QUANTIZABLE FUNCTIONS ON KAHLER MANIFOLDS
AND NON-FORMAL QUANTIZATION
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ABSTRACT. Applying the Fedosov connections constructed in [6], we find a (dense) sub-
sheaf of smooth functions on a Kdhler manifold X which admits a non-formal deformation
quantization. When X is prequantizable and the Fedosov connection satisfies an integrality
condition, we prove that this subsheaf of functions can be quantized to a sheaf of twisted
differential operators (TDO), which is isomorphic to that associated to the prequantum line
bundle. We also show that examples of such quantizable functions are given by images of
quantum moment maps.
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The quantization of the phase space (X, w) of a classical mechanical system is the pro-
cedure of associating functions in a dense subspace A C C*®(X) to operators on a Hilbert
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space H such that the composition gives a deformation of the classical pointwise mul-
tiplication. The most important two schemes of quantization in mathematics are defor-
mation quantization and geometric quantization, which focus on different aspects of the
quantization picture. Deformation quantization is by definition a formal deformation
(C®(X)[[h]], *) of the commutative algebra C*°(X), where 7 is a formal variable, such
that the first term of the commutator is precisely the Poisson bracket; while geometric
quantization focuses on the Hilbert space H and its operators.

In general, it is too optimistic to expect that the Hilbert space in geometric quantiza-
tion is really a module over the deformation quantization algebra. We take the Berezin-
Toeplitz quantization as an example ([2,13-16,[18,[19]): a smooth function f acts on the
Hilbert spaces Hy := H°(X, L®k) of holomorphic sections of tensor powers of the pre-
quantum line bundle via Toeplitz operators. However, the composition of Toeplitz op-
erators is only asymptotic to a sum of Toeplitz operators as k — oo. In particular, each
Hilbert space Hy for a fixed k does not form a module over the deformation quantization
algebra. This is also one of the reasons for using the formal variable 7 in Berezin-Toeplitz
quantization (instead of complex values).

These drawbacks led to some dissatisfaction among physicists. They even claimed that
“deformation quantization is not quantization” (see [11, Section 1.4] for a more detailed
explanation of this comment). To solve this problem, Gukov and Witten [11] proposed
a new scheme of quantization by considering the A-model of a suitable complexification
of a symplectic manifold X. In this brane quantization picture, the Hilbert space and the
algebra of operators acting on it are both morphism spaces between certain branes, whose
definitions are still mysterious to both physicists and mathematicians. We also do not
know in general which symplectic manifolds admit such a quantization (see, however,
[1,11]).

In this paper, we give a mathematical construction of non-formal quantizations of
Kéhler manifolds. The naive idea is to take the evaluation of 7 in deformation quanti-
zation to some complex numbers to get rid of the formal variable. But there would be
convergence issues in general. To overcome this, we exploit the Fedosov connections
constructed in [6] which have nice finiteness properties. We also restrict to a subalgebra
of smooth functions, since the star product f x g of two functions will be a formal power
series in /1 and is in general divergent after evaluating 7 at complex values. We will be
able to show that this subspace of functions can be quantized to holomorphic differential
operators acting on the Hilbert space HY(X, L¥F) in geometric quantization. This yields a
dense subspace of quantizable functions as k — oo.

To have a glimpse of the idea, consider the flat space C" equipped with the Wick prod-
uct on C®(C")[[h]], a natural choice of the subalgebra of C*(C") is the space of polyno-
mials where the formal variable can be evaluated at any complex number. This is because
the Wick product of any two polynomials is still a polynomial in 7 (see equation (2.2)
for an explicit formula of Wick product). On a general Kdhler manifold (X, w, J), we use
Fedosov’s flat connections [8] to globalize the local computations and find a subspace of
functions whose noncommutativity under the star product is polynomially controlled.

The key lies in the fact that the Fedosov connections on Kdhler manifolds constructed in
[6] are quantizations of Kapranov’s L., structure [12]. The special form of these Fedosov
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connections allows us to take the evaluation 71 = 1/k for any k € C \ {0}, yielding a flat
connection D, i; here « (called the Karabegov form) is a (1, 1)-form representing a class in
nH2. (X)[h]. We call k the level and define quantizable functions of level k as those functions
whose corresponding flat sections under the connection D, ; have only finite degree anti-
holomorphic parts (see Definition [2.16). In particular, the star product of these functions
is still quantizable and only has finite 71 power expansion, so there are no convergence
issues. These quantizable functions form a sheaf C% of algebras on the Kahler manifold
X under the star product. In Section {3 we show that this gives an example of so-called
sheaves of twisted differential operators (TDO for short) on X, which appeared in the theory
of D-modules [9]:

Theorem 1.1 (= Theorems [3.6| + B.7). Let X be a Kiihler manifold. For any closed (1,1)-form
a € AVY(X)[[1]] and level k, the sheaf Coy of quantizable functions (under the Fedosov connection
D, x) is a TDO on X with characteristic class [w — a].

Note that the Karabegov form of the Fedosov connection is precisely given by %(w —a).
When it satisfies an integrality condition (see equation (#.4)), we can prove that the sheaf
Coy is isomorphic to the sheaf of holomorphic differential operators on some holomor-
phic line bundles. A particularly important case is when the Karabegov form is the same
as that in the Berezin-Toeplitz quantization. In this case, the line bundles are tensor powers
L®k’s of the prequantum line bundle L. An extension of Fedosov’s method allows us to
construct a sheaf F; «x of modules over the Weyl bundle Wx ¢ equipped with a compat-
ible Fedosov flat connection, and we have the following result analogous to the ono-to-
one correspondence between smooth functions and flat sections of the Weyl bundle in
Fedosov quantization:

Theorem 1.2 (= Theorem 4.4). On a Kihler manifold X with prequantum line bundle L, the
symbol map gives a canonical isomorphism from flat sections of F;«x on any open set U C X
under the Fedosov connection to holomorphic sections of L®* on U.

Now the compatibility between the Fedosov connections on the Weyl bundle Wx ¢ and
F ek implies that quantizable functions of level k act on the (local) holomorphic sections
of L®*. Since locality is obvious, this gives the desired non-formal quantization described
by holomorphic differential operators on the Hilbert space H°(X, L®¥):

Theorem 1.3 (= Theorem[4.6). Suppose that X is a Kithler manifold equipped with a prequantum
line bundle L. Choose « so that the Karabegov form coincides with that of the Berezin-Toeplitz
quantization of X. Then for any positive integer k, there is a natural isomorphism (of TDOs)

¢ CY — D(L®K)

from the sheaf of algebras of level k quantizable functions to the sheaf of holomorphic differential
operators on LK,

This sheaf-theoretic description of our quantization procedure provides an example
of gluing of quantizations over open sets to global ones in the Kédhler setting. Theorem
can be generalized beyond the case of Berezin-Toeplitz quantization by changing the
Karabegov form of the Fedosov quantization, so that holomorphic differential operators
on any holomorphic line bundle can be realized as quantizations of a class of quantizable
functions.
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Our notion of quantizable functions is a vast generalization of the previous notion of
quantizable functions (or polarization-preserving functions) in geometric quantization
(see e.g. [17]), which can only produce first order differential operators. In Section |5, we
will see that quantizable functions in our sense also arise from Hamiltonian G-actions on
the Kédhler manifold X. More precisely, we will show that images of quantum moment maps
are all examples of first order quantizable functions in Theorem[5.8] From this, we obtain
a Lie algebra homomorphism from the Lie algebra g of G to the space of quantizable
functions. When X is a flag variety G/ B, this reproduces the Lie algebra representation
in the Borel-Weil-Bott Theorem [4].
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2. QUANTIZABLE FUNCTIONS VIA FEDOSOV QUANTIZATION

Recall that a deformation quantization of a symplectic manifold (X, w) is a formal defor-
mation of the commutative algebra (C*(X), -) equipped with pointwise multiplication to
a noncommutative one (C®(X)[[1]], x) equipped with a star product of the following form

frg=fg+ Y n-Cif.g),

i>1

where each C;(—, —) is a bi-differential operator, so that the leading order of noncommu-
tativity is a constant multiple of the Poisson bracket { —, —} associated to w:

1) Ci(f,8) —Cilg f) = %)h_o (fng—g*nf)= @ if 8-

In [8]], Fedosov gave a beautiful geometric construction of deformation quantizations on
symplectic manifolds.

2.1. Fedosov quantization of a Kdhler manifold.

We will focus on Wick type star products on Kédhler manifolds. The Kéhler form on a
Kéhler manifold X will always be written as

W = w,gdz" N dzP,
where we adopt the convention that w7 w, B= 5;.
We consider the following Weyl bundles on X:
Wy 1= %T*X, Wy := %ﬁ,
Wy, = Wx ®cz Wx = SymT"Xc.
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To give explicit expressions of these bundles, we let (z!,-- - ,z") be a local holomorphic
coordinate system on X, use dz',dz/’s to denote 1-forms in A% and use ', 7 to denote
sections in Wy ¢. The Kéhler form enables us to define a (non-commutative) fiberwise
Wick product on Wk :

ok okp
ayﬁ .. .ayik agjl - ayjk'

AN i
(22) 0(*5:: Zﬁ.wl]l...wk]k.
k>0
Throughout this paper, we denote by V the Levi-Civita connection on X, and its natural
extension to the Weyl bundle Wk c. Its curvature can be written as a bracket:

1
VZ - E[RV/ _]*/

where Ry = Ri]*kl‘dzi ANdZ ® yk]?l S .A%((lec)
A natural filtration on these Weyl bundles is defined by polynomial degrees. For in-

stance, (Wx)<n denotes the sum of anti-holomorphic monomials of degree < N. The
symbol map

(2.3) o Ax(Wxo)[[1] — AX[[n]].
is defined by setting all ¥/, 7/’s to zero.

Definition 2.1. We will use the notation W, ; to denote the component Sym” T*X Rcg
Sym? T*X of Wy ¢; sections of this subbundle are said to be of type (p,q). There are 4
natural operators acting as derivations on A% (Wx ¢):

510 = dzt A a—a., 50g = dzi A a—?.,
ay! oy

as well as

() a=y a0, () a=g-na

We define the operators (6'?)~1 and (6%!)~! by normalizing (6°)* and (6'°)* respec-
tively:

1
(607 = oo (8 on AL W),
1 2
— ]' * 4
(7= () on AR W),

The following equality will be needed later:
(2.4) id — 7o, = 600 (610) 71 4 (510) 10 510,
where 77 . denotes the natural projection from A (Wx c) to .A())g' (Wx). We also define
the fiberwise de Rham differential as 6 := 610 4 §%1.

Definition 2.2. A connection on the formal Weyl bundle Wx ¢|[[#]] of the form

D:V—5+%[I,—]*

is called a Fedosov connection if D> = 0. Here V is the Levi-Civita connection, and I €
AL (Wx ¢)[[1]] is a 1-form valued section of Wy c[[7]]. This connection can be extended
to a differential on A (Wx ¢).
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Notation 2.3. Let V be the Levi-Civita connection. We define the following operator
@1,0 — (51,0)—1 o vl,o.

Vol is similarly defined.

For later computations, we need the following;:

Lemma 2.4. For any k > 0, given any a € T(X,Sym* TX), there exists a unique & such that
(VIO — 510)(&) = 0 and that g . (&) = a.

Proof. For k > 0, let o := (V'?)*(a), and define & by

&= lek.

k=0
Clearly, 71, (&) = a. According to our construction, we then have ay1 = (619) 71 (V10)
because 6'0(V10q;) = 0 for all k > 0. Applying equation (2.4), we obtain
50y, = 6100 (510)1 (Vl'ozxk)
= 5105 (510)1 <V1’00€k) 4 (8M0) 1o 10 (Vl'otxk> — V0.
Thus we get
(VIO — 510 (&) = —6"0(ap) + VO(ap) — 6M0(ay) + VIO(ay) — 610 (ay) - - -
= —51’0(060) = 0.
O

The main result in Fedosov’s approach to deformation quantization is summarized in
the following

Theorem 2.5 (Fedosov [8]). There exist Fedosov connections on the Weyl bundle Wx c|[[h]].
Furthermore, for every formal smooth function f € C*(X)|[h]], there is a unique flat section O

of the Weyl bundle with o(O¢) = f. The associated deformation quantization (or star product) is
defined by the formula

Of * Og = Of*g'

In [6], we showed that a class of Fedosov connections can be obtained by quantizing
Kapranov’s L, structure on a Kdhler manifold [12]:

Theorem 2.6 (Theorems 2.17 and 2.25 in [6]). Let a be a representative of a formal cohomology
class in hH3, (X)[[R]] of type (1,1). Then there exists a solution of the Fedosov equation of the

formIy =1+ ], € Ag(’l(WX/C):

1
(2.5) Vi =0l + 3 lox I+ Ry = .

We denote the corresponding Fedosov connection by Dy := V — 6 + %[Lx, —|«. The deformation

quantization associated to D, is a Wick type star product whose Karabegov form is %(w — ).
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The term I in the connection D, is obtained by repeatedly taking covariant exterior
derivatives to the curvature tensor (see [6] for more details). A key property is that I is
uniformly of polynomial degree 1 in Wy, and we can decompose I = Y-, Iy according to
the polynomial degrees in the holomorphic Weyl bundle Wx. In particular, the first term
is given by

Iz - (51'0)_1 <Ri]7kldzi /\ dZ] ®yk]71> .

The term J, is given as follows: Let ¢ be a (locally defined) function such that dd¢p = «.
Then we set [y := — Y4>1(V?)¥(9¢). Thus J, is independent of the choice of ¢ and
uniformly of degree 0 in Wx.

Remark 2.7. The operator ¢ can also be written as a bracket. Accordingly, the Fedosov
connection D, can be written as

1
D(x — v + E[’Y&c/ _]*/

where v, = wl-]T(de ®y' —dz' ® §/) + I,. The flatness of D, is then equivalent to the
following Fedosov equation:

1
(2.6) VY + E')’zx *Ya+ Ry = —w+a.

If the term « in the Fedosov equation is a polynomial in 7, we call the Fedosov
connection and the associated star product admissible. In this paper, we will only consider
admissible Fedosov connections. It was shown in [6] that the associated star products of
these Fedosov connections must be of Wick type. Comparing to several previous Fedosov
constructions of Wick type star products [3|(14,20], there are several nice properties of our
Fedosov connections D, which will play important roles in this paper:

e First of all, the Karabegov form of the associated star product can be read off from
the Fedosov equation (2.6).

e Secondly, if the formal (1,1)-form « is only a polynomial in #, then the term I, in
the Fedosov connection D, is also a polynomial in 7. This enables us to evaluate
I at any complex number without divergence issues. This only works on Kéahler
manifolds and is significantly different from Fedosov’s original construction.

e Lastly, it was shown in [6] that for a (local) holomorphic function f, its associated
flat section Oy is only a section of the holomorphic Weyl bundle Wx. (This fact is
independent of the closed formal (1,1)-form «).

2.2. Quantizable functions.

To define quantizable functions, we need the following:
Definition 2.8. We define a weight on Wx ¢ [[l1]] by assigning weights on its generators:
27) yI=0 17]=2 |n|=2

This weight is compatible with the fiberwise Wick product *. It is clear that a section of
Wx c is of finite weight if and only if it is both a polynomial in  and #/’s. There is an
associated increasing filtration on the Weyl bundle. Explicitly, we let (Wx ¢[[11]])ny denote
sums of monomials with weight < N.
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Remark 2.9. A section of the formal Weyl bundle lives in a finite filtration component if
and only if it lives in Sym®* TX & Wx|h].

Remark 2.10. This weight is different from the one in [8]], although both are compatible
with the fiberwise Wick product. The weight we just defined is a polarized version,
namely, only anti-holomorphic terms in WWx ¢ have non-zero weights.

Admissible Fedosov connections D, of polynomial degrees in 1 have the following nice
property:

Lemma 2.11. Suppose D, is an admissible Fedosov connection which is of degree k as a polyno-
mial in h. Then for any N > 0, we have

Da (Wxcllf])n) € Wx el N2k

Definition 2.12. A formal function f € C®(X)[[h]] is called quantizable if the associated
flat section Oy lives in a finite filtration component of Wx ¢[[#]], or equivalently Of €

Sym® TX @ Wx|h].

Example 2.13. Every (local) holomorphic function f is quantizable for any degree k and
any Karabegov form. Explicitly, the flat section associated to f is given by

Of = Y (VI)(f),

k>0

We have seen in Lemma [2.22|that D,}/O(O £) = 0. On the other hand, we have

DY(07) = LY@ =0,
>0

since f is holomorphic. Thus O € (Wx[[l]]), = Wx, making f a formal quantizable
function.

A natural question is whether there are examples of quantizable formal functions other
than holomorphic ones. We will answer this question by giving a class of such formal
functions in the following proposition, which will play an important role in later sections.

Proposition 2.14. Let & = } > haj be a formal closed differential form of type (1,1) and
Y.i>17'p; be a potential of w (i.e., 90p; = w;), and let p be a potential of w. Then the (locally
defined) formal functions uy = % (p — Yi>1 hipi> satisfy the following two properties:

(1) The anti-holomorphic terms in O, have degree at most 1, i.e., Oy, is a section of Wx ®

(Wx)<1-
(2) The terms in Oy, which live in Wy (which we call “terms of purely anti-holomorphic
type”) are given by
(2.8) U + Wi

Hence if the Fedosov connection Dy is admissible (i.e., « is a polynomial in h), then these uy’s are
formal quantizable functions.
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Proof. For simplicity, we will prove the case where « only has one term, namely, x = hxy;
the general case can be proven similarly. Recall that O,, is the unique solution of the
iterative equation:

1
O =+074 0 (7 + 4110, -1. ) (O

Observe that if a monomial A does not live in A% (Wx), then VA + 1[I, A]. does not
have terms living in A% (Wx). So we can prove the theorem by an induction on the
weights of “terms of purely anti-holomorphic type” in Oy, .

The terms in O, of weight 1 are given by

o _1
ozlozkd WY

We know from the iterative equation that the weight 2 terms are given by
57 o VO (wyg),

which vanish since the Levi-Civita connection is compatible with both the symplectic
form and the complex structure. The next terms are

) 1 92
-1 VO,l 290 L P11 on m =l
° ( ( hazk) +h[ Mozt ©Y ""kly])

2 2 _
=51 (—h IO gt 0P dZ”wkl—wml) = 0.

9zkoz! 92"z
Thus the weight 3 terms of purely anti-holomorphic type in O,, vanish. This argument
can be generalized to all such terms of higher weights. u

Remark 2.15. These formal functions are generalizations of holomorphic partial deriva-
tives of a Kéhler potential p = ) ; z'Z’ on flat spaces C":

dp y
fl = ﬁ - Zl/

which are also quantizable functions.

Given an admissible Fedosov connection D,, as it is only a polynomial in 7 instead of
a formal power series, we can evaluate D, at i = 1/k for any non-zero complex number
k € C\ {0}. The resulting connection will be denoted as D, x:

Dy =V —=0+k- Lk~

which acts as a differential on the Weyl bundle A% (Wx ). Since all terms in D, (and
also its evaluation D, ;) increase the degrees in Sym® TX' by 1, we obtain the following
sub-complex:

(Sym' X ® Wy, Da,k) .
A nice property of this sub-complex is that it is closed under the fiberwise star product
*. We are now ready to define (non-formal) quantizable functions of a fixed level k:

Definition 2.16. A flat section of Sym*® TX ® Wy under the Fedosov connection D, is
called a (non-formal) quantizable function of level k. It is clear that quantizable functions of
level k form a sheaf on X, and we let C; and C77, (X) denote the sheaf and the space of
global quantizable functions respectively.
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Remark 2.17. In general, we add a subscript k in a symbol to denote the evaluation /1 =
1/k. For instance, the fiberwise product and the associated bracket in the above formula
all take the complex value 1 = 1/k.

Remark 2.18. The fact that the differential D,  is well-defined relies heavily on the prop-
erty that the Fedosov connections D, are quantizations of Kapranov’s L, structure [12].
General Fedosov connections cannot be evaluated at arbitrary non-zero complex values
because they are power series in 7 and there is no convergence in general.

Next we describe some simple properties of non-formal Fedosov connections and the
corresponding quantizable functions. First of all, we consider the weight defined by the
degrees of anti-holomorphic terms in Sym® TX " and the associated increasing filtration
on the bundle Sym® TX ® Wx. From the explicit formula of the non-formal Fedosov con-
nection D, , it is easy to see that it does not increase the degree in Sym® TX', and thus
preserves the above increasing filtration. In particular, there is an associated increasing
filtration on the (non-formal) quantizable functions. We let (€7 )y denote those quantiz-
able functions whose anti-holomorphic terms in Wy ¢ have degrees at most N.

Similar to formal Fedosov quantization, we obtain a (non-formal) star product:

Proposition 2.19. For every k € C \ {0}, the sheaf C is closed under the star product x
defined via the Fedosov connection D, . This star product is compatible with the above filtration
in the sense that (C33 )N, *k (Cop)Ny € (Cri) Ny +Ny-

Proof. Since the fiberwise Wick product * is compatible with the connection D, the
product of two flat sections is still flat. The statement about the filtration is obvious. [l

We now give some examples of quantizable functions.

Example 2.20. On the flat space C" equipped with the standard Ké&hler form, every poly-
nomial in C[z!, 2!, .-+ ,z",Z"] isa quantizable function.

Example 2.21. We can construct a class of quantizable functions by evaluating formal
quantizable functions at i = 1/k. First of all, there exists the following morphism of
bundles:

Sym®* TX ® Wx[h] — Sym® TX ® Wy
by taking the evaluation # = 1/k. It is easy to see that this map preserves the Wick
products and Fedosov connections on both sides. In particular, by taking cohomology,
we obtain the following morphism of sheaves of algebras:

(2.9) evy : C°[] — Cik

Since holomorphic functions are quantizable for any level k, the sheaf of quantizable func-
tions gives a quantum Ox-module.

In Section 5, we will see another class of quantizable functions arising from symmetries
of the Kadhler manifold X.

There is a type decomposition by the 1-forms in D, i, in which the (1, 0)-component is
independent of k and explicitly given by

DY) =V — 0.

w,k =
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This implies the following;:

Lemma 2.22. Let vy be a quantizable function with respect to the Fedosov connection D, . Then
7 is determined by its components in Wy.

Proof. Let 7o« denote the components of 7y in Wy. By Lemma the section

7= 3 (V) (0.)
k>0

must be annihilated by Di’g. Thus
1,0 ~

According to the construction, (v — %)o,« = 0. Suppose ¥ — ¥ # 0, the terms in Di’g (v —9%)
of the lowest degree in WYy is equal to §1? (4 — 4) and cannot vanish, which is a contra-
diction. (|

In formal Fedosov quantization, there is a stronger statement, namely, a flat section is
uniquely determined by its symbol, which gives a one-to-one correspondence between
flat sections and formal smooth functions. It is natural to ask if this still holds for non-
formal Fedosov connections and quantizable functions. The following example gives a
negative answer to this question.

Example 2.23. We consider the Fedosov connection D, where & = 7 - w. The term J, in
this connection is explicitly given by

Jo=—h- l;(ﬁlfo)k <wi]vd2j ®yi> = —h-wgdd @y

If we take the evaluation i = 1, then the non-formal Fedosov connection can be written
explicitly as

Dyjet =V =60 + I, — ],

We now construct a non-trivial flat section whose symbol actually vanishes. We claim
that the local section w;;; 7™ is flat under D, . Firstly,

Diﬁ(wim?’”) = VY (wing™) — 6" (winy™) = 0.
On the other hand, the fact that V%! (w;;7™) = 0 implies the vanishing
ngzlc(wimgm) = 0.
Thus w;; 7™ is a local quantizable function whose symbol vanishes.

It seems then that the name “quantizable functions” might not be so appropriate, since
the symbol of a non-trivial flat section might vanish. This name can be justified in two
ways. First of all, for a big enough k, the above uniqueness statement remains true:

Proposition 2.24. For |k| >> 0, a flat section y under the Fedosov connection D,y is uniquely
determined by its symbol o (y).
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Proof. Suppose 7y and ¥ are two flat sections under D, ; with the same symbol, such that
¢ = v —  is non-trivial. By Lemma ¢ is determined by (o . Let ¢, be the term in
&0+ of the highest degree in Sym® TX . Then we have [ > 0, since otherwise, (&) will
involve a term of degree (0,0), i.e., a holomorphic function, which contradicts the fact
that o and ¥ have the same symbols.

Let ¢ be a potential of «, i.e., dd¢ = a. Recall that the term ], in the Fedosov connection
D, is givenby — ¥, (V)™ (9¢). An explicit computation gives that the term in Dg’}{ (&)
of type AY! (Sym! "1 TX") can be written as

—5%(&0,) — VY0 (09) 1y /g Goale = (—(5011 +0 (%)) (Go1)-

Since the leading term is non-zero, if |k| is big enough, we obtain the non-vanishing of
Dg’}(((j ), which contradicts the flatness of ¢. O

Therefore, for |k| >> 0, quantizable functions are in a one-to-one correspondence with
a sub-class of smooth functions in C*(X), which, by abuse of notations, will also be called
quantizable functions. The Fedosov connection D, ; defines a non-formal deformation of
this sub-class of smooth functions. Moreover, these functions are, by construction “close
enough” to holomorphic ones since their associated flat sections have finite degrees in
TX". We will see in the next section that these functions form a sheaf of twisted holomor-
phic differential operators.

The second justification is that, as we will show in Corollary the evaluation map
is sheaf-theoretically surjective. In other words, for any level k, every quantizable
function of level k can be locally obtained from a formal quantizable function.

3. SHEAVES OF TWISTED DIFFERENTIAL OPERATORS FROM QUANTIZABLE FUNCTIONS

We first give a brief review of the notion of twisted differential operators, following the
notes [9].

Definition 3.1. A filtered ring A is called almost commutative if gr A is commutative.

Definition 3.2. A sheaf of twisted differential operators (TDO for short) on X is a positively
tiltered sheaf D of almost commutative algebras together with an isomorphism

Yp : grD — Sym* TX
of Poisson algebras, where 7 X denotes the holomorphic tangent sheaf on X.

Remark 3.3. The Poisson bracket on Sym™ 7 X is the natural extension of the Lie bracket
on 7 X. In particular, we have the maps

{—, =} :Sym™ TX x Sym" TX — Sym"™ ™"~ 1TX.

The main result of this section is that the sheaf C7"} of non-formal quantizable functions
of level k is a TDO.
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3.1. Afiltration on quantizable functions.
Consider the natural increasing filtration (C3%)o C (Cy3)1 C -+ on C7y by degrees of
anti-holomorphic terms in Wx ¢. Let (/35( denote the associated graded sheaf. Suppose «

is a local flat section under D, , which lives in (C?;) N (U). Let ay € (Wx )N denote the
leading term with respect to this filtration. Lemma [2.4|says that it must be of the form

ay = Y (VM) n),
k>0

and the following vanishing holds:
Vo’l (D(OIN) =0.

Proposition 3.4. For any N > 0, there is the following isomorphism of Ox-modules:

P (C};)N — Sym™N TX
o '—NXO/N_I((JJ_l)N

Proof. We have seen that V%! (ay) = 0. Since w is parallel with respect to V, it follows that
the image ag ny(w 1)V is 0-closed. Since the flat section corresponding to a holomorphic
function does not contain any terms in Wy, the map 1 is a morphism of Ox-modules.

Next we show that ¢ is an isomorphism. The injectivity of ¢ is obvious. To show its
surjectivity, we consider the formal functions u;’s in Proposition From the explicit
formula in the proposition, we obtain degree 1 quantizable functions after taking the

evaluation. Explicitly, we have ev;(Oy;) € (C7%),. Moreover, the leading term of evy(O.)
is w]-l—y'l, which implies that ¢(evx(Oy;)) = 9,;. This finishes the proof of this proposition
since Sym” 7 X is locally generated by d,;’s as an Ox-module. O

Corollary 3.5. The evaluation map in Example is surjective as a morphism of sheaf of
algebras.

Proof. We only need to show that locally every quantizable function can be obtained by
taking evaluation of formal quantizable functions. We use an induction via the filtration
on Cy: for N = 0, we have the isomorphism (C% )o = Ox, and Example2.13 implies that
(é;.é;{)o lives in the image of . Suppose ¢y € (é;’i) N for some N > 0. By Proposition
there exists a holomorphic function f and indices iy, - - - , iy, such that Of %k Oy * -+ - *

Ouy — 7 € (C%)N—1. Applying the induction hypothesis finishes the proof. U

Theorem 3.6. For any a and level k, the sheaf C7) of quantizable functions (under the Fedosov
connection D, ) forms a sheaf of twisted differential operators (TDO) on X.

Proof. We first show that the associated product on grD is commutative. Let Of € Dy \
Dy—q and Oy € D; \ D;_y; equivalently, the highest degrees of anti-holomorphic terms
in Oy and Oy are k and [ respectively. It is clear that O x Og, Og * Of € Dy \ Diik_1,
and they have the same monomials of the highest anti-holomorphic degree. So we have
[Of, Oglx € Dyyk—1, and hence the associated graded grD is commutative.
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To show that ¢ respects the Poisson structure on both sides, we only need to compute

the bracket
[—,—]: D' x D = DO
We take any holomorphic function f on U and take its associated flat section Of, and
consider evy(Oy;) € DY (U). It is then clear that [Ou;, Ofl« € DY, which must correspond
to a holomorphic function given by its symbol. A simple computation shows that it is
precisely given by
d d
i, Ly =L

This identifies the Poisson brackets on grD and Sym*® (7 X). O

3.2. Characteristic classes of the TDO given by quantizable functions.

For every TDO on a complex algebraic variety, there is a characteristic class which lives
in H!(X, Q=1). When X is a complex manifold, this cohomology group is isomorphic to
HY(X, le), where Q) denotes the subsheaf of O} which is closed under 9.

We briefly recall the characteristic class of a TDO D on a complex manifold X, and refer
to [9] for more details. As a TDO, there is an increasing filtration Dy C Dy C --- C D on
D, in which D is locally isomorphic to Ox @ Tx. Let {U;} be an open covering of X such
that over each intersection U; N Uj, there is an isomorphism

Dy(U;) — D1 (U;),
which must be of the form

(3.1) fe=f & d+wi(d),

where ¢ € Q' (U; N U;). In particular, on a Kédhler manifold, if we choose the (1,0)-forms
w;j to be d-closed. Then the Cech cohomology class {«;;} € H'(X, ) is the characteristic
class of the TDO D.

For the sheaf C, of quantizable functions, we first choose an open covering {U;} of X
by balls, and fix a potential p; on each U;. Then on each U;, the isomorphism Ox(U;) &
Tx(U;) = D1(U;) is given explicitly by

dpi
frof, a0 ($)

for any holomorphic function f on U;. On each intersection U; N U;, we choose a (1,0)-
form

ajj := 9(0;i — 0j),
which clearly satisfies equation (.1). We have d(a;;) = 0 since p;’s are all potentials
of the same closed (1,1)-form, and d(a;;) = 0 since 9* = 0. Thus we obtain the Cech
cohomology representative of the characteristic class of C %

{IXij} € Hl(X, le)

On the other hand, a standard argument in complex geometry shows that the Dolbeault
representative of {a;;} is exactly given by ddp; which gives a global closed differential
form of type (1,1). This exactly coincides with the Karabagov form.

To summarize, we obtain following;:



QUANTIZABLE FUNCTIONS ON KAHLER MANIFOLDS AND NON-FORMAL QUANTIZATION 15
Theorem 3.7. The characteristic class of the TDO C;’, is given by [w — a].

4. QUANTIZING FUNCTIONS AS HOLOMORPHIC DIFFERENTIAL OPERATORS

In this section, we will see how quantizable functions, which come from deformation
quantization, “act on” geometric quantization. More precisely, let X be a Kdhler manifold
X equipped with a prequantum line bundle L, meaning that there is a connection V1 on
L whose curvature is V2 = iw. Then we will show that quantizable functions act on the
holomorphic sections of L*¥ as holomorphic differential operators. This gives a non-formal
quantization of a large subspace of smooth functions on X.

Let k be any integer, we consider the sheaf C7% of quantizable functions with level k

and a := —Rl-]vkl-wkl_dz" A dzl. Throughout this section, we fix this « whose associated star
product is exactly the Berezin-Toeplitz quantization with Karabegov form k(w — «). In this
case, we will prove that the sheaf C;?k of quantizable functions is isomorphic to the sheaf
D(L%k) of holomorphic differential operators on L= (as TDOs).

The main idea comes from our previous work [5], where we extended Fedosov’s method
from algebras to modules. More concretely, we will construct a sheaf of modules over the
Weyl bundle Wx ¢ with a compatible flat Fedosov connection whose associated coho-
mology is exactly H?(X, L®F). The quantizable functions then act on this module sheaf,
preserving the flat sections corresponding to holomorphic sections of L**. We will also
explain a generalization to holomorphic differential operators on any line bundle as quan-
tization of functions.

We begin with the linear algebra of the Bargmann-Fock action:

Definition 4.1. We define an action of a monomial f = z* -- -z%zP1 .. 2Pl € Wen on
s € Fer:=C[[z}, -+ ,2"][[n]] by

0 0

O+ 0 5 O My, 0 (S),

ozP1 ° ozPi
where 1,4 .. 4 denotes the multiplication by z*1 - - - z%. It is known that

f@g®s)=(fxg) ®s.

Thus equation defines an action of the Wick algebra Wer» on Fen, known as the
Bargmann-Fock representation (or the Wick normal ordering in physics literature).

(4.1) f@s:=(—n)

The Kédhler form on X enables us to define the fiberwise Bargmann-Fock action, making
the holomorphic Weyl bundle Wx a sheaf of WWx c-modules. Explicitly, a monomial in
Wk ¢ acts as a differential operator on Wy as follows:

0 0

. . . I - -
(42) yll . ylkyh e y]l —> (_h) wpl]l ce a)pl]l aypl O.-- aypl o myilnyik

Definition 4.2. For every k > 0, we define the level k Bargmann-Fock sheaf F |« by twisting
Wy with tensor powers of the prequantum line bundle L:

Frew = Wx X0y L&k,

The following proposition shows that the Fedosov connection can be extended to a flat
connection on J; « in a compatible way.
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Proposition 4.3. Let V«« denote the Chern connection on L®% whose curvature is k - w. Then
the connection

(V4+k- v, ®) @1+1® Ve
on the Bargmann-Fock sheaf F«x is flat and compatible with the Fedosov connection D, on
Wk c. Thus, by abuse of notation, we also denote the above connection on Fjcx by D, k.

Proof. Let s be a section of WWx. Then we have

Ry @k s = Ryjpdz' N2 © 4y @cs
= Riz,qdz' NdZ @ 77 @ (4 - 5)
o 1\ 159
_1
Tk

= % (Vz(s) +tx®ks> :

Note that we have used the definition of the Bargmann-Fock action. Flatness of the con-
nection D,  follows from a straightforward computation:

(V2(s) = Ry

- L wPidzt A dZ
ifpg - wHdz N dz ®k5>

Dy =V?@1+ ((kv%x,k + K Y x ')’a,k)®k> ®1+1® Vi,
=(kVYar +K - Yar 5 Yap + k- Ry — &) @ +10 Vi
=—k-w+k-w=0.
Here we have used equation and the prequantum condition that V%W =k-w. To

see that compatibility between Fedosov connections, let ¢ and s be sections of Wy ¢ and
F ek respectively. Then we have

Dy (€ ®xs) =V (&) @k s + (—1)EIg @y V(s) + kyur ®x (& ®s)
=V (&) @ s+ (—1) g @ V(s) + k[ vap Es ®ks) + (—1) I @k (ko @1 s)

=Dy (&) @ s + (1) "z @y Dy (s).
0

In Fedosov quantization, we have a ono-to-one correspondence between smooth func-
tions and flat sections of the Weyl bundle. We have an analogous isomorphism theorem
for the Bargmann-Fock sheaves:

Theorem 4.4. For any open set U C X, the space of flat sections of F | «x under the connection
D, x is canonically isomorphic to holomorphic sections of L®X.

Proof. For any open set U C X, the symbol map

o T(U, Fex) — T(U, L%F).
is defined (as before) by setting all y/'’s to zero. We write a section s € T'(U, Fj ) in local
coordinatesass =} ;s 1y! @ e}, where | runs over all holomorphic multi-indices and e
is a local holomorphic frame of L®¥. Then

Dui(s) = Dug( Y sy @epx)
[J|>0
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= dx(so) ® epx + Z k- Yo ® (s]y] ®err) + ( Z s]y]) ® Vi(ewx)
J1>0 71>0

= (9x(s0) +9x(50)) @epr+ Y k- Yose @k (s7y! @epe) + (Y s;y)) @ VI (eps).
J1>0 |71=0
Here dx denotes the de Rham differential on X. By analyzing the type of the part 7y, ; in
the Fedosov connection, it is easy to see that if dsp # 0, then we must have D, (s) # 0.
Thus, the symbols of flat sections T'f/# (U, F, .x) must lie in H°(U, L#¥). This induces the
map

(4.3) o T/ U, FLo) — HY(X, L%K).

To show the surjectivity of this map, we first find a flat section of the Bargmann-Fock
sheaf F; «x whose symbol is ¢;x. Suppose that the hermitian metric of L®* is given locally
by (e;x, erx) = €. The connection V; «x can then be written explicitly as

Viek(epx) =k-0p @ ek,

and the prequantum condition implies that ddp = w. We define a local section of the
holomorphic Weyl bundle Wy by B := Y»1(V0)%(p). It is clear the section ek ® ¢/
of F; e has symbol e; x. The following proposition, which will be proved in Appendix
says that this section is indeed flat under Dy ,:

Proposition 4.5. The section P ey is closed under the Fedosov connection, i.e.,

D“,k(ek'ﬁ & @Lk) =0.

The surjectivity of the symbol map now follows from this proposition since any
local holomorphic section of L#¥ is of the form f - e;x for some holomorphic function f.
We simply take the section of F «« to be O - (eFF @ e,k ), which is obviously the image of
f < €rk-

For injectivity, suppose there is a nonzero section s € I'(U, ;) such that o(s) = 0.
Writing s = 3.7 ;o8 jy/, then the lowest degree term of D, x(s) is given by & (XCyj|=is ) #
0 which implies the non-vanishing of D, x(s). O

Theorem 4.6. Suppose that X is a Kihler manifold equipped with a prequantum line bundle L.
Let o := —Ri]vkl-wkl dz' \dzl (so that the Karabegov form coincides with that of the Berezin-Toeplitz
quantization of X). Then for any positive integer k, there is a natural isomorphism

from the sheaf of algebras of level k quantizable functions to the sheaf of holomorphic differential
operators on L. Furthermore, this isomorphism is compatible with the filtration on quantizable
functions and that on differential operators by orders, and hence gives an isomorphism of TDOs.

Proof. We first define the map ¢ by showing that quantizable functions act on the space
of holomorphic sections of LF as differential operators. We have seen that level k quanti-
zable functions correspond to flat sections of Wx ¢ under D, x, and holomorphic sections
of L®¥ correspond to flat sections of F <. Since the flat connections on these two bundles
are compatible, the outcome of this action is also flat and thus correspond to a holomor-
phic section of L. As to the compatibility of filtrations on both sides, it is clear since
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1]8

7/ acts as the differential — in the Bargmann-Fock action, and thus the filtration on

both sides is preserved by ¢. The locality is clear from the construction.

We will perform local computations to show that ¢ is an isomorphism of sheaves. For
the injectivity of ¢, suppose f is a quantizable function such that ¢(f) = 0 as a differen-
tial operator. To show that f = 0, we use induction on the anti-holomorphic degrees of f.
Suppose f € (€7 )o, or equivalently, f is a holomorphic function (recall that there is a nat-
ural increasing filtration (C33)o C (Ciy)1 C -+ on C3y by degrees of anti-holomorphic
terms in Wy ¢). Then ¢(f) simply acts by multiplication and thus f = 0. For the induc-
tion step, suppose f € (€% )m and ¢(f) = 0. We take any local flat section s of F ««, and
any non constant holomorphic function g. Then we have

Of ® (Og - 5) = [Of, Ogls ®k 5 + Og @ (Of @ s) = [Of, Ogly, ®s =0,

which implies that ¢(f x § — g *x f) = 0. Since O, contains only monomials in Wx and
the bracket [—, —],, kills at least one 7/’s in O, we see that [Of, O], € (Cax)m—1,and we
have f x; ¢ — g * f = 0 by the induction hypothesis. This implies that Oy is also a section
of Wx and has to be zero.

Next we show the surjectivity of ¢. With respect to the choice of the holomorphic frame
erk, the holomorphic differential operators are generated by holomorphic functions and
d,’s. Let " ® e, be the section of F« as in the proof of Theorem We consider
the function u; defined in Propossition and claim that O,, ® (e¢F @ e;x) = 0. By
Theorem 4.4, we only need to show that its symbol vanishes.

For this purpose, notice that, as shown in Proposition every term in O,, has degree
at most 1 in the anti-holomorphic #"’s. Thus we only need terms in Oy, of type (0,0), (0,1)
and (1,1) to find the symbol ¢ (O, ®; (e*F ® e«)). For this, we recall that

19
Oy; = ( 42V~ Twgg +2v -1 ” "‘f)+k£+---;

here p and p; are local potentials for w and the Ricci form respectively. The dots denote
those terms which contribute trivially to the symbol. Then we compute:

o (Ou,- @ (" ® eLk))

ap 1ap1 /_ k-
= <;+E?+2v Lo ([wing™, Blx) +2 k 0z k > (e ﬁ®e[~®k)

_dp 0 om 9P 91 dw;7 W
= 5z T2V wing ’@y]*”E 3 T

=0,
where we have used the basic fact in Kdhler geometry that

dp1 | QWi s
FE ™ S

in the second equality.
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On the other hand, any local flat section of F =« can be written as Og - (" @ ¢;1) for
some holomorphic function g. We have

Oy, ®j (Oy - P @ err) = [Ou;, Ogli ®x (ek'ﬁ ®epx) + Og - (Ou; @y P erx)
= [Ou;, Ogley @ (€°F @ 1)

1
= — 04 - (P @ep).
k azi
In the last equality we have used Lemma H below. This shows that ¢(u;) = —% -0,
under the holomorphic frame e;x. The proof of the theorem is now completed. t

Lemma 4.7. For any holomorphic function g, there is the following equality:

1
[Ou;, Ogly = e O
ozt
Equivalently, taking bracket of flat sections of holomorphic functions with O, is equivalent to

taking the partial derivative —%azi to smooth functions.

Proof. 1t is clear that the bracket [O,,, Ogly, is still a flat section. Thus we only need to find
its symbol. Since g is a local holomorphic function, O, only contains terms in Wy and we
only need the purely anti-holomorphic terms of O, to compute ¢ ([Oy,, Og), ):
_; 0% V-1 - 09 1 dg
0 ([Ou;, Oglyy) = [2v _1wify]r az—mym]*k =2vV—1-wj- 7(—1)607”] 2 k9
O

Theorem 4.6/ says that the sheaf C% consists of exactly those functions which can be
quantized to differential operators on the Hilbert spaces HY(X,L®¥). This produces a
non-formal deformation of the classical multiplication. This isomorphism also gives local
generators of C .

Corollary 4.8. For any open set U C X isomorphic to an open ball in C", quantizable functions
on U are generated by holomorphic functions and the functions u;’s defined in Proposition [2.14

All the above computations and results can be generalized to the following situation:
Assume that the Karabegov form is admissible and integral, namely,

(4.4) wy, = % (w—a) € % : (H“(X) N HZ(X,Z)> [1].
Then we can take the evaluation 7 = 1, and twist Wx by a line bundle to obtain a

Bargmann-Fock bundle which admits a Fedosov flat connection. Thus the quantizable
functions associated to these Karabegov forms can be quantized to holomorphic differ-
ential operators on a line bundle. Conversely, holomorphic differential operator on any
holomorphic line bundle can be identified with a class of quantizable functions.

Remark 4.9. The construction here can be generalized straightforwardly to the non-abelian
case: we can twist the Weyl bundle with any holomorphic vector bundle E over the Kihler
manifold X, and identify holomorphic differential operators D(E, E) with a subspace of
C*(X,End(E)). By combining this result with the BV quantization method in [6}[10], we
can give another proof of the trace formula for differential operators for Kéhler manifolds
as first introduced in [7].
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4.1. Quantizable functions in geometric quantization.

In geometric quantization, the prequantum operator Qr associated to a smooth func-
tion f on sections of k-th tensor power of the prequantum line bundle L is defined as
v—=1

o k
Q= g Vx, T/

where V¥ denotes the connection on the line bundle L®*. For a holomorphic section
s € H(X, L®K), the output Q () is in general not a holomorphic section of L&k,

Definition 4.10. A smooth function f € C*(X) is called quantizable in the sense of geometric
quantization if the operator Q preserves the Hilbert space H 0(X, L=F).

It is clear from the definition that Q is a differential operator. Theorem implies that
there exists a quantizable function whose action can be identified with Q . So our notion
of quantizable functions is a vast generalization of the previous notion of quantizable
functions (or polarization-preserving functions) in geometric quantization. In particular, we
can obtain higher order differential operators from them. Furthermore, we get a subspace
of smooth functions closed under the star product.

5. EXAMPLES: FIRST ORDER QUANTIZABLE FUNCTIONS FROM SYMMETRIES

In this section, we give a class of examples of (first order) quantizable functions arising
from symmetries on Kdhler manifolds. It is known that symmetries of symplectic man-
ifolds is encoded in moment maps. More precisely, let G be a Lie group and g be its Lie
algebra. Let (X, w) be a symplectic manifold which admits a Hamiltonian G-action. For
every ¢ € g, let V; denote the vector field associated to the infinitesimal action, whose ac-
tion on smooth functions can be expressed as a Poisson bracket Ly, = {u(g), —}, where
# g — C®(X) is the classical moment map. A quantized notion of the moment map,
called the quantum moment map, was introduced in [21].

Definition 5.1. Let X, G be as above. Suppose (C*(X)[[#]], %) is a G-invariant deforma-
tion quantization of X. Then a quantum moment map is a homomorphism of Lie algebras

s g — CT(X)[[A]],

such that for every ¢ € g, we have the equality Ly, = [us(g), —]« for formal smooth
functions C*°(X)[[#]]. Here the Lie bracket on the right hand side is the one associated to
the star product x. Explicitly, for g, € g, we require

un((g hl) = pn(g) * pn(h) — pn(h) * pn(g)-

We will focus on the case when X is a Kdhler manifold and the G-action also preserves
the complex structure. For later computations, we will fix a basis { gi}?j?g of the Lie algebra
g, and let £; and ; denote respectively the Lie derivative and contraction associated to the

vector field Vg,. These operators can all be naturally extended to A%, (Wx ).

We would like to show that the image of the quantum moment map are all first order
quantizable functions. To start with, recall that the Fedosov connection Dr is of the form

1
DF - v+ E[II _]*/
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where [—, —]. is the Lie bracket associated to the fiberwise star product. A simple com-
putation shows that [Dr — V, ;] = #[1;(I), —]«: leta € A*(X), B € Wxc. Then we have
[Dr =V, 4i](x © B)
=(Dr = V)(1i(@) ® B) +1;0 (DF = V) (¢ © B)

sl @ B+ (Gl )
_1
1

(1 (5(w) @ B) = (=) (1i(@) @ B) * T+ (I % (€ @ B) = (~) (@ B) x 1))

2
2
= (4D * (@@ B) — (-1 (e p) x (1))
:%[ (I),(X & ,B]*

We will give an explicit expression of the operators A; := L; — [Dp, ;] on the Weyl
bundle. First, we have the following lemma.

Lemma 5.2. Forevery 1 < i < dim(G), the operator L; — Dk, 1;] is linear over A*(X); equiv-
alently, we have L; — [Dp, 1;] € T(X,End(Wx ¢)).

Proof. Lets € A*(X, Wxc), and leta € A*(X). Then

(6= D)) s

Li(a)Ns+aALi(s)—Dpo(aAs)—1;0Dp(aAs)

Li(@)As+a A Li(s) — Dp(ti(a) As+ (=1)%-a A (s))

—(dx(a) As+ (=1)F-a A Dp(s))
=Li(a) As+aALi(s) —dx(i(a) As+ (=1)%-;(a) A DEg(s)
— (=1)*-dx(a) Ati(s) —a A De(1(s))

—ti(dx(a)) /\S+( 1)* - dx (&) Ati(s) = (=1)*u (&) A De(s) — « A 1i(Dr(s))
=a A Li(s) —a A ([Dr, 4](s))-
U

In a similar way, we can show that the operator £; — [V, ;] is linear over .A*(X). More
importantly, we will show that this operator on the Weyl bundle Wx ¢ can be expressed as
a bracket with respect to the Wick product. To do so, we need the following well-known
result on the equivalence between the fiberwise Wick product and Weyl product:

Lemma 5.3. Let xpw denote the Moyal-Weyl product and sy denote the Wick product on
Wen. Then the following map is an isomorphism between these two algebras:

e (Wen, *mw) — Wen, *wick)-

— ijo 9
Here S =T - w37 ==,

Lemma 5.4. There exists a section s; of the Weyl bundle such that L; — [Dp, 1;] can be written as
a bracket:

1
(5.1) L; — [Dr,u] =

%[Sil _]*'
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Proof. It is clear that [Dr — V, 1| = [[I, =]+, 4] = [ti(I), —]+«. Thus we only need to show
that £; — [V, 1;] can be written as a bracket with respect to the Wick product on Wy c.

We will first show that £; — [V, ;] can be expressed as a bracket with respect to the
tiberwise Moyal-Weyl product x . For the explicit local computations, we will use real
coordinates on X and Wk ¢. Since both £; and V preserves the types of sections in Wk ¢,
we only need to compute (£; — [V, ]) (y*) for a local section y* of TX*. Let f; = u(g;),
where j1 : g — C*®(X) is the classical moment map. Then the vector field associated to g;
is V,, = 2i w/* 2. Then

ox/
[V, 6 (y") =u(Vy*) = u(Th,dxP @ y7)

=1i(dxP) Ty = f' o Ty

hereI'} denotes the Christoffel symbols of V. On the other hand, using Cartan’s formula,

By

we have

Li(dx) =[dx, 1] (dx") = dx (1;(dx*))
of, f iy, f dwl®
i (a 7 ) <8xk8x7 " QW) e

Since £; — [V, ;] is linear over A*(X), via the above computations, we can write it as

oxYoxP oxB axr  9xi

We use the symplectic form to lift the subscript in d,« in the above section, and obtain

2f g B
Li— [V, = ( Ofiopny OFi 0™ Ofi s, rm> 0w @YY €T(X, TX ® TX").

: Ofi  pa, Ofi 0P Ofi g Sy * «
5= (ax’raxﬁw +axﬁ IxY _@“’ r,B'y Wael)> QY eN(X, TX* ® TX")

0*fi , 9ofi dwb* of; o
B (8x781x§ * ax;% oxr 08 T 9y P rﬁvwaé) YRy eT(X, TX @ TX").

Then the operator £; — [V, ;] can be expressed as a bracket if and only if s; is symmetric
in the indices ¢ and <. The first term clearly satisfies this symmetry. For the second and
third terms, we can locally choose Darboux coordinates. Then the second term vanishes
since they are derivatives of wg,. The third term has the desired symmetry since any
symplectic connection in any Darboux coordinates satisfies the condition that

By Wat
is symmetric in all three indices B,y and ¢. Thus, there exists a section 7; of the Weyl
bundle such that for any section « € I'(X, Wx ¢) (not necessarily flat), there is

(Li = [V, u]) (@) = [7i, ]y
Using the equivalence between the Weyl product and the Wick product on Wy ¢ in Lemma
we see that

(ﬁi - [V/ Li])(“) = [f)/i/ (X]*Mw = efS[eS (71) eS(DC)]*
This implies that £; — [V, ;] = e 5o ( —]s)oe e%. On the other hand, we have
[e°(7i), —]« =€% o (Ez [V, 11]) 0™ (a)
=(Li—[V,u])oe’oe 5(06)
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=(Li = [V, u])(w),
where we used the fact that both £; and V commute with the operator S. U

Proposition 5.5. Let & € T/ (X, Wy c[[]]) = C®(X)|[[}]] be any flat section of the Weyl
bundle, which corresponds to a formal function on X. Then we have

Sixa—axs; = Li(a).

In other words, quantum Hamiltonian symmetries L; on formal functions can be expressed as
brackets with s;.

Proof. From Lemma we have
sixaw —a*xs; = (L; — [Dr,4]) () = Li(a) — 1;(Dp(a)) = Li(a).

We give the following lemma, which we will need later:

Lemma 5.6. If the G-action on X preserves both the symplectic and complex structures (i.e.
holomorphic isometries), then the Fedosov connection D is G-invariant. In particular, for all
1 <i < dim(G), we have

(5.2) [£;, DF] = 0.

Proof. Recall that the Fedosov connection is of the explicit form Dr = V + +[I, —|,. The
Levi-Civita connection V obviously commutes with the G-action. On the other hand, the
components of the term I in the Fedosov connection arises by iteratively applying the
operators (60)~! and V' to the curvature operator V2 and the Ricci curvature. The
result now follows because all of these commute with the G-action. u

Lemma 5.7. Locally, by adding formal smooth functions (the constant terms in Wy ¢|[[h]]) to the
sections s;’s, we obtain flat sections of W c|[[h]] under the Fedosov connection Dr. When the
first de Rham cohomology group H}y (X) vanishes, these flat sections corresponds to the images of
quantum moment maps under the isomorphism C®(X)[[1]] = T (X, Wx c[[1]]).

Proof. Using Lemma we have

1
=[[si, =]+ De] = ([£i, D] = [[Dr, 1], D¥]) = = ([[DF, 4], D]) = 0;
h
here we used equation (5.2) in the above lemma in the second equality. On the other hand,

there is . . .

7 18i =l Del = £2 [De(si), |« = £2 [De(si), =« = 0.
It follows that for every 1 < i < dim(G), we have Dr(s;) € A!(X) (since A*(X) is the cen-
ter of A% (Wx c)). Moreover, these 1-forms must be closed since D%(s;) = dx(Dg(s;)) =
0. The first statement follows because locally we can take anti-derivatives of closed 1-
forms. Globally, vanishing of the first de Rham cohomology group also implies the exis-

tence of the anti-derivatives we need, and these are images of quantum moment maps by
Proposition U

To summarize, we have
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Theorem 5.8. The image of quantum moment maps are first order quantizable functions. Thus,
for any « and k, there exists a Lie algebra homomorphism

S:g— Cka(X),
where the Lie bracket on the right hand side is induced by the star product *y.
Proof. We only need to show that every section s; has a uniformly bounded degree in
Wy. This follows from some simple observations on its defining equation (5.1). First of
all, the component in s; corresponding to the operator £; — [V, ;] must be of degree 2
and lives in TX ® TX (since £; is a derivation with respect to the classical product on
the Weyl bundle). On the other hand, the term I in the Fedosov connection satisfies our

desired finiteness property by its construction, and so does the term in s; corresponding
to [Dr — V, 1;]. Hence, we conclude that s; has a uniformly bounded degree in Wx. O

APPENDIX A. PROOF OF PROPOSITION [4.5]

Notice that the Karabegov form in this situationisw —a = w — i - Ri.‘]fkdzi A dZl. Recall

that, after Theorem we write term [ in the Fedosov connection as I = ) >, I;. Let us
write each I, explicitly as

In = R;l‘._iml-w]-,-cdzl X (yil . yinyk)'
Lemma A.1. We have (J,), = —(n+ 1)k - Rﬁil--.i l_dzl @y -y

Proof. The proof is by induction on n. For n = 1, we have

(Jo)1 = (5M0)~1 (—h - RE, dz’ Adzf) — —2h- (%ijjkdzf ®yi> .

Then, by the induction hypothesis for n — 1, we have
VH(Ja)pa =V (—nh RY @yt .yiH) .
On the other hand,
Vl’o (Tlh . Rgl---in,l_dzl X yil e yin ® ayj)

:(n—i—l)-nh-R]:

Ity

Az NdZ @yt Y ® 9,

Since V10 is compatible with the contraction between TX and T*X, the above computa-
tion shows that

Uadn = () (VO (a)u—1) = =(n+ DR dzh @yt -y,

n

Lemma A.2. The section B satisfies D, () = _wi]*dzj ® yi — dp.

Proof. The function p satisfies the condition that 99(p) = w. Recall that B = Y ;-1 (V0)¥(p),
and it is easy to check that o (D, x(B)) = o(—6(V1?(p)) = —9dp. On the other hand, the
following computation shows that —w;zdz/ ® y' — dp is closed under D, ;:

Dy i (—w;dZ @ y' — 9p)



QUANTIZABLE FUNCTIONS ON KAHLER MANIFOLDS AND NON-FORMAL QUANTIZATION 25

:V(—wi]vdzj DY) — (5(—wi]vdzj @y') +k-[I, —Zwi]vdzj ® y']s, — 99p
=6(w;dZ! @ y') — 99p = wydz' ANdZl —w = 0.
Here we have used the fact that w is parallel with respect to w. Since f is a section of the
holomorphic Weyl bundle Wy, so is its differential D, (8) € AL(Wx). Furthermore, we
have Dig( B) = —p, which implies that
7 1= Da(B) + wyd2 @ y' + 9p € AY (Wx).

Suppose v does not vanish. Then é(y) # 0 which implies the non-vanishing of D, (7).
This is a contradiction. u

Lemma A.3. We have (I + Ju) ® (eFP) = (L,52 R (k- B)) @ P = k[I, k - B, @y e*P.

Proof. For every n > 2, there is the following straightforward computation:
kI ® (FP @ epx)
=—2V—1-R] . wzdZ @ (y" - y"7) & (P @epy)
w9
2/—1oy

:R;lzn,l_dzl ® yl P yn% . (ek .B ® eLk) _|_ n- R;ll

= (Rj;(k B)+n- Rﬁil. Az @y - -yi”*) (P @)

'~i;1_1,l

- (R;kl(k ’ ;B) - (]oc)n—l) @ (€k~5 ® BLk).

= =2V R gz & )y e P e

AR @Yy (PP g ey

iy

Summarizing the above computations, we have

Dyi(e"P @epr)
= (V+k-7a®) (P @ep) + P © Veeleps)
= (V(k- ) + k- wi(dz @y — dz' @ ) @y +k(I + Ja)@x ) (P @ eps) + P @ (Kdp - )
= (V(k-B) +k-wgdz @y +k-9p) (FP@ey)

+h(~widz @7+ T+ Ju) @ (F @ epr)

= (VO )+ kg 0+ -2+ (—a)as (—) 2B ki k., )
@ (P @ep)

= <V(k :B) +K[Lk-Bla, + k- widd @y +k-9p — 50 (k- ﬁ)) @ (FP @epr)

k- (Doi(B) +wydz! @y +0p) @y (F @eyy)

~0.

This completes the proof of Proposition [4.5|
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