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Abstract. We compute orbi-disk invariants of compact Gorenstein semi-Fano toric orbifolds
by extending the method used for toric Calabi—Yau orbifolds. As a consequence the orbi-disc
potential is analytic over complex numbers.
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1 Introduction

The mirror map plays a central role in the study of mirror symmetry. It provides a canonical
local isomorphism between the Kahler moduli and the complex moduli of the mirror near a large
complex structure limit. Such an isomorphism is crucial to counting of rational curves using
mirror symmetry.

The mirror map is a transformation from the complex coordinates of the Hori—Vafa mirror
moduli to the canonical coordinates obtained from period integrals. In [4] and [5], we derived
an enumerative meaning of the inverse mirror maps for toric Calabi—Yau orbifolds and compact
semi-Fano toric manifolds in terms of genus 0 open (orbifold) Gromov—Witten invariants (or
(orbi-)disk invariants). Namely, we showed that coefficients of the inverse mirror map are equal
to generating functions of virtual counts of stable (orbi-)disks bounded by a regular Lagrangian
moment map fiber. In particular it gives a way to effectively compute all such invariants.

It is interesting to compare this with the mirror family constructed by Gross—Siebert [19],
which is written in canonical coordinates [24]. In [19, Conjecture 0.2], it was conjectured that the
wall-crossing functions in their construction are generating functions of open Gromov-Witten
invariants. Our results verify this conjecture in the toric setting, namely, we showed that the SYZ
mirror family [25], constructed using open Gromov-Witten invariants, is written in canonical
coordinates.
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In this short note we extend our method in [4] to derive an explicit formula for the orbi-disk
invariants in the case of compact Gorenstein semi-Fano toric orbifolds; see Theorem 3.6 for the
explicit formulas. This proves [3, Conjecture] for such orbifolds, generalizing [5, Theorem 1.2]:

Theorem 1.1 (open mirror theorem). For a compact Gorenstein semi-Fano toric orbifold, the
orbi-disk potential is equal to the (extended) Hori—Vafa superpotential via the mirror map.

See (3.6) for the definition of the orbi-disc potential. We remark that the open crepant
resolution conjecture [3, Conjecture 1] may be studied using this computation and techniques
of analytical continuation in [4, Appendix A].

Corollary 1.2. There exists an open neighborhood around the large volume limit where the
orbi-disk potential converges.

This generalizes [5, Theorem 7.6] to the orbifold case.

2 Preparation

2.1 Toric orbifolds
2.1.1 Construction

Following [2], a stacky fan is the combinatorial data (X, b, ..., by,—1), where ¥ is a simplicial
fan contained in the R-vector space Ng := N ®z R, N is a lattice of rank n, and {b; |0 < i <
m — 1} C N are generators of 1-dimensional cones of ¥. b; are called the stacky vectors.

Choose b, ...,b,r_1 € N so that they are contained in the support of the fan ¥ and they
generate N over Z. An extended stacky fan in the sense of [22] is the data

(S b} U b)) (2.1)

J=m

The vectors {b; ;”:l;l are called extra vectors.

The fan map associated to an extended stacky fan (2.1) is defined by
N -1
o: N::@ZQ%N, o(e;) :=b; fori=0,...,m —1.
i=0

¢ is surjective and yields an exact sequence of groups called the fan sequence:
0 — L :=Ker(¢) —= N -5 N — 0. (2.2)

Clearly L ~ Z™ ~". Tensoring (2.2) with C* yields the following sequence:

’

0— G :=L®;C* — N@zC* =~ (C)" 4T .= NgyC* -0, (2.3)

which is exact. Note that G is an algebraic torus.
By definition, the set of anti-cones is

A= {I C {O,l,...,m/—l}‘ ZRZObi is a cone in E}.
il
This terminology is justified because for I € A, the complement of I in {0,1,...,m — 1}
indexes generators of a cone in 3. For I € A, the collection {Z; |i € I} generates an ideal in
C|Zo, ..., Zpy 1], which in turn determines a subvariety C! C C™'. Set

Ua:=C"\ | .
I¢A



A Note on Disk Counting in Toric Orbifolds 3

The map G — (C*)™ in (2.3) defines a G-action on C™ and hence a G-action on Uy. This
action is effective and has finite stabilizers, because N is torsion-free (see [22, Section 2]). The
toric orbifold associated to (3, {b;}7 ' U{b; ;”:;11) is defined to be the following quotient stack:

Xy = [U4/G].

The standard (C*)™ -action on U4 induces a T-action on Xy via (2.3).

The coarse moduli space of the toric orbifold Xy is the toric variety Xs associated to the
fan 3. In this paper we assume that Xy, is semi-projective, i.e., X5, has a T-fixed point and the
natural map Xy, — Spec H%(Xy, Ox,.) is projective, or equivalently, X arises as a GIT quotient
of a complex vector space by an abelian group (see [20, Section 2]). This assumption is required
for the toric mirror theorem of [11] to hold. More detailed discussions on semi-projective toric
varieties can be found in [12, Section 7.2].

2.1.2 Twisted sectors

Consider a d-dimensional cone o € ¥ generated by b, = (b;,,...,b;,). Define

d
BOXbG = {l/ S N‘V:Ztkbikv tr, € [O,l)ﬂ@} .

k=1

{bi,,...,b;,} generates a submodule Ny, C N. One can check that there is a bijection between
Boxp, and the finite group Gp, := (N N Spangb,)/Np,. Furthermore, if 7 is a subcone of o,
then Boxp. C Boxp,. Define

Boxp_: Boxp, \ U Boxp_, Box(X) := U Boxp, = |_| Boxp,_,

T30 ocexn(n) )

Box'(2) = Box(%) \ {0},

where 2(" is the set of n-dimensional cones in .

Following the description of the inertia orbifold of Xy in [2], for v € Box(X), we denote
by X, the corresponding component of the inertia orbifold of X := X5x. Note that Xy = Ay
as orbifolds. Elements v € Box'(X) correspond to twisted sectors of X, namely non-trivial
connected components of the inertia orbifold of X.

Following [7], the direct sum of singular cohomology groups of components of the inertia
orbifold of X, subject to a degree shift, is called the Chen—Ruan orbifold cohomology Hy (X;Q)
of X. More precisely,

Hep(X;Q) = P H?*W(x,;Q),

veBox

where age(v) is called the degree shifting number! in [7] of the twisted sector X,,. In case of toric
d
orbifolds, age has a combinatorial description [2]: if v = ) t3b;, € Box(X) where {b;,,...,b;,}
k=1

generates a cone in X, then

d
age(v) = Ztk € Q>o.
k=1

1Following Miles Reid, it is now more commonly called age.
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Using T-actions on twisted sectors induced from that on X', we can define T-equivariant Chen—
Ruan orbifold cohomology H éR,T (X;Q) by replacing singular cohomology with T-equivariant
cohomology Hy(—). Namely

d—2 v
Hip p(X;Q) = @ Hy2esel (X, Q).
vEBox
By general properties of equivariant cohomology, HéRJI‘(X ;Q) is a module over Hy(pt, Q) and
admits a map Hig ¢(X;Q) = Hig (X;Q) called non-equivariant limit.
2.1.3 Toric divisors, Kahler cones, and Mori cones
We continue using the notations in Sections 2.1.1 and 2.1.2. Applying Homy(—,Z) to the fan
sequence (2.2), we obtain the following exact sequence:?
Vo~ ~ ~ \%
0 — M := NY = Hom(N,Z) 25 M := NV = Hom (N,Z) > LY = Hom(L, Z) — 0,

which is called the divisor sequence. Line bundles on X = [U4/G] correspond to G-equivariant
line bundles on Uy. In view of (2.3), T-equivariant line bundles on X correspond to (C*)™
equivariant line bundles on Uy4. Because the codimension of Urg ACT C C™ is at least 2, the
Picard groups satisfy:

Pic(X) ~ Hom(G,C*) ~ LY, Picr(X) ~ Hom ((CX)mI,CX) ~NY =M.

The natural map Picy(X) — Pic(X) is identified with the map 1" : M — LV appearing in the
divisor sequence.

The elements {e} |i =0,1,...,m'—1} C M ~ Pict(X) dual to {el |i=0,1, ..,m’—l} CN
correspond to T-equivariant line bundle on X which we denote by DZ ,1=0,1,...,m' —1. The
collection

{D; :=¢"(ef) |0 <i<m—1} C LY ~ Pic(X)

consists of toric prime divisors corresponding to the generators {b; |0 <i < m — 1} of 1-dimen-
sional cones in X. Elements DET, 0 <i <m — 1 are T-equivariant lifts of these divisors. There
are natural maps

w®@

M®Q HN®Q

m'—1
(MoQ)/ ZQDT ~ H3(X,Q) - H*(%,Q)~ (LY Q) / | 3 op;
j=m

Together with the natural quotient maps, they fit into a commutative diagram.

As explained in [21, Section 3.1.2], there is a canonical splitting of the quotient map LY ®@Q —
H?*(X;Q). For m < j <m/ —1, let I; € A be the anticone of the cone containing b;. This
allows us to write b; = > ¢;;b; for ¢j; € Q>o.

idl;

Tensoring the fan sequence (2.2) with Q, we may find a unique D}/ € L ® Q such that values

of the natural pairing (—, —) between LY and L satisfy

1 if i = j,
(Ds, D) =S —cji ifi¢ I, (2.4)
0 ifieI;\ {5}

2The map " : M — LV is surjective since N is torsion-free.
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Using DY we get a decomposition
LY ®Q=Ker ((Dy,....,Dy, ,):LY®Q—Q" ™) & €5 QD,. (2.5)

We can view H?(X; Q) as a subspace of LY ®Q because Ker ((DXL, e qu/fl)) can be identified
with H?(X;Q) via the map LV ® Q — H?(X; Q).
Define extended Kdhler cone of X to be

=N (ZR>ODi> cLY®R.

IeA \iel

The Kéhler cone Cy is the image of 5;( under LY ® R — H?(X;R). The splitting (2.5) of
-1
LV ® Q yields a splitting Cy = Cx + Z R-0D;.

j=m
By (2.2), LY has rank equal to r := m’—n. The rank of Ho(X;Z) is 1’ := r—(m'—m) = m—n.
We choose an integral basis

{pla" . 7p7‘} C Lva

~ -1
such that p, is in the closure of Cy for all ¢ and p,41,...,pr € Z R>oD;. We get a nef basis

{p1,...,p} for H*(X; Q) as images of {p1, ..., p, } under the quot1ent map LV®Q — H%(X;Q).
For 7’ +1 < a < r, the images satisfies p, = 0.

We choose equivariant lifts of p,’s, namely {qu, e ,pr} C M ® Q such that ¢V (pa) = Da
for all a. We also require that for a = 7' 4 1,...,r the images p. of p. under the natural map
M®Q— H2(X,Q) satisfies pr = 0.

The coefficients Q;, € Z in the equations D; = Z Qiapa assemble to a matrix (Q;,). The
images® D; of D; under the map LY ® Q — H?(X’; Q) can be expressed as

,r,l
Di=Y QiPa, i=0,...,m—1.

Their equivariant lifts Dgr can be expressed as

7./

= Z QiaDa + Nis where \; € H*(BT;Q).
a=1

For i =m,...,m' — 1, we have D; = 0 in H?>(X;R) and D} = 0.
Localization gives the following description of H(%R T

Hepx(X, Kr) = K11, Hepp(X,Kr) = @K'M?a b K.
veBox,age(v)=1

Here K is the field of fractions of Hi(pt,Q), 1 € H°(X,Q) and 1, € H(X,, Q) are fundamental
classes.

3D, is the class of the toric prime divisor D;.
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Let
m'—1 _
{717"'7’77"}CL7 7a:ZQiaei€N7
1=0

be the basis dual to {p1,...,p,} € LV. HST(X;Q) admits a basis {y1,...,7}, and we have
Qio=0whenm<i<m/—land1<a<7.
Set

K:={deLeQ|{je {O,l,...,m'—l}](Dj,d> €L} e A},
Keg :={deL®Q|{je{0,1,....,m — 1}|(Dj,d) € Z>o} € A}.
Elements of Kqg should be interpreted as effective curve classes. Elements of Keg N Ho(X;R)

should be viewed as classes of stable maps P(1,m) — X for some m € Z>q. See, e.g., [21,
Section 3.1] for more details.

Definition 2.1. A toric orbifold X is called semi-Fano if ¢1(X) -« > 0 for every effective curve
class «, in other words, — Ky is nef.

For d € K, put?

m'—1

v(d):= Y [(Dsd)]bi € N,

=0
and let I;:={j € {0,1,...,m' — 1} |(Dj,d) € Z} € A. Then v(d) € Box because

m/—1 m’'—1

v(d)= Y ({=(Di,d)} + (Di,d))bi = Y {—(Di,d)}bi = Y _{~(Ds,d)}b:.

i=0 i=0 i¢l,

2.2 Genus 0 open orbifold GW invariants according to [9]

Let (X,w) be a toric Kahler orbifold of complex dimension n, equipped with the standard toric
complex structure Jy and a toric Kédhler structure w. Denote by (X,b) the stacky fan that
defines X', where b = (b, ...,b,—1) and b; = c;v;.

Let L C X be a Lagrangian torus fiber of the moment map pg: X = Mg := M ®z R, and
let § € m(X, L) = Ha(X, L;Z) be a relative homotopy class.

2.2.1 Holomorphic orbi-disks and their moduli spaces

A holomorphic orbi-disk in X with boundary in L is a continuous map
w: (D,0D) — (X, L)
satisfying the following conditions:

1. (ID), zf sy zl+) is an orbi-disk with interior marked points sz ey zl+ . More precisely D is
analytically the disk D? C C so that for j = 1,...,[, the orbifold structure at z;-r is given
by a disk neighborhood of z;r uniformized by the branched covering map br: z — 2" for
some m;j € Zsg. (If m; =1, zj+ is not an orbifold point.)

“For a real number X € R, let [A], [A] and {\} denote the ceiling, floor and fractional part of X respectively.



A Note on Disk Counting in Toric Orbifolds 7

2. For any zg € D, there is a disk neighborhood of zp with a branched covering map br: z —
2™ and there is a local chart (Vw(ZO), Gw(ZO),ww(ZO)) of X at w(zp) and a local holomorphic
lifting w,, of w satisfying w o br = ;) 0 Wy,

3. The map w is good (in the sense of Chen—Ruan [6]) and representable. In particular, for
each z:;f7 the associated group homomorphism

hp: Zm] — Gw(zj»)
between local groups which makes w_+ equivariant, is injective.
J

The type of a map w as above is defined to be  := (&,,,...,&},). Here v; € Box(X) is the
image of the generator 1 € Z,; under h;.

There are two notions of Maslov index for an orbi-disk. The desingularized Maslov index p19°
is defined by desingularizing the interior singularities of the pull-back bundle w*TX. Namely,
the bundle w*T'X over an orbi-disk (ID), zf Yo ,zl+) cannot be trivialized due to the orbifold
structure, but we can obtain another bundle |w*T'X| by modifying the bundle near orbifold
points (see Chen—Ruan [6] for more details). This is called a desingularization of w*TX and it is
a smooth bundle over the orbi-disk, hence is a trivial bundle. We can compute the Maslov index
of the boundary Lagrangian loop relative to this trivialization, and it is called the desingularized
Maslov index. See [9, Section 3] for more details and [9, Section 5] for an explicit formula in the
toric case.

The Chern-Weil (CW) Maslov indexr pcw is defined as the integral of the curvature of
a unitary connection on w*T'X which preserves the Lagrangian boundary condition, see [10]
(and also [9, Section 3.3] for a relation with ;4¢). The following lemma, which appeared as
[4, Lemma 3.1], computes the CW Maslov indices of disks. This is an orbifold version of the
formula in [1, Lemma 3.1].

Lemma 2.2. Let (X,w,J) be a Kdhler orbifold of complex dimension n. Let  be a non-zero
meromorphic n-form on X which has at worst simple poles. Let D C X be the pole divisor of €.
Suppose also that the generic points of D are smooth. Then for a special Lagrangian submanifold
L Cc X\ D, the CW Maslov index of a class f € ma(X, L) is given by

pow(8) =28 - D.

Here, 8- D is defined by writing 8 as a fractional linear combination of homotopy classes of
smooth disks.

The classification of orbi-disks in a symplectic toric orbifold has been worked out in [9,
Theorem 6.2]. It is similar to the classification of holomorphic discs in toric manifolds [8]. In
the classification, the basic disks corresponding to the stacky vectors (and twisted sectors) play
a basic role.

Theorem 2.3 ([9, Corollaries 6.3 and 6.4]). Let X be a toric Kdihler orbifold and let L be a fiber
of the toric moment map.

1. The smooth holomorphic disks of Maslov index 2 (modulo T™-action and reparametriza-
tions of the domain) are in bijective correspondence with the stacky vectors {bg, ..., by—1}.
Denote the homotopy classes of these disks by Bo, ..., Bm—1-

2. The holomorphic orbi-disks with one interior orbifold marked point and desingularized
Maslov index 0 (modulo T"-action and reparametrizations of the domain) are in bijective
correspondence with the twisted sectors v € Box'(X) of the toric orbifold X. Denote the
homotopy classes of these orbi-disks by (B, .
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Lemma 2.4 (|9, Lemma 9.1]). For X and L as above, the relative homotopy group ma(X, L) is
generated by the classes 3; fori=0,...,m — 1 together with (3, for v € Box'(X).

As in [9], these generators of mo(X, L) are called basic disk classes. They are the analogue of
Maslov index 2 disk classes in toric manifolds.
Let

METNX, L, B, )

be the moduli space of good representable stable maps from bordered orbifold Riemann surfaces
of genus zero with k£ + 1 boundary marked points zg, z1, . .., zx and [ interior (orbifold) marked
points zf’, . ,zl+ in the homotopy class 5 of type x = (X,,,...,&,,). The superscript “main”
is meant to indicate the connected component on which the boundary marked points respect the
cyclic order of S = 9D?. According to [9, Lemma 2.5], MZTF? "(X, L, B3, x) has real virtual
dimension

l
n+pcw(B) +k+1+20—-3— QZage(Vj).
j=1

By [9, Proposition 9.4], if M75 mam(/\,’ , L, 3) is non-empty and if &3 is not in the sublattice

generated by by, ..., b,;,_1, then there exist v € Box'(X), ko, ..., km_1 € Nand a € HST(X) such
m—1

that 8 = 8, + > ki + «, where « is realized by a union of holomorphic (orbi-)spheres. The
i=0

m—1

CW Maslov index of # written in this way is given by pcw(8) = 2age(v)+2 > ki+2c1(X) -«
i=0

2.2.2 Orbi-disk invariants
Pick twisted sectors X, ..., &}, of the toric orbifold X. Consider the moduli space
M(l)f;vmam(xv La /Ba CE)

of good representable stable maps from bordered orbifold Riemann surfaces of genus zero with
one boundary marked point and [ interior orbifold marked points of type x = (&,,,...,A},)
representing the class 8 € mo(X,L). According to [9], MOp mainy I, B,a) can be equipped
with a virtual fundamental chain, which has an expected dlmensmn n if the following equality
holds:

!
pow (B Z (2 - age(vy) —2). (2.6)

Throughout the paper, we make the following assumptions.

Assumption 2.5. We assume that the toric orbifold X is semi-Fano (see Definition 2.1) and
Gorenstein.> Moreover, we assume that the type & consists of twisted sectors with age < 1.5

Then the age of every twisted sector of X' is a non-negative integer. Since a basic orbi-disk
class 3, has Maslov index 2 age(r), we see that every non-constant stable disk class has at least
Maslov index 2.

5This means that K+ is Cartier.
5This assumption does not impose any restriction in the construction of the SYZ mirror over Hgé(X ). We do
not discuss mirror construction in this paper.
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Moreover, the virtual fundamental chain [M?s’main(é\,’ ,L,B,2)]"" has expected dimension n
when pcw(8) = 2, and in fact we get a virtual fundamental cycle because (3 attains the minimal
Maslov index, thus preventing disk bubbling to occur. Therefore the following definition of
genus 0 open orbifold GW invariants (also known as orbi-disk invariants) is independent of the
choice of perturbations of the Kuranishi structures:’

Definition 2.6 (orbi-disk invariants). Let 8 € mo(X, L) be a relative homotopy class with
Maslov index given by (2.6). Suppose that the moduli space MOp’mam(X ,L,3,x) has a virtual
fundamental cycle of dimension n. Then we define

nfl’ﬁ([pt]L;lyl,...,lyl) = evs (MY m““n(x L,j, )]Vir) € H,(L;Q) = Q,

where evy: MOp mai ' I,8,2) — L is the evaluation map at the boundary marked point,

[pt]L € H"(L;Q) is the point class of L, and 1,; € HO( ,;;Q) C 2age Vi) (X;Q) is the funda-
mental class of the twisted sector X,,j.

Remark 2.7. The Kuranishi structures in this paper are the same as those defined in [14, 15],
incorporating the works [6, 7] for the interior orbifold marked points. This has been explained in
[9, Section 10]. We also refer the readers to [13, Appendix| and [16] for the detailed construction,
and to [23] (and its forthcoming sequels) for a different approach.

The moduli spaces considered here are in fact much simpler than those in [14, 15] (and [13])
because we only need to consider stable disks with just one disk component which is minimal, and
hence disk bubbling does not occur. In particular, we do not have codimension-one boundary
components, and hence the above definition is independent of choices of Kuranishi perturbations.

For a basic (orbi-)disk with at most one interior orbifold marked point, the corresponding
moduli space M7’ mam(X ,L,B;) (or MOp’mam(/‘( , L, B,,v) when 3, is a basic orbi-disk class) is

regular and can be identified with L. Thus the associated invariants are evaluated as follows [9]:
1. For v € Box', we have n{', 5 ([pt]r;1,) = 1.
2. For i € {0,...,m — 1}, we have nloﬁi([pt]L) =1.

When there are more interior orbifold marked points or when the disk class is not basic, the cor-
responding moduli space is in general non-regular and virtual theory is involved in the definition,
making the invariant much more difficult to compute.

3 Geometric constructions

Let 8 € mo(X, L) be a disk class with ucw(8) = 2. By the discussion in Section 2.2, we can
write

f=Pa+a

with a € Ho(X,Z), c1(X) -« = 0 and either 84 € {Bo,--.,Bm—1} or Bq € Box'(X) is of age 1.
Denote by by € N the element corresponding to 4.

Recall that the fan polytope P C Ng is the convex hull of the vectors by, . .., b;,—1. Note that
by € P. Denote by F(b;) the minimal face of the fan polytope P that contains the vector by.
Let F be a facet of P that contains F'(bg). Let X5, C ¥ be the minimal convex subfan containing
all {bg,...,bym—1} N F. The vectors

{bg,....bpy_1}N > Qs0b; (3.1)

bj G{bo,‘..,bm_1}ﬂF

"In the general case one may restrict to torus-equivariant perturbations, as did in [14, 15, 17].
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determine a fan map ZP — N (where p is the number of vectors above). Let
Xg g C X
be the associated toric suborbifold (of the same dimension n).

Lemma 3.1. X3, is a toric Calabi-Yau orbifold.

Proof. All the generators in (3.1) lie in the hyperplane containing F'. Since X" is Gorenstein,
this hyperplane has a defining equation v = 0 for some primitive vector v € M. Hence X3, is
toric Calabi-Yau. |

Example 3.2. Consider P?/Zs3, whose fan is shown in the left of Fig. 1. If 84 corresponds
to the vector (1,0) (which is marked as ‘113’ in the figure), then X3, is the cone spanned by
vg = (2,—1) and v = (—1,2). If Bq corresponds to the vector v3, then ¥g, can be taken to be
the cone spanned by vy, v3, or the cone spanned by w1, vs. In both cases, the corresponding
toric Calabi-Yau orbifold is C2/Zs.

Note that X3, depends on the choice of the face F', not just 8q. We use X, to compute
open Gromov—Witten invariants of X in class § = Bq + «.

In what follows we show that A3, C X contains all stable orbi-disks of X’ of class 3. First,
we have the following analogue of [5, Proposition 5.6].

Lemma 3.3. Let f: DUC — X be a stable orbi-disk map in the class 8 = Bq + «, where D is
a (possibly orbifold) disk and C is a (possibly orbifold) rational curve such that f.[D] = Bq and
f+[C] = a with ¢1(a) = 0. Then we have

and [f(C)] - Dj = 0 whenever b; ¢ F'(by).

Proof. Since c¢i(a) = 0, f(C) should lie in toric divisors of X'. Recall that 8q achieves the
minimal Maslov index 2, and hence there is no disc bubbling.

Suppose (4 is a smooth disk class. Then each sphere component Cy meeting the disk compo-
nent D maps into the divisor Dy and it should have non-negative intersection with other toric
divisors. By [18, Lemma 4.5] which easily extends to the simplicial setting, we have the desired
statement for f(Cp).

If Bq is an orbi-disk class, then we can write the corresponding by € N as by = > c¢;b;,
b,co
with > .¢; = 1,¢; € [0,1) N Q. For a sphere component Cy meeting the disk component D,
we have f(Cp) C |J D; and each b; € o satisfies b; € F(bg). Hence f(Cp) C |U D, and
b,cEo biEF(bd)

f(CO) . Dj =0 for bj Qé F(bd)

Let C; C C be a sphere component meeting Cp, then we have f(C;) C F(b;) for some
b; € F(bg) by the intersection condition. Now, we can follow the proof of [5, Proposition 5.6]

shows that f(C;) € |J D;. The result follows by repeating this argument for one sphere
b, €F(by)
component at a time. [ |

Partition {by,...,bm—1} N F(by) into the disjoint union of two subsets,

{bo, ..., bm_1} N F(bg) = F(ba)° [] F(ba)™,

where b; € F(bd)c if D; C ng and b; € F(bd)nc if D; §Z ng.
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Lemma 3.4. Let f: DUC — X be as in Lemma 3.3. Then we have f(DUC) C Xjg,.
Proof. Certainly f(D) C Xjg,. We claim that

foc Y by (3.2)

b;eF(bg)°

from which the lemma follows.

To see (3.2), we write C = C. U Cp. where C. consists of components of C which lie in

U Dj, and C,. consists of the remaining components. Set A := f,[C.] and B := f,[Cpc].
b;cF(bg)°
’f‘her(l 03 = A+ B. Since —Ky isnef and —Ky-a =0, we have —Ky-A=0=—Kxy - B. Write
B = ", c;; By, as an effective linear combination of the classes By, of irreducible 1-dimensional
torus-invariant orbits in X. Again because — Ky is nef, we have — Ky - B = 0 for all k. Each By,
corresponds to an (n — 1)-dimensional cone o}, € 3. In the expression B = ), ¢; By, there is
at least one (non-zero) Bj, which is not contained in ~ |J  Dj;. As a consequence, either oy,

b;eF(bg)e
contains a ray R>ob; with b; ¢ F(bg), or there exists a b; ¢ F'(b;) such that o}, and b; span an
n-dimensional cone in X..
Since By, is not contained in U Dj, we see that if b; € F(by)¢ then b; ¢ o1. Also,
b;cF(bg)°
D - By, > 0 for every toric prime di]ViS(OI‘ )D C X not corresponding to a ray in oy.

By [18, Lemma 4.5] (which easily extends to the simplical setting), we have D - By = 0
for every toric prime divisor D C X corresponding to an element in {bi,...,b,} \ F(ox),
where F(o;) C P is the minimal face of P containing rays in oj. Since the divisors D C X
corresponding to {b1,..., by} \ F(or) span H2(X), we have By = 0, a contradiction. [

Let € = (&X,,,...,A),,) be an [-tuple of twisted sectors of X3,. Then Lemma 3.4 implies
that the natural 1nclu81on MOP maln(ng,L,B,w) MOp mait (¥ I, 3,x) is a bijection. Since
X, C X is open, the local deformations and obstructlons of stable discs in &g, and their
inclusion in X are isomorphic. It follows that
Proposition 3.5. The moduli spaces MOp’mam(X, L,B,x) of disks in X is isomorphic as Ku-

ranishi spaces to the moduli spaces MOp’mam(A’ﬁd, L,B,x) of disks in Xg,. Consequently

X s
niya([Pte; Loy, -, L) = ny ([Pt Loy, -0, 1),

Since Xjp, is a toric Calabi-Yau orbifold, the open Gromov-Witten invariants nffdﬁ([pt] L;
1,,,...,1,,) have been computed in [4]. By Proposition 3.5, this gives open Gromov-Witten
invariants of X. Explicitly they are given as follows.

Using the toric data of Ajg,, we define

Q% := {d € Ko | v(d) = 0, (D, d) € Z and
<Di,d>€ZZ()Vi7éj}, 7=0,1,...,m—1,
Qfﬂd O {dEKeH|V( )_b] and <Dlyd> ¢Z<O V’L}7 ]:m,m—Fl,,m’_L
(=)~ P47 (—(D;,d) — 1)!

Xg .
A d(y):: Yy ) ]20717"'7m_17
! Z Hi;éj<Di7d>!

X
des; Pa

Xﬁd - Y H T o, ((Di d) — k)

, j=mm+1,...,m —1,
18 S Tl D =B

deq; *Ba
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m—1
X
1qua = logya + Z Q]a a (y)7 a=1,... 7T,7 (33)
7=0
X
Tb].:Ade(y), j=m,...,m —1,

Theorem 3.6. If Bq = B, is a basic smooth disk class corresponding to the ray generated by b;,
for some ig € {0,1,...,m — 1}, then we have

H Ty, l
> 2 ) %nﬁl,ﬁioﬁ-a <[Pt]L; 11 11/¢> q°

acHST(X) 120 v,...,y €Box’ (Zpq )age=1 =1
R
= exp (=45 (y(a,7))) (3.4)

via the inverse y = y(q,T) of the toric mirror map (3.3).
If Bg = 61,]0 is a basic orbi-disk class corresponding to vj, € Box/(2)28°=L for some jo €
{m,m+1,...,m' — 1}, then we have

IL[ Uz l
Z Z Z 221“ nfl,ﬁyjo +a([pt]L; H 1Vi)qa

acHSH(X) 120 vy,....v€Box' (X5, )2ee=! i=1
DY X,
=y oexp | — Y ciid; 4 (y(g,7) |, (3.5)
€1

via the inverse y = y(q,7) of the toric mirror map (3.3), where DY € Keg is the class defined
n (2.4), I, € A is the anticone of the minimal cone containing bj, = vj, and cj,; € QN 0, 1)
are rational numbers such that bjy = Y ¢j,ib;

i1,

X
Proof. By Proposition 3.5, nflﬁ([pt],;; 1,,...,1,) = nlj"f@([pt],;; 1,,,...,1,,), and so the Lh.s.
of (3.4) is equal to

M l
1 5

Z l' 17l7dB7,0+a ([pt]L’ H 1y1> qOé

. =1

which in turn is equal to exp (—A-Xﬁd (y(g,7))) by [4, Theorem 1.4]. The deduction for (3.5) is

io
similar. [ |

aGHSH(XBd) >0 1/1,...,1/l€Box’(E,3d)age:1

To combine all the invariants into a single expression, one defines the orbi-disc potential

l
H Ty, l
WeY Y Y Y St (HH) 5 o)

Ba acHST(x) 120 v1,...,1;€Box’ (Bpy)2ee=t

where (4 runs over all the basic smooth or orbi-disc classes, and Z%4 are monomials associated
to Bq. See [5, Definition 19] for more detail. The above theorem gives an explicit expression
of W via the mirror map.
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Example 3.7. P2/Z3 is a Gorenstein Fano toric orbifold. Its fan and polytope pictures are
shown in Fig. 1. It has three toric divisors Dy, D2, D3 corresponding to the rays generated by
v = (—1,-1), va = (2,—1), v3 = (-1, 2). By pairing with the dual vectors (1,0) and (0, 1), the
linear equivalence relations are 2D — D3 — D1 ~ 0 and 2D3—Ds— D1 ~ 0, and so D1 ~ Dy ~ Ds.
It has three orbifold points corresponding to the three vertices in the polytope picture. Locally
it is C2/Z3 around each orbifold point.

3

—_— . — -9 —

112 122

fan

polytope
Figure 1. The fan and polytope picture for P?/Zs.

Fix a Lagrangian torus fiber. P?/Z3 has nine basic orbi-disk classes corresponding to the nine
lattice points on the boundary of the fan polytope. Three of them are smooth disk classes and
denote them by (51, B2, 83. The basic orbi-disk classes corresponding to the two lattice points
(2v1 + v2)/3 and (v; + 2v2)/3 are denoted by Bi12 and (122, which pass through the twisted
sectors 112 and vq99 respectively. Then 231 + B2 — 38112 (or 282 + 1 — 3P122) is the class of
a constant orbi-sphere passing through the twisted sector v112 (or v122 resp.). In particular the
area of (112 equals to (251 + 32)/3. Other basic orbi-disk classes have similar notations.

l

Theorem 3.6 provides a formula for the open GW invariants nfl, Bira <[pt] L; .Hl 1w> where v;
is either v112 or 199 for each i. To write down the invariants more systematiclally, we consider
the open GW potential as follows.

Let ¢ be the Kahler parameter of the smooth sphere class 81 + 82 + 83 € Hs (IP’2 / Z3). The
basic orbi-disk classes correspond to monomials in the disk potential ¢®2%7, where ¢%1 = ¢%2 =
Pz = ghre2 — 1 ¢fs = gPrtPatBs — ¢ gBaas — ((2B24B3)/3 — ¢Bs/3 — 41/3 and similar for other
basic orbi-disk classes. The Kahler parameters corresponding to the twisted sectors vq12, V122
are denoted as Tj12, 7122 (and similar for other twisted sectors).

By [4, Example 1, Section 6.5], the open GW potential for C?/Zs is given by

w(Z - KIO(7—1127 7—122))(2 - ’51(7—1127 7—122))(2 - /‘32(7—1127 7—122))

where
2 1
Ki(T1,T2) = C%H H exp <3C(2k+1)T7’r) , (:=exp (71'\/—1/3).
r=1

By Proposition 3.5, the disk invariants of P2/Z3 equal to those of C?/Z3. Thus the open GW
potential of P?/Z3 is given by

W =z w2 — ko(T112, T122)) (2 — K1 (T112, T122)) (2 — Ka(T112, T122))
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+ 27l (P — ko(Ti13, T133)) (62w — K1 (T3, T133)) (03w — Ko (T113, T133))
+ 22wt (ql/gz_lw — ko (7223, 7233)) (ql/?’z_lw — K1 (723, 7’233))

X (q1/3z_1w — K2(T223, T233)) — 2wt = 22wt — gz

Then the generating functions of open orbifold GW for 8112 and 3122 are given by the coefficients
of w™! and zw™! in W respectively. The first few terms are given by the following table.

T (a,b) a=0 a=1 a=2 a=3 a=4 a=5 a="6
b=0 0 1 0 0 1/648 0 0

b=1 0 0 —1/18 0 0 —1/29160 0

b=2 1/6 0 0 1/972 0 0 1/3149280
b=3 0 —1/162 0 0 —1/104976 0 0

b=4 0 0 1/11664 0 0 1/18895680 0
b=5|—-1/9720 0 0 —1/1574640 0 0 —1/5101833600
b=6 0 1/524880 0 0 1/340122240 0 0

In the above table,

b b
Mab) = Matb,Buz ([PE]L] 150, 100,) = Niathu ([Pt 15, 155,)-
We observe that all invariants satisfy ‘reciprocal integrality’, namely their reciprocals are in-
tegers. Moreover, all these integers are divisible by 6. n ) = 0. Furthermore, the sign is
alternating with respect to b.
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