj,a and Ψj,a respectively.

Lemma 2.1. There are exactly l primitive collections given by

Pa = {vj,a : j = 1, . . . , na + 1}, a = 1, . . . , l,

and hence the Stanley-Reisner ideal of X̄ = CPn1 × . . .×CPnl is given by

SR = 〈D1,a ∪ . . . ∪ Dna+1,a : a = 1 . . . , l〉.
Proof. Let P be any primitive collection. By definition, P is a collection of primi-
tive generators of 1-dimensional cones of the fan Σ defining X̄ such that for any
v ∈ P, P \ {v} generates a (|P| − 1)-dimensional cone in Σ, while P itself does
not generate a |P|-dimensional cone in Σ. Suppose that P 6⊂ Pa for any a. For
each a, choose v ∈ P \ (P ∩Pa). By definition, P \ {v} generates a cone in Σ.
But all the cones in Σ are direct sums of cones in the fans of the factors. So, in
particular, P ∩Pa, whenever it’s nonempty, will generate a cone in the fan of
CPna . Since P =

⊔l
a=1 P ∩Pa, this implies that the set P itself generates a cone,

which is impossible. We therefore conclude that P must be contained in, and
hence equal to one of the Pa’s. ¤

Hence, to compute the quantum Stanley-Reisner ideal SRQ, we must com-
pute the expression D1,a ∗ . . . ∗Dna+1,a, for a = 1, . . . , l, where ∗ denotes the small
quantum product of QH∗(X̄). Before doing this, we shall recall the definitions
and properties of the relevant Gromov-Witten invariants and the small quantum
product for X̄ = CPn1 × . . .×CPnl as follows.

For δ ∈ H2(X̄, Z), let M0,m(X̄, δ) be the moduli space of genus 0 stable maps
with m marked points and class δ. Since X̄ is convex (i.e. for all maps ϕ : CP1 →
X̄, H1(CP1, ϕ∗TX̄) = 0), the moduli space M0,m(X̄, δ), if nonempty, is a variety
of pure complex dimension dimC(X̄) + c1(X̄) · δ + m − 3 (see, for example, the
book [4], p.3). For k = 1, . . . , m, let evk : M0,m(X̄, δ) → X̄ be the evaluation map
at the kth marked point, and let π : M0,m(X̄, δ) → M0,m be the forgetful map,
where M0,m denotes the Deligne-Mumford moduli space of genus 0 stable curves
with m marked points. Then, given cohomology classes A ∈ H∗(M0,m, Q) and
γ1, . . . , γm ∈ H∗(X̄, Q), the Gromov-Witten invariant is defined by

GWX̄,δ
0,m (A; γ1, . . . , γm) =

∫

[M0,m(X̄,δ)]
π∗(A) ∧ ev∗1(γ1) ∧ . . . ∧ ev∗m(γm),

where [M0,m(X̄, δ)] denotes the fundamental class of M0,m(X̄, δ). Let ∗ be the
small quantum product of QH∗(X̄). Then it is not hard to show that, for any
classes γ1, . . . , γr ∈ H∗(X̄, Q), the expression γ1 ∗ . . . ∗ γr can be computed by the
formula

γ1 ∗ . . . ∗ γr = ∑
δ∈H2(X̄,Z)

∑
i

GWX̄,δ
0,r+1(PD(pt); γ1, . . . , γr, ti)tiqδ,
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where {ti} is a basis of H∗(X̄, Q), {ti} denotes the dual basis of {ti} with respect
to the Poincaré pairing, and PD(pt) ∈ H2m−6(M0,m, Q) denotes the Poincaré dual
of a point in M0,m (see, e.g. formula (1.4) in Spielberg [42]). Moreover, since
X̄ is homogeneous of the form G/P, where G is a Lie group and P is a para-
bolic subgroup, the Gromov-Witten invariants are enumerative, in the sense that
GWX̄,δ

0,r+1(PD(pt); γ1, . . . , γr, ti) is equal to the number of holomorphic maps ϕ :
(CP1; x1, . . . , xr, xr+1) → X̄ with ϕ∗([CP1]) = δ such that (CP1; x1, . . . , xr, xr+1) is
a given point in M0,r+1, ϕ(xk) ∈ Γk, for k = 1, . . . , r, and ϕ(xr+1) ∈ Ti, where
Γ1, . . . , Γr, Ti are representatives of cycles Poincaré duals to the classes γ1, . . . , γr, ti
respectively (see [4], p.12).

We shall now use the above facts to compute D1,a ∗ . . . ∗Dna+1,a, which is given
by the formula

D1,a ∗ . . . ∗ Dna+1,a = ∑
δ∈H2(X̄,Z)

∑
i

GWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti)tiqδ.

First of all, since H2(X̄, Z) is the kernel of the boundary map ∂ : π2(X̄, Lx) =
Zd → π1(Lx) = N, a homology class δ ∈ H2(X̄, Z) can be represented by a
d-tuple of integers

δ = (c1,1, . . . , cn1+1,1, . . . , c1,b, . . . , cnb+1,b, . . . , c1,l , . . . , cnl+1,l) ∈ Zd

satisfying ∑l
b=1 ∑nb+1

j=1 cj,bvj,b = 0 ∈ N. Then we have c1(X̄) · δ = ∑l
b=1 ∑nb+1

j=1 cj,b.

For the Gromov-Witten invariant GWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti) to be nonzero,

δ must be represented by irreducible holomorphic curves which pass through all
the divisors D1,a, . . . , Dna+1,a. This implies that cj,a ≥ 1, for j = 1, . . . , na + 1, and
moreover, δ lies in the cone of effective classes Heff

2 (X̄, Z) ⊂ H2(X̄, Z). By Theo-
rem 2.15 of Batyrev [9], Heff

2 (X̄, Z) is given by the kernel of the restriction of the
boundary map ∂|

Zd
≥0

: Zd
≥0 → N. So we must also have cj,b ≥ 0 for all j and b,

and we conclude that

c1(X̄) · δ =
l

∑
b=1

nb+1

∑
j=1

cj,b ≥ na + 1.

By dimension counting, GWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti) 6= 0 only when

2(dimC(X̄) + c1(X̄) · δ + (na + 2)− 3) = 2((na + 2)− 3) + 2(na + 1) + deg(ti).

The above inequality then implies that deg(ti) ≥ 2dim(X̄). We therefore must
have ti = PD(pt) ∈ H2dim(X̄)(X̄, Q) and δ ∈ H2(X̄, Z) is represented by the d-
tuple of integers δa := (c1,1, . . . , cnl+1,l) ∈ Zd, where

cj,b =
{

1 if b = a and j = 1, . . . , na + 1
0 otherwise,

i.e., δ = δa is the pullback of the class of a line in the factor CPna . Hence,

D1,a ∗ . . . ∗ Dna+1,a = GWX̄,δa
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, PD(pt))qδa .

By Theorem 9.3 in Batyrev [10] (see also Siebert [40], section 4), the Gromov-
Witten invariant on the right-hand-side is equal to 1. Geometrically, this means



14 K.-W. CHAN AND N.-C. LEUNG

that, for any given point p ∈ X ⊂ X̄, there is a unique holomorphic map
ϕa : (CP1; x1, . . . , xna+2) → X̄ with class δa, ϕa(xj) ∈ Dj,a, for j = 1, . . . , na + 1,
ϕa(xna+2) = p and such that (CP1; x1, . . . , xna+2) is a given configuration in
M0,na+2. Also note that, for a = 1, . . . , l, qδa = exp(− 1

2π

∫
δa

ωX̄) = e−ra = qa,
where (q1, . . . , ql) are the coordinates of the Kähler cone K(X̄). Thus, we have the
following lemma.

Lemma 2.2. For a = 1, . . . , l, we have

D1,a ∗ . . . ∗ Dna+1,a = qa.

Hence, the quantum Stanley-Reisner ideal of X̄ = CPn1 × . . .×CPnl is given by

SRQ = 〈D1,a ∗ . . . ∗ Dna+1,a − qa : a = 1 . . . , l〉,
and the quantum cohomology ring of X̄ has a presentation given by

QH∗(X̄) =
C[D1,1,...,Dn1+1,1,...,D1,l ,...,Dnl+1,l ]〈

Dj,a−Dna+1,a :j=1,...,na , a=1,...,l
〉
+
〈

∏na+1
j=1 Dj,a−qa :a=1,...,l

〉 .

Proposition 2.2 now follows from a simple combinatorial argument:

Proof of Proposition 2.2. For a general toric Fano manifold X̄, recall, from Remark 2.1,
that we have chosen a Z-basis

Q1 = (Q11, . . . , Qd1), . . . , Ql = (Q1l , . . . , Qdl) ∈ Zd

of K = H2(X̄, Z) such that (Qn+a,b)1≤a,b≤l = Idl×l . So, by Cho-Oh’s symplectic
area formula (2.2), for a = 1, . . . , l, we have
( n

∑
i=1

Qia

∫

βi

ωX̄

)
+

∫

βn+a
ωX̄ = 2π

( n

∑
i=1

Qia(〈x, vi〉 − λi)
)

+ 2π(〈x, vn+a〉 − λn+a)

= 2π〈x,
n

∑
i=1

Qiavi + vn+a〉 − 2π(
a

∑
i=1

Qiaλa + λn+a)

= 2πra.

Then, by the definition of the convolution product of functions on LX, we have

ΨQ1a
1 ? . . . ? ΨQna

n ? Ψn+a(x, v) =

{
e−

1
2π (∑n

i=1 Qia
∫

βi
ωX̄)− 1

2π

∫
βn+a

ωX̄ if v = 0
0 if v 6= 0

=
{

e−ra if v = 0
0 if v 6= 0

= qa1,

or Ψn+a = qa(Ψ−1
1 )Q1a ? . . . ? (Ψ−1

n )Qna , for a = 1, . . . , l.
Suppose that the following condition: Qia ≥ 0 for i = 1, . . . , n, a = 1, . . . , l, and

for each i = 1, . . . , n, there exists 1 ≤ a ≤ l such that Qia > 0, is satisfied, which
is the case when X̄ is a product of projective spaces. Then the inclusion

C[Ψ1, . . . , Ψn, Ψn+1, . . . , Ψd] ↪→ C[Ψ±1
1 , . . . , Ψ±1

n ]

is an isomorphism. Consider the surjective map

ρ : C[D1, . . . , Dd] → C[Ψ1, . . . , Ψd]
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defined by mapping Di to Ψi for i = 1, . . . , d. This map is not injective because
there are nontrivial relations in C[Ψ1, . . . , Ψd] generated by the relations

ΨQ1a
1 ? . . . ? ΨQna

n ? Ψn+a − qa1 = 0, a = 1, . . . , l.

By Lemma 2.2, the kernel of ρ is exactly given by the ideal SRQ when X̄ is a
product of projective spaces. Thus, we have an isomorphism

C[D1, . . . , Dd]/SRQ
∼=−→ C[Ψ1, . . . , Ψd].

Since (C[D1, . . . , Dd]/SRQ)/L = C[D1, . . . , Dd]/(L+ SRQ) = QH∗(X̄), we ob-
tain the desired isomorphism

QH∗(X̄) ∼= C[Ψ1, . . . , Ψd]/L ∼= C[Ψ±1
1 , . . . , Ψ±1

n ]/L,

provided that X̄ is a product of projective spaces. ¤

Remark 2.3.
1. In [10], Theorem 5.3, Batyrev gave a "formula" for the quantum Stanley-Reisner

ideal SRQ for any compact toric Kähler manifolds, using his own definition of
the small quantum product (which is different from the usual one because Batyrev
counted only holomorphic maps from CP1). By Givental’s mirror theorem [20],
Batyrev’s formula is true, using the usual definition of the small quantum prod-
uct, for all toric Fano manifolds. Our proof of Lemma 2.2 is nothing but a simple
verification of Batyrev’s formula in the case of products of projective spaces, with-
out using Givental’s mirror theorem.

2. In any event, Batyrev’s formula in [10] for a presentation of the small quantum
cohomology ring QH∗(X̄) of a toric Fano manifold X̄ is correct. In the same
paper, Batyrev also proved that QH∗(X̄) is canonically isomorphic to the Jacobian
ring Jac(W), where W is the superpotential mirror to X̄ (Theorem 8.4 in [10]).
Now, by Theorem 3.3 in Subsection 3.3, the inverse SYZ transformation F−1

gives a canonical isomorphism F−1 : Jac(W)
∼=→ C[Ψ±1

1 , . . . , Ψ±1
n ]/L. Then,

the composition map QH∗(X̄) → C[Ψ±1
1 , . . . , Ψ±1

n ]/L, which maps Di to Ψi,
for i = 1, . . . , d, is an isomorphism. This proves Proposition 2.2 all toric Fano
manifolds. We choose not to use this proof because all the geometry is then hid by
the use of Givental’s mirror theorem.

2.2. The role of tropical geometry. While our proof of the isomorphism (2.4) in
Proposition 2.2 is combinatorial in nature, the best way to understand the geom-
etry behind it is through the correspondence between holomorphic curves and
discs in X̄ and their tropical counterparts in NR. Indeed, this is the main reason
why we confine ourselves to the case of products of projective spaces. Our first
task is to define a tropical analog QH∗

trop(X̄) of the small quantum cohomology
ring of X̄, when X̄ is a product of projective spaces. For this, we shall recall some
notions in tropical geometry. We will not state the precise definitions, for which
we refer the reader to Mikhalkin [32], [33], [34] and Nishinou-Siebert [38].

A genus 0 tropical curve with m marked points is a connected tree Γ with exactly
m unbounded edges (also called leaves) and each bounded edge is assigned a
positive length. Let Mtrop

0,m be the moduli space of genus 0 tropical curves with
m marked points (modulo isomorphisms). The combinatorial types of Γ partition
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Mtrop
0,m into disjoint subsets, each of which has the structure of a polyhedral cone

Re
>0 (where e is the number of bounded edges in Γ). There is a distinguished

point in Mtrop
0,m corresponding to the (unique) tree Γm with exactly one (m-valent)

vertex V, m unbounded edges E1, . . . , Em and no bounded edges. See Figure 2.1
below. We will fix this point in Mtrop

0,m ; this is analog to fixing a point in M0,m.

.

....................................................................................................................................................................................................
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.
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E1
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..

E4

• V Figure 2.1: Γ4 ∈ Mtrop
0,4 .

Let Σ be the fan defining X̄ = CPn1 × . . . × CPnl , and denote by Σ[1] =
{v1,1, . . . , vn1+1,1, . . . , v1,a, . . . , vna+1,a, . . . , v1,l , . . . , vnl+1,l} ⊂ N the set of primitive
generators of 1-dimensional cones in Σ. Let h : Γm → NR be a continuous em-
bedding such that, for each k = 1, . . . , m, h(Ek) = h(V) + R≥0v(Ek) for some
v(Ek) ∈ Σ[1], and the following balancing condition is satisfied:

m

∑
k=1

v(Ek) = 0.

Then the tuple (Γm; E1, . . . , Em; h) is a parameterized m-marked, genus 0 tropical
curve in X̄. The degree of (Γm; E1, . . . , Em; h) is the d-tuple of integers δ(h) =
(c1,1, . . . , cn1+1,1, . . . , c1,a, . . . , cna+1,a, . . . , c1,l , . . . , cnl+1,l) ∈ Zd, where

cj,a =
{

1 if vj,a ∈ {v(E1), . . . , v(Em)}
0 otherwise.

By the balancing condition, we have ∑l
a=1 ∑na+1

j=1 cj,avj,a = 0, i.e. δ(h) lies in the

kernel of ∂ : Zd → N, and so δ(h) ∈ H2(X̄, Z).
We want to consider the tropical counterpart, denoted by

TGWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti),

of the Gromov-Witten invariant GWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti). 7 Since a

general definition is not available, we introduce a tentative definition as follows.

Definition 2.3. We define TGWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti) to be the number of

parameterized (na + 1)-marked, genus 0 tropical curves of the form (Γna+1; E1, . . . , Ena+1; h)
with δ(h) = δ such that h(Ej) = h(V) + R≥0vj,a, for j = 1, . . . , na + 1, and h(V) ∈
Log(Ti), where Ti is a cycle Poincaré dual to ti, whenever this number is finite. We
set TGWX̄,δ

0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti) to be 0 if this number is infinite. Here,
Log : X → NR is the map, after identifying X with (C∗)n, defined by Log(w1, . . . , wn) =
(log |w1|, . . . , log |wn|), for (w1, . . . , wn) ∈ X.

7"TGW" stands for "tropical Gromov-Witten".
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We then define the tropical small quantum cohomology ring QH∗
trop(X̄) of X̄ =

CPn1 × . . .×CPnl as a presentation:

QH∗
trop(X̄) = C[D1,1, . . . , Dn1+1,1, . . . , D1,l . . . , Dnl+1,l ]/(L+ SRtrop

Q ),

where SRtrop
Q is the tropical version of the quantum Stanley-Reisner ideal, de-

fined to be the ideal generated by the relations

D1,a ∗T . . . ∗T Dna+1,a = ∑
δ∈H2(X̄,Z)

∑
i

TGWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti)tiqδ,

for a = 1, . . . , l. Here ∗T denotes the product in QH∗
trop(X̄), which we call the

tropical small quantum product. It is not hard to see that, as in the holomorphic
case, we have

TGWX̄,δ
0,na+2(PD(pt); D1,a, . . . , Dna+1,a, ti) =

{
1 if ti = PD(pt) and δ = δa
0 otherwise.

Indeed, as a special case of the correspondence theorem of Mikhalkin [32] and
Nishinou-Siebert [38], we have: For a given point p ∈ X, let ξ := Log(p) ∈
NR. Then the unique holomorphic curve ϕa : (CP1; x1, . . . , xna+2) → X̄ with
class δa, ϕa(xj) ∈ Dj,a, for j = 1, . . . , na + 1, ϕa(xna+2) = p and such that
(CP1; x1, . . . , xna+2) is a given configuration in M0,na+2, is corresponding to the
unique parameterized (na + 1)-marked tropical curve (Γna+1; E1, . . . , Ena+1; ha)
of genus 0 and degree δa such that ha(V) = ξ and ha(Ej) = ξ + R≥0vj,a, for
j = 1, . . . , na + 1. It follows that

SRtrop
Q = 〈D1,a ∗T . . . ∗T Dna+1,a − qa : a = 1 . . . , l〉,

and there is a canonical isomorphism

(2.5) QH∗(X̄) ∼= QH∗
trop(X̄).

Remark 2.4. All these arguments and definitions rely, in an essential way, on the fact
that X̄ is a product of projective spaces, so that Gromov-Witten invariants are enumera-
tive and all the (irreducible) holomorphic curves, which contribute to QH∗(X̄), are not
mapped into the toric boundary divisor D∞. Remember that tropical geometry cannot be
used to count nodal curves or curves with irreducible components mapping into D∞.

Next, we take a look at tropical discs. Consider the point Γ1 ∈ Mtrop
0,1 . This

is nothing but a half line, consisting of an unbounded edge E emanating from a
univalent vertex V. See Figure 2.2 below.

.

........................................................................................................................................................................................................................................................................................................................................................................................................................•V

E
Figure 2.2: Γ1 ∈ Mtrop

0,1 .

A parameterized Maslov index two tropical disc in X̄ is a tuple (Γ1, E, h), where h :
Γ1 → NR is an embedding such that h(E) = h(V) + R≥0v for some v ∈ Σ[1].8 For

8For precise definitions of general tropical discs (with higher Maslov indices), we refer the reader
to Nishinou [36]; see also the recent work of Gross [22].
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any given point ξ ∈ NR, it is obvious that, there is a unique parameterized Maslov
index two tropical disc (Γ1, E, hj,a) such that hj,a(V) = ξ and hj,a(E) = ξ + R≥0vj,a,
for any vj,a ∈ Σ[1]. Comparing this to the result (Theorem 2.1) of Cho-Oh on the
classification of Maslov index two holomorphic discs in X̄ with boundary in the
Lagrangian torus fiber Lξ := Log−1(ξ) ⊂ X, we get a one-to-one correspondence
between the families of Maslov index two holomorphic discs in (X̄, Lξ) and the
parameterized Maslov index two tropical discs (Γ1, E, h) in X̄ such that h(V) = ξ.
We have the holomorphic disc ϕj,a : (D2, ∂D2) → (X̄, Lξ) corresponding to the
tropical disc (Γ1, E, hj,a).9 Then, by (2.3), we also get a one-to-one correspondence
between the parameterized Maslov index two tropical discs (Γ1, E, hj,a) in X̄ and
the functions Ψj,a : LX → R:

{ϕj,a} 1−1←→ {(Γ1, E, hj,a)} 1−1←→ {Ψj,a}.

Now, while the canonical isomorphism

(2.6) QH∗
trop(X̄) ∼= C[Ψ±1

1,1 , . . . , Ψ±1
n1,1, . . . , Ψ±1

1,l , . . . , Ψ±1
nl ,l

]/L
follows from the same simple combinatorial argument in the proof of Proposi-
tion 2.2, the geometry underlying it is exhibited by a simple but crucial observa-
tion, which we formulate as the following proposition.

Proposition 2.3. Let ξ ∈ NR, then the unique parameterized (na + 1)-marked, genus
0 tropical curve (Γna+1; E1, . . . , Ena+1; ha) such that ha(V) = ξ and ha(Ej) = ξ +
R≥0vj,a, for j = 1, . . . , na + 1, is obtained by gluing the na + 1 parameterized Maslov
index two tropical discs (Γ1, E, h1,a), . . . , (Γ1, E, hna+1,a) with hj,a(V) = ξ, for j =
1, . . . , na + 1, in the following sense: The map h : (Γna+1; E1, . . . , Ena+1) → NR defined
by h|Ej = hj,a|E, for j = 1, . . . , na + 1, gives a parameterized (na + 1)-marked, genus 0
tropical curve, which coincides with (Γna+1; E1, . . . , Ena+1; ha).

Proof. Since ∑na+1
j=1 vj,a = 0, the balancing condition at V ∈ Γna+1 is automatically

satisfied. So h defines a parameterized (na + 1)-marked, genus 0 tropical curve,
which satisfies the same conditions as (Γna+1; E1, . . . , Ena+1; ha). ¤

For example, in the case of X̄ = CP2, this can be seen in Figure 2.3 below.

. ........................................................................................................................................................
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•V glued from . ................................................................................................................................................................•
(Γ1, h1)

.

.......................................................................................................................................................•

(Γ1, h2)

.
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.............
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.............
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.............

.............
.............

............•

(Γ1, h3)
Figure 2.3

The functions Ψj,a’s could have been defined by counting parameterized Maslov
index two tropical discs, instead of counting Maslov index two holomorphic discs.

9This correspondence also holds for other toric manifolds, not just for products of projective
spaces.
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So the above proposition indeed gives a geometric reason to explain why the re-
lation

D1,a ∗T . . . ∗T Dna+1,a = qa

in QH∗
trop(X̄) should coincide with the relation

Ψ1,a ? . . . ? Ψna+1,a = qa1

in C[Ψ±1
1,1 , . . . , Ψ±1

n1,1, . . . , Ψ±1
1,l , . . . , Ψ±1

nl ,l
]/L. The convolution product ? may then

be thought of as a way to encode the gluing of tropical discs.
We summarize what we have said as follows: In the case of products of projec-

tive spaces, we factor the isomorphism QH∗(X̄) ∼= C[Ψ±1
1 , . . . , Ψ±1

n ]/L in Propo-
sition 2.2 into two isomorphisms (2.5) and (2.6). The first one comes from the cor-
respondence between holomorphic curves in X̄ which contribute to QH∗(X̄) and
tropical curves in NR which contribute to QH∗

trop(X̄). The second isomorphism
is due to, on the one hand, the fact that each tropical curve which contributes to
QH∗

trop(X̄) can be obtained by gluing Maslov index two tropical discs, and, on the
other hand, the correspondence between these tropical discs in NR and Maslov
index two holomorphic discs in X̄ with boundary on Lagrangian torus fibers. See
Figure 2.4 below.

QH∗(X̄)
6

?
QH∗

trop(X̄)

HHHHj

HH
HY

Prop 2.2

��
��*

��� Prop 2.3

C[Ψ±1
1 , . . . , Ψ±1

n ]/L -� F Jac(W)

Figure 2.4

Here F denotes the SYZ mirror transformation for X̄, which is the subject of
Section 3.

3. SYZ mirror transformations

In this section, we first derive Hori-Vafa’s mirror manifold using semi-flat SYZ
mirror transformations. Then we introduce the main character in this paper: the
SYZ mirror transformations for toric Fano manifolds, and prove our main result.

3.1. Derivation of Hori-Vafa’s mirror manifold by T-duality. Recall that we
have an exact sequence (2.1):

(3.1) 0 −→ K ι−→ Zd ∂−→ N −→ 0,

and we denote by

Q1 = (Q11, . . . , Qd1), . . . , Ql = (Q1l , . . . , Qdl) ∈ Zd

a Z-basis of K. The mirror manifold of X̄, derived by Hori and Vafa in [27] using
physical arguments, is the complex submanifold

YHV =
{
(Z1, . . . , Zd) ∈ Cd :

d

∏
i=1

ZQia
i = qa, a = 1, . . . , l

}
,
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in Cd, where qa = e−ra = exp(−∑d
i=1 Qiaλi), for a = 1, . . . , l. As a complex

manifold, YHV is biholomorphic to the algebraic torus (C∗)n. By our choice of
the Z-basis Q1, . . . , Ql of K in Remark 2.1, YHV can also be written as

YHV =
{
(Z1, . . . , Zd) ∈ Cd : ZQ1a

1 . . . ZQna
n Zn+a = qa, a = 1, . . . , l

}
.

Note that, in fact, YHV ⊂ (C∗)d. In terms of these coordinates, Hori and Vafa
predicted that the superpotential W : YHV → C is given by

W = Z1 + . . . + Zd

= Z1 + . . . + Zn +
q1

ZQ11
1 . . . ZQn1

n
+ . . . +

ql

ZQ1l
1 . . . ZQnl

n
.

The goal of this subsection is to show that the SYZ mirror manifold YSYZ, which
is obtained by applying T-duality to the open dense orbit X ⊂ X̄, is contained in
Hori-Vafa’s manifold YHV as a bounded open subset. The result itself is not new,
and can be found, for example, in Auroux [6], Proposition 4.2. For the sake of
completeness, we give a self-contained proof, which will show how T-duality, i.e.
fiberwise dualizing torus bundles, transforms the symplectic quotient space X into
the complex subspace YSYZ.

We shall first briefly recall the constructions of X̄ and X as symplectic quo-
tients. For more details, we refer the reader to Appendix 1 in Guillemin [24].

From the above exact sequence (3.1), we get an exact sequence of real tori

(3.2) 1 −→ TK
ι−→ Td ∂−→ TN −→ 1,

where Td = Rd/(2πZ)d and we denote by KR and TK the real vector space
K ⊗Z R and the torus KR/K respectively. Considering their Lie algebras and
dualizing give another exact sequence

(3.3) 0 −→ MR
∂̌−→ (Rd)∨ ι̌−→ K∨R −→ 0.

Denote by W1, . . . , Wd ∈ C the complex coordinates on Cd. The standard diagonal
action of Td on Cd is Hamiltonian with respect to the standard symplectic form√−1

2 ∑d
i=1 dWi ∧ dW̄i and the moment map h : Cd → (Rd)∨ is given by

h(W1, . . . , Wd) =
1
2
(|W1|2, . . . , |Wd|2).

Restricting to TK, we get a Hamiltonian action of TK on Cd with moment map
hK = ι̌ ◦ h : Cd → ǨR. In terms of the Z-basis {Q1, . . . , Ql} of K, the map
ι̌ : (Rd)∨ → K∨R is given by

(3.4) ι̌(X1, . . . , Xd) =

(
d

∑
i=1

Qi1Xi, . . . ,
d

∑
i=1

Qil Xi

)
,

for (X1, . . . , Xd) ∈ (Rd)∨, in the coordinates associated to the dual basis Q̌1, . . . , Q̌l
of K∨ = Hom(K, Z). The moment map hK : Cd → K∨R can thus be written as

hK(W1, . . . , Wd) =
1
2

(
d

∑
i=1

Qi1|Wi|2, . . . ,
d

∑
i=1

Qil |Wi|2
)
∈ K∨R.
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In these coordinates, r = (r1, . . . , rl) = −ι̌(λ1, . . . , λd) is an element in K∨R =
H2(X̄, R), and X̄ and X are given by the symplectic quotients

X̄ = h−1
K (r)/TK and X = (h−1

K (r) ∩ (C∗)d)/TK

respectively.
In the above process, the image of h−1

K (r) under the map h : Cd → (Rd)∨ lies in-
side the affine linear subspace MR(r) = {(X1, . . . , Xd) ∈ (Rd)∨ : ι̌(X1, . . . , Xd) =
r}, i.e. a translate of MR. In fact, h(h−1

K (r)) = ι̌−1(r) ∩ {(X1, . . . , Xd) ∈ (Rd)∨ :
Xi ≥ 0, for i = 1, . . . , d} is the polytope P̄ ⊂ MR(r), and h(h−1

K (r) ∩ (C∗)d) =
ι̌−1(r) ∩ {(X1, . . . , Xd) ∈ (Rd)∨ : Xi > 0, for i = 1, . . . , d} is the interior P of P̄.
Now, restricting h to h−1

K (r) ∩ (C∗)d gives a Td-bundle h : h−1
K (r) ∩ (C∗)d → P

(which is trivial), and X is obtained by taking the quotient of this Td-bundle
fiberwise by TK. Hence, X is naturally a TN-bundle over P, which can be written
as

X = T∗P/N = P×√−1TN

(cf. Abreu [3]).10 The reduced symplectic form ωX = ωX̄ |X is the standard
symplectic form

ωX =
n

∑
j=1

dxj ∧ duj

where x1, . . . , xn ∈ R and u1, . . . , un ∈ R/2πZ are respectively the coordinates
on P ⊂ MR(r) and TN . In other words, the xj’s and uj’s are symplectic coordinates
(i.e. action-angle coordinates). And the moment map is given by the projection
to P

µ : X → P.
We define the SYZ mirror manifold by T-duality as follows.

Definition 3.1. The SYZ mirror manifold YSYZ is defined as the total space of the TM-
bundle, where TM = MR/M = (TN)∨, which is obtained by fiberwise dualizing the
TN-bundle µ : X → P.

In other words, we have

YSYZ = TP/M = P×√−1TM ⊂ MR(r)×√−1TM.

YSYZ has a natural complex structure, which is induced from the one on MR(r)×√−1TM ∼= (C∗)n. We let zj = exp(−xj −
√−1yj), j = 1, . . . , n, be the complex co-

ordinates on MR(r)×√−1TM ∼= (C∗)n and restricted to YSYZ, where y1, . . . , yn ∈
R/2πZ are the coordinates on TM = (TN)∨ dual to u1, . . . , un. We also let ΩYSYZ
be the following nowhere vanishing holomorphic n-form on YSYZ:

ΩYSYZ =
n∧

j=1

(−dxj −
√−1dyj) =

dz1

z1
∧ . . . ∧ dzn

dzn
,

and denote by
ν : YSYZ → P

the torus fibration dual to µ : X → P.

10We have, by abuse of notations, used N to denote the family of lattices P × √−1N over P.
Similarly, we denote by M the family of lattices P×√−1M below.
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Proposition 3.1. The SYZ mirror manifold YSYZ is contained in Hori-Vafa’s mirror
manifold YHV as an open complex submanifold. More precisely, YSYZ is the bounded
domain {(Z1, . . . , Zd) ∈ YSYZ : |Zi| < 1, i = 1, . . . , d} inside YHV .

Proof. Dualizing the sequence (3.2), we get

1 −→ TM
∂̌−→ (Td)∨ ι̌−→ (TK)∨ −→ 1,

while we also have the sequence (3.3)

0 −→ MR
∂̌−→ (Rd)∨ ι̌−→ K∨R −→ 0.

Let Ti = Xi +
√−1Yi ∈ C/2π

√−1Z, i = 1, . . . , d, be the complex coordinates on
(Rd)∨ ×√−1(Td)∨ ∼= (C∗)d. If we let Zi = e−Ti ∈ C∗, i = 1, . . . , d, then, by the
definition of YHV and by (3.4), we can identify YHV with the following complex
submanifold in (C∗)d:

ι̌−1(r ∈ K∨R) ∩ ι̌−1(1 ∈ (TK)∨) ⊂ (Rd)∨ ×√−1(Td)∨ = (C∗)d.

Hence,
YHV = MR(r)×√−1TM ∼= (C∗)n

as complex submanifolds in (C∗)d. Since YSYZ = TP/M = P×√−1TM, YSYZ is
a complex submanifold in YHV . In fact, as P = ι̌−1(r) ∩ {(X1, . . . , Xd) ∈ (Rd)∗ :
Xi > 0, i = 1, . . . , d}, we have

YSYZ = {(Z1, . . . , Zd) ∈ YHV : |Zi| < 1, for i = 1, . . . , d}.

So YSYZ is a bounded domain in YHV . ¤

We remark that, in terms of the complex coordinates zj = exp(−xj −
√−1yj),

j = 1, . . . , n, on YHV = MR(r) ×√−1TM ∼= (C∗)n, the embedding ∂̌ : YHV ↪→
(C∗)d is given by

∂̌(z1, . . . , zn) = (eλ1 zv1 , . . . , eλd zvd),

where zv denotes the monomial zv1

1 . . . zvn
n if v = (v1, . . . , vn) ∈ N = Zn. So the

coordinates Zi’s and zi’s are related by

Zi = eλi zvi ,

for i = 1, . . . , d, and the SYZ mirror manifold YSYZ is given by the bounded
domain

YSYZ = {(z1, . . . , zn) ∈ YHV = (C∗)n : |eλi zvi | < 1, i = 1, . . . , d}.

Now, the superpotential W : YSYZ → C (or W : YHV → C) is of the form

W = eλ1 zv1 + . . . + eλd zvd .

From the above proposition, the SYZ mirror manifold YSYZ is strictly smaller
than Hori-Vafa’s mirror manifold YHV . This issue was discussed in Hori-Vafa
[27], Section 3 and Auroux [6], Section 4.2, and may be resolved by a process
called renormalization. We refer the interested reader to those references for the
details. In this paper, we shall always be (except in this subsection) looking at the
SYZ mirror manifold, and the letter Y will also be used exclusively to denote the
SYZ mirror manifold.
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3.2. SYZ mirror transformations as fiberwise Fourier transforms. In this sub-
section, we first give a brief review of semi-flat SYZ mirror transformations (for
details, see Hitchin [26], Leung-Yau-Zaslow [31] and Leung [30]). Then we intro-
duce the SYZ mirror transformations for toric Fano manifolds, and prove part 1.
of Theorem 1.1.

To begin with, recall that the dual torus TM = (TN)∨ of TN can be interpreted
as the moduli space of flat U(1)-connections on the trivial line bundle TN ×C →
TN . In more explicit terms, a point y = (y1, . . . , yn) ∈ MR

∼= Rn corresponds
to the flat U(1)-connection ∇y = d +

√−1
2 ∑n

j=1 yjduj on the trivial line bundle
TN ×C → TN . The holonomy of this connection is given, in our convention, by the
map

hol∇y : N → U(1), v 7→ e−
√−1〈y,v〉.

∇y is gauge equivalent to the trivial connection d if and only if (y1, . . . , yn) ∈
(2πZ)n = M. So, in the following, we will regard (y1, . . . , yn) ∈ TM ∼= Rn/(2πZ)n.
Moreover, this construction gives all flat U(1)-connections on TN × C → TN up
to unitary gauge transformations. The universal U(1)-bundle P , i.e. the Poincaré
line bundle, is the trivial line bundle over the product TN × TM equipped with
the U(1)-connection d +

√−1
2 ∑n

j=1(yjduj − ujdyj), where u1, . . . , un ∈ R/2πZ are
the coordinates on TN ∼= Rd/(2πZ)d. The curvature of this connection is given
by the two-form

F =
√−1

n

∑
j=1

dyj ∧ duj ∈ Ω2(TN × TM).

From this perspective, the SYZ mirror manifold Y is the moduli space of pairs
(Lx,∇y), where Lx (x ∈ P) is a Lagrangian torus fiber of µ : X → P and ∇y is
a flat U(1)-connection on the trivial line bundle Lx ×C → Lx. The construction
of the mirror manifold in this way is originally advocated in the SYZ Conjecture
[43] (cf. Hitchin [26] and Sections 2 and 4 in Auroux [6]).

Now recall that we have the dual torus bundles µ : X → P and ν : Y → P.
Consider their fiber product X×P Y = P×√−1(TN × TM).

X×P Y
πY−−−−→ YyπX

yν

X
µ−−−−→ P

By abuse of notations, we still use F to denote the fiberwise universal curvature
two-form

√−1 ∑n
j=1 dyj ∧ duj ∈ Ω2(X×P Y).

Definition 3.2. The semi-flat SYZ mirror transformation F sf : Ω∗(X) → Ω∗(Y) is
defined by

F sf(α) = (−2π
√−1)−nπY,∗(π∗X(α) ∧ e

√−1F)

= (−2π
√−1)−n

∫

TN

π∗X(α) ∧ e
√−1F,

where πX : X×P Y → X and πY : X×P Y → Y are the two natural projections.
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The key point is that, the semi-flat SYZ mirror transformation F sf transforms
the (exponential of

√−1 times the) symplectic structure ωX = ∑n
j=1 dxj ∧ duj on

X to the holomorphic n-form ΩY = dz1
z1
∧ . . . ∧ dzn

zn
on Y, where zj = exp(−xj −√−1yj), j = 1, . . . , n. This is probably well-known and implicitly contained in the

literature, but we include a proof here because we cannot find a suitable reference.

Proposition 3.2. We have
F sf(e

√−1ωX ) = ΩY.
Moreover, if we define the inverse SYZ transformation (F sf)−1 : Ω∗(Y) → Ω∗(X) by

(F s f )−1(α) = (−2π
√−1)−nπX,∗(π∗Y(α) ∧ e−

√−1F)

= (−2π
√−1)−n

∫

TM

π∗Y(α) ∧ e−
√−1F,

then we also have
(F sf)−1(ΩY) = e

√−1ωX .

Proof. The proof is by straightforward computations.

F sf(e
√−1ωX ) = (−2π

√−1)−n
∫

TN

π∗X(e
√−1ωX ) ∧ e

√−1F

= (−2π
√−1)−n

∫

TN

e
√−1 ∑n

j=1(dxj+
√−1dyj)∧duj

= (−2π
√−1)−n

∫

TN

n∧

j=1

(
1 +

√−1(dxj +
√−1dyj) ∧ duj

)

= (2π)−n
∫

TN

(
n∧

j=1

(−dxj −
√−1dyj)

)
∧ du1 ∧ . . . ∧ dun

= ΩY,

where we have
∫

TN
du1 ∧ . . . ∧ dun = (2π)n for the last equality. On the other

hand,

(F sf)−1(ΩY) = (−2π
√−1)−n

∫

TM

π∗Y(ΩY) ∧ e−
√−1F

= (−2π
√−1)−n

∫

TM

(
n∧

j=1

(−dxj −
√−1dyj)

)
∧ e∑n

j=1 dyj∧duj

= (2π
√−1)−n

∫

TM

n∧

j=1

(
(dxj +

√−1dyj) ∧ edyj∧duj
)

= (2π
√−1)−n

∫

TM

n∧

j=1

(
dxj +

√−1dyj − dxj ∧ duj ∧ dyj
)

= (2π)−n
∫

TM

n∧

j=1

(
1 +

√−1dxj ∧ duj

)
∧ dyj

= (2π)−n
∫

TM

n∧

j=1

(
e
√−1dxj∧duj ∧ dyj

)
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= (2π)−n
∫

TM

e
√−1 ∑n

j=1 dxj∧duj ∧ dy1 ∧ . . . ∧ dyn

= e
√−1ωX ,

where we again have
∫

TM
dy1 ∧ . . . ∧ dyn = (2π)n in the last step. ¤

One can also apply the semi-flat SYZ mirror transformations to other geomet-
ric structures and objects. For details, see Leung [30].

The semi-flat SYZ mirror transformation F sf can transform the symplectic
structure ωX on X to the holomorphic n-form ΩY on Y. However, as we men-
tioned in the introduction, we are not going to obtain the superpotential W :
Y → C in this way because we have ignored the toric boundary divisor X̄ \ X =
D∞ =

⋃d
i=1 Di. Indeed, it is the toric boundary divisor D∞ which gives rise to

the quantum corrections in the A-model of X̄. More precisely, these quantum
corrections are due to the existence of holomorphic discs in X̄ with boundary in
Lagrangian torus fibers which have intersections with the divisor D∞. To restore
this information, our way out is to look at the (trivial) Zn-cover

π : LX = X× N → X.

Recall that we equip LX with the symplectic structure π∗(ωX); we will confuse
the notations and use ωX to denote either the symplectic structure on X or that
on LX. We will further abuse the notations by using µ to denote the fibration

µ : LX → P,

which is the composition of the map π : LX → X with µ : X → P.

We are now ready to define the SYZ mirror transformation F for the toric Fano
manifold X̄. It will be constructed as a combination of the semi-flat SYZ transforma-
tion F sf and taking fiberwise Fourier series.

Analog to the semi-flat case, consider the fiber product

LX×P Y = P× N ×√−1(TN × TM)

of the maps µ : LX → P and ν : Y → P.

LX×P Y
πY−−−−→ YyπLX

yν

LX
µ−−−−→ P

Note that we have a covering map LX×P Y → X×P Y. Pulling back F ∈ Ω2(X×P
Y) to LX ×P Y by this covering map, we get the fiberwise universal curvature
two-form

F =
√−1

n

∑
j=1

dyj ∧ duj ∈ Ω2(LX×P Y).

We further define the holonomy function hol : LX ×P Y → U(1) as follows. For
(p, v) ∈ LX and z = (z1, . . . , zn) ∈ Y such that µ(p) = ν(z) =: x ∈ P, we let
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x = (x1, . . . , xn), and write zj = exp(−xj −
√−1yj), so that y = (y1, . . . , yn) ∈

(Lx)∨ := ν−1(x) ⊂ Y. Then we set

hol(p, v, z) := hol∇y(v) = e−
√−1〈y,v〉,

where ∇y is the flat U(1)-connection on the trivial line bundle Lx ×C → Lx over
Lx := µ−1(x) corresponding to the point y ∈ (Lx)∨.

Definition 3.3. The SYZ mirror transformation F : Ω∗(LX) → Ω∗(Y) for the toric
Fano manifold X̄ is defined by

F (α) = (−2π
√−1)−nπY,∗(π∗LX(α) ∧ e

√−1Fhol)

= (−2π
√−1)−n

∫

N×TN

π∗LX(α) ∧ e
√−1Fhol,

where πLX : LX×P Y → LX and πY : LX×P Y → Y are the two natural projections.

Before stating the basic properties of F , we introduce the class of functions on
LX relevant to our applications.

Definition 3.4. A TN-invariant function f : LX → C is said to be admissible if for any
(p, v) ∈ LX = X× N,

f (p, v) = fve−〈x,v〉,
where x = µ(p) ∈ P and fv ∈ C is a constant, and the fiberwise Fourier series

f̂ := ∑
v∈N

fve−〈x,v〉hol∇y(v) = ∑
v∈N

fvzv,

where zv = exp(〈−x−√−1y, v〉), is convergent and analytic, as a function on Y. We
denote by A(LX) ⊂ C∞(LX) set of all admissible functions on LX.

Examples of admissible functions on LX include those TN-invariant functions
which are not identically zero on X× {v} ⊂ LX for only finitely many v ∈ N. In
particular, the functions Ψ1, . . . , Ψd are all in A(LX). We will see (in the proof of
Theorem 3.2) shortly that Φq is also admissible.

Now, for functions f , g ∈ A(LX), we define their convolution product f ? g :
LX → C, as before, by

( f ? g)(p, v) = ∑
v1,v2∈N, v1+v2=v

f (p, v1)g(p, v2).

That the right-hand-side is convergent can be seen as follows. By definition,
f , g ∈ A(LX) implies that for any p ∈ X and any v1, v2 ∈ N,

f (p, v1) = fv1 e−〈x,v1〉, g(p, v2) = gv2 e−〈x,v2〉,

where x = µ(p) and fv1 , gv2 ∈ C are constants; also, the series f̂ = ∑v1∈N fv1 zv1

and ĝ = ∑v2∈N gv2 zv2 are convergent and analytic. Then their product, given by

f̂ · ĝ =

(
∑

v1∈N
fv1 zv1

)(
∑

v2∈N
gv2 zv2

)
= ∑

v∈N

(
∑

v1,v2∈N,
v1+v2=v

fv1 gv2

)
zv,

is also analytic. This shows that the convolution product f ? g is well defined
and gives another admissible function on LX. Hence, the C-vector space A(LX),
together with the convolution product ?, forms a C-algebra.
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Let O(Y) be the C-algebra of holomorphic functions on Y. Recall that Y =
TP/M = P × √−1TM. For φ ∈ O(Y), the restriction of φ to a fiber (Lx)∨ =
ν−1(x) ∼= TM gives a C∞ function φx : TM → C on the torus TM. For v ∈ N, the
v-th Fourier coefficient of φx is given by

φ̂x(v) =
∫

TM

φx(y)e
√−1〈y,v〉dy1 ∧ . . . ∧ dyn.

Then, we define a function φ̂ : LX → C on LX by

φ̂(p, v) = φ̂x(v),

where x = µ(p) ∈ P. φ̂ is clearly admissible. We call the process, φ ∈ O(Y) 7→
φ̂ ∈ A(LX), taking fiberwise Fourier coefficients. The following lemma follows from
the standard theory of Fourier analysis on tori (see, for example, Edwards [13]).

Lemma 3.1. Taking fiberwise Fourier series, i.e. the map

A(LX) → O(Y), f 7→ f̂

is an isomorphism of C-algebras, where we equip A(LX) with the convolution product
andO(Y) with the ordinary product of functions. The inverse is given by taking fiberwise

Fourier coefficients. In particular, ̂̂f = f for any f ∈ A(LX).

The basic properties of the SYZ mirror transformation F are summarized in
the following theorem.

Theorem 3.1. Let A(LX)e
√−1ωX := { f e

√−1ωX : f ∈ A(LX)} ⊂ Ω∗(LX) and
O(Y)ΩY := {φΩY : φ ∈ O(Y)} ⊂ Ω∗(Y).

(i) For any admissible function f ∈ A(LX),

F ( f e
√−1ωX ) = f̂ ΩY ∈ O(Y)ΩY.

(ii) If we define the inverse SYZ mirror transformation F−1 : Ω∗(Y) → Ω∗(LX)
by

F−1(α) = (−2π
√−1)−nπLX,∗(π∗Y(α) ∧ e−

√−1Fhol−1)

= (−2π
√−1)−n

∫

TM

π∗Y(α) ∧ e−
√−1Fhol−1,

where hol−1 : LX ×P Y → C is the function defined by hol−1(p, v, z) =
1/hol(p, v, z) = e

√−1〈y,v〉, for any (p, v, z) ∈ LX ×P Y, then

F−1(φΩY) = φ̂e
√−1ωX ∈ A(LX)e

√−1ωX ,

for any φ ∈ O(Y).
(iii) The restriction map F : A(LX)e

√−1ωX → O(Y)ΩY is a bijection with inverse
F−1 : O(Y)ΩY → A(LX)e

√−1ωX , i.e. we have

F−1 ◦ F = IdA(LX)e
√−1ωX

, F ◦ F−1 = IdO(Y)ΩY
.

This shows that the SYZ mirror transformation F has the inversion property.
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Proof. Let f ∈ A(LX). Then, for any v ∈ N, f (p, v) = fve−〈x,v〉 for some con-
stant fv ∈ C. By observing that both functions π∗LX( f ) and hol are TN-invariant
functions on LX×P Y, we have

F ( f e
√−1ωX ) = (−2π

√−1)−n
∫

N×TN

π∗LX( f e
√−1ωX ) ∧ e

√−1Fhol

= (−2π
√−1)−n ∑

v∈N
π∗LX( f ) · hol

∫

TN

π∗LX(e
√−1ωX ) ∧ e

√−1F

= (−2π
√−1)−n

(
∑

v∈N
π∗LX( f ) · hol

)( ∫

TN

π∗X(e
√−1ωX ) ∧ e

√−1F

)
.

The last equality is due to the fact that the forms π∗LX(e
√−1ωX ) = π∗X(e

√−1ωX )
and eF are independent of v ∈ N. By Proposition 3.2, the second factor is given
by

∫

TN

π∗X(e
√−1ωX ) ∧ e

√−1F = (−2π
√−1)nF sf(e

√−1ωX ) = (−2π
√−1)nΩY,

while the first factor is the function on Y given, for x = (x1, . . . , xn) ∈ P and
y = (y1, . . . , yn) ∈ TM, by

(
∑

v∈N
π∗LX( f ) · hol

)
(x, y) = ∑

v∈N
fve−〈x,v〉e−

√−1〈y,v〉

= ∑
v∈N

fvzv

= f̂ (z),

where z = (z1, . . . , zn) = (exp(−x1 −
√−1y1), . . . , exp(−xn −

√−1yn)) ∈ Y.
Hence F ( f e

√−1ωX ) = f̂ ΩY ∈ O(Y)ΩY. This proves (i).
For (ii), expand φ ∈ O(Y) into a fiberwise Fourier series

φ(z) = ∑
w∈N

φ̂x(w)e−
√−1〈y,w〉,

where x, y, z are as before. Then

F−1(φΩY) = (−2π
√−1)−n

∫

TM

π∗Y(φΩY) ∧ e−
√−1Fhol−1

= (−2π
√−1)−n ∑

w∈N

(
φ̂x(w)

∫

TM

e
√−1〈y,v−w〉π∗Y(ΩY) ∧ e−

√−1F

)
.

Here comes the key observation: If v− w 6= 0 ∈ N, then, using (the proof of) the
second part of Proposition 3.2, we have

∫

TM

e
√−1〈y,v−w〉π∗Y(ΩY) ∧ e−

√−1F

=
∫

TM

e
√−1〈y,v−w〉

(
n∧

j=1

(−dxj −
√−1dyj)

)
∧ e∑n

j=1 dyj∧duj

= (−√−1)ne
√−1ωX

∫

TM

e
√−1〈y,v−w〉dy1 ∧ . . . ∧ dyn

= 0.
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Hence,

F−1(φΩY) = (−2π
√−1)−nφ̂x(v)

∫

TM

π∗Y(ΩY) ∧ e−
√−1F

= φ̂
(
(F sf)−1(ΩY)

)
= φ̂eωX ∈ A(LX)eωX ,

again by Proposition 3.2.
(iii) follows from (i), (ii) and Lemma 3.1. ¤

We will, again by abuse of notations, also use F : A(LX) → O(Y) to denote the
process of taking fiberwise Fourier series: F ( f ) := f̂ for f ∈ A(LX). Similarly,
we use F−1 : O(Y) → A(LX) to denote the process of taking fiberwise Fourier
coefficients: F−1(φ) := φ̂ for φ ∈ O(Y). To which meanings of the symbols F
and F−1 are we referring will be clear from the context.

We can now prove the first part of Theorem 1.1, as a corollary of Theorem 3.1.

Theorem 3.2 (=part 1. of Theorem 1.1). The SYZ mirror transformation of the func-
tion Φq ∈ C∞(LX), defined in terms of the counting of Maslov index two holomorphic
discs in X̄ with boundary in Lagrangian torus fibers, is the exponential of the superpo-
tential W on the mirror manifold Y, i.e.

F (Φq) = eW .

Conversely, we have
F−1(eW) = Φq.

Furthermore, we can incorporate the symplectic structure ωX = ωX̄ |X on X to give
the holomorphic volume form on the Landau-Ginzburg model (Y, W) through the SYZ
mirror transformation F , and vice versa, in the following sense:

F (Φqe
√−1ωX ) = eWΩY, F−1(eWΩY) = Φqe

√−1ωX .

Proof. By Theorem 3.1, we only need to show that Φq ∈ C∞(LX) is admissible
and F (Φq) = Φ̂q = eW ∈ O(Y). Recall that, for (p, v) ∈ LX = X × N and
x = µ(p) ∈ P,

Φq(p, v) = ∑
β∈π+

2 (X̄,Lx), ∂β=v

1
w(β)

e−
1

2π

∫
β ωX̄ .

For β ∈ π+
2 (X̄, Lx) with ∂β = v, by the symplectic area formula (2.2) of Cho-Oh,

we have
∫

β ωX̄ = 2π〈x, v〉+ const. So Φq(p, v) is of the form const · e−〈x,v〉. Now,

∑
v∈N

Φq(p, v)hol∇y(v) = ∑
v∈N

(
∑

β∈π+
2 (X̄,Lx), ∂β=v

1
w(β)

e−
1

2π

∫
β ωX̄

)
e−
√−1〈y,v〉

= ∑
k1,...,kd∈Z≥0

1
k1! . . . kd!

e−∑d
i=1 ki(〈x,vi〉−λi)e−∑d

i=1 ki
√−1〈y,vi〉

=
d

∏
i=1

(
∞

∑
ki=0

1
ki!

(
eλi−〈x+

√−1y,vi〉)ki

)

=
d

∏
i=1

exp(eλi zvi ) = eW .
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This shows that Φq is admissible and Φ̂q = eW . ¤

The form Φqe
√−1ωX ∈ Ω∗(LX) can be viewed as the symplectic structure modified

by quantum corrections from Maslov index two holomorphic discs in X̄ with boundaries
on Lagrangian torus fibers. That we call eWΩY the holomorphic volume form of the
Landau-Ginzburg model (Y, W) can be justified in several ways. For instance, in
the theory of singularities, one studies the complex oscillating integrals

I =
∫

Γ
e

1
h̄ WΩY,

where Γ is some real n-dimensional cycle in Y constructed by the Morse theory of
the function Re(W). These integrals are reminiscent of the periods of holomorphic
volume forms on Calabi-Yau manifolds, and they satisfy certain Picard-Fuchs
equations (see, for example, Givental [21]). Hence, one may think of eWΩY as
playing the same role as the holomorphic volume form on a Calabi-Yau manifold.

3.3. Quantum cohomology vs. Jacobian ring. The purpose of this subsection is
to give a proof of the second part of Theorem 1.1. Before that, let us recall the
definition of the Jacobian ring Jac(W). Recall that the SYZ mirror manifold Y is
given by the bounded domain

Y = {(z1, . . . , zn) ∈ (C∗)n : |eλi zvi | < 1, i = 1, . . . , d},

in (C∗)n, and the superpotential W : Y → C is the Laurent polynomial

W = eλ1 zv1 + . . . + eλd zvd ,

where, as before, zv denotes the monomial zv1

1 . . . zvn
n if v = (v1, . . . , vn) ∈ N = Zn.

Let C[Y] = C[z±1
1 , . . . , z±1

n ] be the C-algebra of Laurent polynomials restricted to
Y. Then the Jacobian ring Jac(W) of W is defined as the quotient of C[Y] by the
ideal generated by the logarithmic derivatives of W:

Jac(W) = C[Y]
/〈

zj
∂W
∂zj

: j = 1, . . . , n
〉

= C[z±1
1 , . . . , z±1

n ]
/〈

zj
∂W
∂zj

: j = 1, . . . , n
〉

.

The second part of Theorem 1.1 is now an almost immediate corollary of Propo-
sition 2.2 and Theorem 3.3.

Theorem 3.3. The SYZ mirror transformation F gives an isomorphism

F : C[Ψ±1
1 , . . . , Ψ±1

n ]/L → Jac(W)

of C-algebras. Hence, F induces a natural isomorphism of C-algebras between the small
quantum cohomology ring of X̄ and the Jacobian ring of W:

F : QH∗(X̄)
∼=−→ Jac(W),

provided that X̄ is a product of projective spaces.

Proof. The functions Ψ1, Ψ−1
1 , . . . , Ψn, Ψ−1

n are all admissible, so C[Ψ±1
1 , . . . , Ψ±1

n ]
is a subalgebra of A(LX). It is easy to see that, for i = 1, . . . , d, the SYZ mirror
transformation F (Ψi) = Ψ̂i of Ψi is nothing but the monomial eλi zvi . By our
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choice of the polytope P̄ ⊂ MR, v1 = e1, . . . , vn = en is the standard basis of
N = Zn and λ1 = . . . = λn = 0. Hence,

F (Ψi) = zi,

for i = 1, . . . , n, and the induced map

F : C[Ψ±1
1 , . . . , Ψ±1

n ] → C[z±1
1 , . . . , z±1

n ]

is an isomorphism of C-algebras. Now, notice that

zj
∂W
∂zj

=
d

∑
i=1

zj
∂

∂zj
(eλi z

v1
i

1 . . . z
vn

i
n ) =

d

∑
i=1

vj
ie

λi z
v1

i
1 . . . z

vn
i

n =
d

∑
i=1

vj
ie

λi zvi ,

for j = 1, . . . , n. The inverse SYZ transformation of zj
∂W
∂zj

is thus given by

F−1(zj
∂W
∂zj

) =
̂d

∑
i=1

vj
ie

λi zvi =
d

∑
i=1

vj
iΨi.

Thus,

F−1
(〈

zj
∂W
∂zj

: j = 1, . . . , n
〉)

= L,

is the ideal in C[Ψ±1
1 , . . . , Ψ±1

n ] generated by linear equivalences. The result fol-
lows. ¤

4. Examples

In this section, we give some examples to illustrate our results.

Example 1. X̄ = CP2. In this case, N = Z2. The primitive generators of the
1-dimensional cones of the fan Σ defining CP2 are given by v1 = (1, 0), v2 =
(0, 1), v3 = (−1,−1) ∈ N, and the polytope P̄ ⊂ MR

∼= R2 we chose is defined
by the inequalities

x1 ≥ 0, x2 ≥ 0, x1 + x2 ≤ t,

where t > 0. See Figure 4.1 below.
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Figure 4.1
The mirror manifold Y is given by

Y = {(Z1, Z2, Z3) ∈ C3 : Z1Z2Z3 = q, |Zi| < 1, i = 1, 2, 3}
= {(z1, z2) ∈ (C∗)2 : |z1| < 1, |z2| < 1, | q

z1z2
| < 1},
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where q = e−t is the Kähler parameter, and, the superpotential W : Y → C can be
written, in two ways, as

W = Z1 + Z2 + Z3 = z1 + z2 +
q

z1z2
.

In terms of the coordinates Z1, Z2, Z3, the Jacobian ring Jac(W) is given by

Jac(W) = C[Z1, Z2, Z3]
/〈

Z1 − Z3, Z2 − Z3, Z1Z2Z3 − q
〉

∼= C[Z]
/〈

Z3 − q
〉
.

There are three toric prime divisors D1, D2, D3, which are corresponding to the
three admissible functions Ψ1, Ψ2, Ψ3 : LX → R defined by

Ψ1(p, v) =
{

e−x1 if v = (1, 0)
0 otherwise,

Ψ2(p, v) =
{

e−x2 if v = (0, 1)
0 otherwise,

Ψ3(p, v) =
{

e−(t−x1−x2) if v = (−1,−1)
0 otherwise,

for (p, v) ∈ LX and where x = µ(p) ∈ P, respectively. The small quantum
cohomology ring of CP2 has the following presentation:

QH∗(CP2) = C[D1, D2, D3]
/〈

D1 − D3, D2 − D3, D1 ∗ D2 ∗ D3 − q
〉

∼= C[H]
/〈

H3 − q
〉
,

where H ∈ H2(CP2, C) is the hyperplane class. Quantum corrections appear only
in one relation, namely,

D1 ∗ D2 ∗ D3 = q.

Fix a point p ∈ X. Then the quantum correction is due to the unique holomorphic
curve ϕ : (CP1; x1, x2, x3, x4) → CP2 of degree 1 (i.e. a line) with 4 marked points
such that ϕ(x4) = p and ϕ(xi) ∈ Di for i = 1, 2, 3. The parameterized 3-marked,
genus 0 tropical curve corresponding to this line is (Γ3; E1, E2, E3; h), which is
glued from three half lines emanating from the point ξ = Log(p) ∈ NR in the di-
rections v1, v2 and v3. See Figure 4.1 above. These half lines are the parameterized
Maslov index two tropical discs (Γ1, hi), where hi(V) = ξ an hi(E) = ξ + R≥0vi,
for i = 1, 2, 3 (see Figure 2.3). They are corresponding to the Maslov index two
holomorphic discs ϕ1, ϕ2, ϕ3 : (D2, ∂D2) → (CP2, Lµ(p)) which pass through p
and intersect the corresponding toric divisors D1, D2, D3 respectively.

Example 2. X̄ = CP1 ×CP1. The primitive generators of the 1-dimensional cones
of the fan Σ defining CP1 × CP1 are given by v1,1 = (1, 0), v2,1 = (−1, 0), v1,2 =
(0, 1), v2,2 = (0,−1) ∈ N = Z2. We choose the polytope P̄ ⊂ MR = R2 to be
defined by the inequalities

0 ≤ x1 ≤ t1, 0 ≤ x2 ≤ t2

where t1, t2 > 0. See Figure 4.2 below.
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The mirror Landau-Ginzburg model (Y, W) consists of

Y = {(Z1,1, Z2,1, Z1,2, Z2,2) ∈ C4 : Z1,1Z2,1 = q1, Z1,2Z2,2 = q2, |Zi,j| < 1, all i, j}
= {(z1, z2) ∈ (C∗)2 : |z1| < 1, |z2| < 1, | q1

z1
| < 1, | q2

z2
| < 1},

where q1 = e−t1 and q2 = e−t2 are the Kähler parameters, and

W = Z1,1 + Z2,1 + Z1,2 + Z2,2 = z1 +
q1

z1
+ z2 +

q2

z2
.

The Jacobian ring Jac(W) is given by

Jac(W) =
C[Z1,1, Z2,1, Z1,2, Z2,2]〈

Z1,1 − Z2,1, Z1,2 − Z2,2, Z1,1Z2,1 − q1, Z1,2Z2,2 − q2
〉

∼= C[Z1, Z2]
/〈

Z2
1 − q1, Z2

2 − q2
〉
.

The four toric prime divisors D1,1, D2,1, D1,2, D2,2 correspond respectively to the
four admissible functions Ψ1,1, Ψ2,1, Ψ1,2, Ψ2,2 : LX → C defined by

Ψ1,1(p, v) =
{

e−x1 if v = (1, 0)
0 otherwise,

Ψ2,1(p, v) =
{

e−(t1−x1) if v = (0,−1)
0 otherwise,

Ψ1,2(p, v) =
{

e−x2 if v = (0, 1)
0 otherwise,

Ψ2,2(p, v) =
{

e−(t2−x2) if v = (0,−1)
0 otherwise,

for (p, v) ∈ LX and where x = µ(p) ∈ P. The small quantum cohomology ring
of CP1 ×CP1 is given by

QH∗(CP1 ×CP1) =
C[D1,1, D2,1, D1,2, D2,2]〈

D1,1 − D2,1, D1,2 − D2,2, D1,1 ∗ D2,1 − q1, D1,2 ∗ D2,2 − q2
〉

∼= C[H1, H2]
/〈

H2
1 − q1, H2

2 − q2
〉

where H1, H2 ∈ H2(CP1 × CP1) are the pullbacks of the hyperplane classes in
the first and second factors respectively. Quantum corrections appear in two
relations:

D1,1 ∗ D2,1 = q1 and D1,2 ∗ D2,2 = q2.
Let us focus on the first one, as the other one is similar. For any p ∈ X, there
are two Maslov index two holomorphic discs ϕ1,1, ϕ2,1 : (D2, ∂D2) → (CP1 ×
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CP1, Lµ(p)) intersecting the corresponding toric divisors. An interesting feature
of this example is that, since the sum of the boundaries of the two holomor-
phic discs is zero as a chain, instead of as a class, in Lµ(p), they glue together
directly to give the unique holomorphic curve ϕ1 : (CP1 : x1, x2, x3) → CP1 ×CP1

of degree 1 with ϕ1(x1) ∈ D1,1, ϕ1(x2) ∈ D2,1 and ϕ1(x3) = p. So the rela-
tion D1,1 ∗ D2,1 = q1 is directly corresponding to Ψ1,1 ? Ψ2,1 = q11, without go-
ing through the corresponding relation in QH∗

trop(X̄). In other words, we do
not need to go to the tropical world to see the geometry of the isomorphism
QH∗(CP1 ×CP1) ∼= C[Ψ±1

1,1 , Ψ±1
1,2 ]/L (although in Figure 4.2 above, we have still

drawn the tropical lines h1 and h2 passing through ξ = Log(p) ∈ NR).

Example 3. X̄ is the toric blowup of CP2 at one point. Let P̄ ⊂ R2 be the
polytope defined by the inequalities

x1 ≥ 0, 0 ≤ x2 ≤ t2, x1 + x2 ≤ t1 + t2,

where t1, t2 > 0.

6
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Figure 4.3

The toric Fano manifold X̄ corresponding to this trapezoid (see Figure 4.3
above) is the blowup of CP2 at a TN-fixed point. The primitive generators of
the 1-dimensional cones of the fan Σ defining X̄ are given by v1 = (1, 0), v2 =
(0, 1), v3 = (−1,−1), v4 = (0,−1) ∈ N = Z2. As in the previous examples, we
have the mirror manifold

Y = {(Z1, Z2, Z3, Z4) ∈ C4 : Z1Z3 = q1Z4, Z2Z4 = q2, |Zi| < 1for all i}
= {(z1, z2) ∈ (C∗)2 : |z1| < 1, |z2| < 1, | q1q2

z1z2
| < 1, | q2

z2
| < 1},

and the superpotential

W = Z1 + Z2 + Z3 + Z4 = z1 + z2 +
q1q2

z1z2
+

q2

z2
,

where q1 = e−t1 , q2 = e−t2 . The Jacobian ring of W is

Jac(W) =
C[Z1, Z2, Z3, Z4]〈

Z1 − Z3 − Z4, Z2 − Z4, Z1Z3 − q1Z4, Z2Z4 − q2
〉

and the small quantum cohomology ring of X̄ is given by

QH∗(X̄) =
C[D1, D2, D3, D4]〈

D1 − D3 − D4, D2 − D4, D1 ∗ D3 − q1D4, D2 ∗ D4 − q2
〉 .

Obviously, we have an isomorphism QH∗(X̄) ∼= Jac(W) and, the isomorphism

QH∗(X̄) ∼= C[Ψ±1
1 , Ψ±1

2 ]/L
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in Proposition 2.2 still holds, as we have said in Remark 2.3. However, the geo-
metric picture that we have derived in Subsection 2.2 using tropical geometry
breaks down. This is because there is a rigid holomorphic curve contained in
the toric boundary D∞ which does contribute to QH∗(X̄). Namely, the quantum
relation

D1 ∗ D3 = q1D4

is due to the holomorphic curve ϕ : CP1 → X̄ such that ϕ(CP1) ⊂ D4. This curve
is exceptional since D2

4 = −1, and thus cannot be deformed to a curve outside
the toric boundary. See Figure 4.3 above. Hence, it is not corresponding to any
tropical curve in NR. This means that tropical geometry cannot "see" the curve ϕ,
and it is not clear how one could define the tropical analog of the small quantum
cohomology ring in this case.

5. Discussions

In this final section, we speculate the possible generalizations of the results of
this paper. The discussion will be rather informal.

The proofs of the results in this paper rely heavily on the classification of holo-
morphic discs in a toric Fano manifold X̄ with boundary in Lagrangian torus
fibers, and on the explicit nature of toric varieties. Nevertheless, it is still possible
to generalize these results, in particular, the construction of SYZ mirror trans-
formations, to non-toric situations. For example, one may consider a complex
flag manifold X̄, where the Gelfand-Cetlin integrable system provide a natural La-
grangian torus fibration structure on X̄ (see, for example, Guillemin-Sternberg
[25]). The base of this fibration is again an affine manifold with boundary but
without singularities. In fact, there is a toric degeneration of the complex flag man-
ifold X̄ to a toric variety, and the base is nothing but the polytope associated
to that toric variety. Furthermore, the classification of holomorphic discs in a
complex flag manifold X̄ with boundary in Lagrangian torus fibers was recently
done by Nishinou-Nohara-Ueda [37], and, at least for the full flag manifolds,
there is an isomorphism between the small quantum cohomology ring and the
Jacobian ring of the mirror superpotential (cf. Corollary 12.4 in [37]). Hence, one
can try to construct the SYZ mirror transformations for a complex flag manifold
X̄ and prove results like Proposition 1.1 and Theorem 1.1 as in the toric Fano case.

Certainly, the more important (and more ambitious) task is to generalize the
constructions of SYZ mirror transformations to the most general situations, where
the bases of Lagrangian torus fibrations are affine manifolds with both boundary
and singularities. To do this, the first step is to make the construction of the SYZ
mirror transformations become a local one. One possible way is the following:
Suppose that we have an n-dimensional compact Kähler manifold X̄, together
with an anticanonical divisor D. Assume that there is a Lagrangian torus fibration
µ : X̄ → B̄, where B̄ is a real n-dimensional (possibly) singular affine manifold
with boundary ∂B̄. We should also have µ−1(∂B̄) = D. Now let U ⊂ B := B̄ \ ∂B̄
be a small open ball contained in an affine chart of the nonsingular part of B,
i.e. µ−1(b) is a nonsingular Lagrangian torus in X̄ for any b ∈ U, so that we can
identify each fiber µ−1(b) with Tn and identify µ−1(U) with T∗U/Zn ∼= U × Tn.
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Let N ∼= Zn be the fundamental group of any fiber µ−1(b), and consider the Zn-
cover Lµ−1(U) = µ−1(U)× N. Locally, the mirror manifold should be given by
the dual torus fibration ν : U × (Tn)∨ → U. Denote by ν−1(U) the local mirror
U × (Tn)∨. Then we can define the local SYZ mirror transformation, as before,
through the fiber product Lµ−1(U)×U ν−1(U).

Lµ−1(U)×U ν−1(U) −−−−→ ν−1(U)y
yν

Lµ−1(U)
µ−−−−→ U

Now, fix a reference fiber L0 = µ−1(b0). Given v ∈ N, define a function Υv :
Lµ−1U → R as follows. For any point p ∈ µ−1(U), let Lb = µ−1(b) be the fiber
containing p, where b = µ(p) ∈ U. Regard v as an element in π1(Lb). Consider
the 2-chain γ in µ−1(U) with boundary in v ∪ L0, and define

Υv(p, v) = exp(− 1
2π

∫

γ
ωµ−1(U)),

where ωµ−1(U) = ωX̄ |µ−1(U) is the restriction of the Kähler form to µ−1(U). Also
set Υv(p, w) = 0 for any w ∈ N \ {v} (cf. the discussion after Lemma 2.7 in
Auroux [6]). This is analog to the definitions of the functions Ψ1, . . . , Ψd in the
toric Fano case, and it is easy to see that the local SYZ mirror transformations
of these kind of functions give local holomorphic functions on the local mirror
ν−1(U) = U × (Tn)∨. We expect that these constructions will be sufficient for
the purpose of understanding quantum corrections due to the boundary divisor
D. However, to take care of the quantum corrections which arise from the proper
singular Lagrangian fibers (i.e. singular fibers contained in X = µ−1(B)), one
must modify and generalize the constructions of the local SYZ mirror transfor-
mations to the case where U ⊂ B contains singular points. For this, new ideas
are needed in order to incorporate the wall-crossing phenomena.
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