ENUMERATIVE MEANING OF MIRROR MAPS
FOR TORIC CALABI-YAU MANIFOLDS

KWOKWAI CHAN, SIU-CHEONG LAU, AND HSIAN-HUA TSENG

ABSTRACT. We prove that the inverse of a mirror map for a toric Calabi-Yau
manifold of the form Ky, where Y is a compact toric Fano manifold, can be
expressed in terms of generating functions of genus 0 open Gromov-Witten in-
variants defined by Fukaya-Oh-Ohta-Ono [FOOOI0]. Such a relation between
mirror maps and disk counting invariants was first conjectured by Gross and
Siebert [GS11al Conjecture 0.2 and Remark 5.1] as part of their program, and
was later formulated in terms of Fukaya-Oh-Ohta-Ono’s invariants in the toric
Calabi-Yau case in [CLLI2] Conjecture 1.1].
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1. INTRODUCTION

Let X be an n-dimensional toric Calabi-Yau manifold, i.e. a smooth toric variety
with trivial canonical line bundle Kx ~ Ox. Such a manifold is necessarily non-
compact. Let N = Z". Then X = Xy, is defined by a fan ¥ in Ng = N @z R = R™.
Let vg,v1,...,vm—1 € N be the primitive generators of the 1-dimensional cones of
3. Without loss of generality, we assume that, for « =0,1,...,m — 1,

v; = (w;, 1) €N
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for some w; € Z"~* and wg = 0. Also, following Gross [Gro01], we assume that the
fan 3 has convex support so that X is a crepant resolution of an affine toric variety
with Gorenstein canonical singularities.

The Picard number of X is equal to [ := m — n. Let {p1,...,p;} be a nef basis
of H?(X;7Z) and let {v1,...,7} C Ho(X;Z) = Z! be the dual basis. Each 2-cycle
~a corresponds to an integral relation

m—1
E Q;’lvi = 0’
=0

where Q% = (Q8,Q%,...,Q%_1) € Z™. We equip X with a toric symplectic
structure w and regard (X, w) as a Kéhler manifold. We also complexify the Kéhler
class by adding a B-field iB € H?(X,iR) and setting wec = w + iB.

An important class of examples of toric Calabi-Yau manifolds is given by the
total spaces of the canonical line bundles Ky over compact toric Fano manifolds
Y, e.g. Kp2 = O]p2(—3).

In [CLL12], Leung and the first two authors of this paper study local mirror sym-
metry for a toric Calabi-Yau manifold X from the viewpoint of the SYZ conjecture
[SYZ96]. Starting with a special Lagrangian torus fibration (the Gross fibration) on
X, we construct the SYZ mirror of X using T-duality modified by instanton correc-
tions and wall-crossing, generalizing the constructions of Auroux [Aur(Q7, [Aur09].
The result is given by the following family of noncompact Calabi-Yau manifolds
[CLL12L Theorem 4.37] (see also [AAKI2, Section 7]):

m—1
(1.1) X = {(u,v,zl, e Zno1) €ECEx (CH™ T uw = Z 1+ 51‘((]))Cizwi} ,

i=0
where

51((]) = Z n5i+aqa
a€HS®(X,7)\{0}

is a generating function of disk open Gromov-Witten invariants. Here, z* denotes
the monomial z}"l z}f_zl if w=(wh,...,w" ) € 2" H§®(X,Z) is the cone
of effective classes; ¢* denotes exp(— [ wc) and can be expressed in terms of the
complexified Kéhler parameters

qazexp(—/ wc>, a=1,...,[;

the coefficients C; € C (i = 0,...,m — 1) are related to the complexified Kéhler

parameters q,’s by
m—1

da = H Cqu,
i=0
Bi € mo(X, L) are classes of the basic disks bounded by a Lagrangian torus fiber
L, and the coefficients ng,1o = ng,+a(X, L) are 1-pointed genus 0 open Gromov-
Witten invariants defined by Fukaya-Oh-Ohta-Ono [FOOO10] (see Subsection
for more precise definitions).

Notice that the SYZ mirror family is entirely written in terms of symplectic-
geometric data of X. Another striking feature is that is expected to be inher-
ently written in canonical flat coordinates. This was first conjectured by Gross and
Siebert [GS11al Conjecture 0.2 and Remark 5.1] where they predicted that period
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integrals of the mirror can be interpreted as counting of tropical disks (instead of
holomorphic disks) in the base of an SYZ fibration for a compact Calabi-Yau man-
ifold; see also [GS11h, Example 5.2] where Gross and Siebert observed a relation
between the so-called slab functions which appeared in their program and period
computations for Kpz in [GZ02]. In [CLLI12|, a more precise form of this conjecture
for toric Calabi-Yau manifolds, which we recall and clarify below, is stated in terms
of the genus 0 open Gromov-Witten invariants ng, 1.

Let A C N ®z R be the convex hull of the finite set ¥(1) = {vo, v1,...,0m-1} C
N. Then A is an (n — 1)-dimensional integral polytope, which can also be viewed
as the convex hull of {wg, w1, ..., wy,_1} in Z"~1. Notice that

AOZ”_l = {wo,wl,...,wm,l}

since X is smooth. Denote by L(A) = C™ the space of Laurent polynomials
f el ... 2] of the form E;’;Ol A;z" (i.e. those with Newton polytope
A). Also let Pa be the projective toric variety defined by the normal fan of A.

A Laurent polynomial f € L(A) and hence the associated affine hypersurface
Zy = {(21,-. -, 2n-1) € (C)" V| f(z1,...,2p—1) = 0} in (C*)"! is called A-
regular [Bat93] if the intersection of the closure Z; C Pa with every torus orbit
O C Pa is a smooth subvariety of codimension one in O. Denote by L,eg(A) the
space of all A-regular Laurent polynomials. The algebraic torus (C*)™ acts on

Lyeg(A) by
(C*)" X Lyeg(A) = Lacg(A),
(/\07 )\1, ceay )\n—l) . f(Zl, ey Zn_1) = /\0f()\12:1, ceny )\n_lzn_l).

Following Batyrev [Bat93] and Konishi-Minabe [KM10|, we define the complex
moduli space Mc(X) of the mirror Calabi-Yau manifold X to be the GIT quotient
of Lyeg(A) by this action. Since 0 is inside the interior of A, the moduli space
Mc(X) is nonempty and has (complex) dimension I = m — n [Bat93]. Also, as
the integral relations among the lattice points A NZ"~1 = {wg, wy, ..., w,_1} are
generated by Z?:ll Q%w; = 0 where Z;r;gl Q¢ =0, in fact we can write down the

local coordinates on M¢(X) explicitly as

m—1 .
va= [ A%, a=1,....1
=0

The moduli space M¢(X) parametrizes a family of open Calabi-Yau manifolds
X — Mc(X) defined by

m—1
X, = {(u,v,zl, e Zno1) €CEx (CH T uw = Z Aiz“’i} :
i=0

where y, = H;T;Ol A?? for a = 1,...,l. This was the mirror family originally
predicted via physical arguments [CKYZ99, [HIV00, [GZ02].
Classically, a mirror map

Y Mc(X) = Mk (X),
Y=, u) = vy = (@), aly)
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from the complex moduli space M¢(X) of the mirror to the complexified Kihler
moduli

Mg (X) :={exp(w +iB) :w € K(X),B € H*(X,R)}
(where K (X) denotes the Kéhler cone) is defined by period integrals

qa(y)=eXp(—/ Qy) a=1,...,1,
N

over integral cycles I'y, ..., I’y which constitute part of an integral basis of the middle
homology H,(Xy;Z). Here, ), is the holomorphic volume form

- 1 d dz,_
2y = Res —— i NS Nt N N
w — Y Az 21 Zn—1
on X,. A mirror map gives a local isomorphism from Mc(X) to Mg (X) near
y =0 and ¢ = 0, and hence provides canonical flat (local) coordinates on Mc(X).

Based on our mirror construction, we define a map in the reverse direction:
Definition 1. We define the SYZ map
¢ Mg (X) = Mc(X),
q=(q1,--- @)~ ) = (), -, ua)),
by

m—1
yal@) = aa [[ 1+, a=1,...,L
i=0
Then we have the following conjecture:

Conjecture 2 (Conjecture 1.1 in [CLL12]). There exist integral cycles Ty,..., T}
forming part of an integral basis of the middle homology H,, (X,;Z) such that

qaexp</ Q¢(q)> fora=1,...,1,
La

where ¢(q) is the SYZ map defined in Deﬁm’tion in terms of generating functions
1+8,(q) of the genus 0 open Gromov-Witten invariants ng,yo. In other words, the
SYZ map coincides with the inverse of a mirror map.

Remark 3. In [CLL12, Conjecture 1.1], it was wrongly asserted that the integral
cycles T, ..., T gave an integral basis of H,(X,;Z). The correct conjecture should
be as stated above. We are grateful to the referees for pointing this out.

Remark 4. We expect that Conjecture [3 can be generalized to include the bulk-
deformed genus 0 open Gromov- Witten invariants defined by Fukaya-Oh-Ohta-Ono
in [FOOO11]. Namely, we claim that any period integral fr Qy over an integral
cyclel’ € Hy, (Xy, Z) can be written in terms of certain generating functions of bulk-
deformed genus 0 open Gromouv-Witten invariants. Analogous results for P? was

obtained by Gross in his work [Grol0] on tropical geometry and mirror symmetry.

Conjecture [2| not only provides an enumerative meaning to the inverse mirror
map, but also explains the integrality of the coefficients of its Taylor series expan-
sions which has been observed earlier (see e.g. Zhou [Zhol0]). This also shows that
one can write down, using generating functions of disk open Gromov-Witten invari-
ants, Gross-Siebert’s slab functions which satisfy a normalization condition that is
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necessary to run the Gross-Siebert program (see [GS11al Remark 5.1] and [GS11Dbl
Example 5.2]). In [CLLI12l Section 5.3], evidences of Conjecturewere given for the
toric Calabi-Yau surface Kp1 and the toric Calabi-Yau 3-folds Opi(—1) @ Op: (—1),
Kp2, Kpixpr. In the joint work [LLW12] of the second author with Leung and Wu,
Conjecture [2| was verified for all toric Calabi-Yau surfaces.

In this paper, we prove the above conjecture for toric Calabi-Yau manifolds of
the form X = Ky in a weaker sense that the n-cycles I'y, a = 1,...,[, are allowed
to have complex coefficients instead of being integral. The precise statement is as
follows:

Theorem 5. For a toric Calabi- Yau manifold of the form Ky whereY is a compact

toric Fano manifold, there exist linearly independent cyclesT'y,...,I'y € H,(X,;C)

such that
(o = €xXp <—/ Q¢(q)> fora=1,...,1,
r

a

where ¢(q) is the SYZ map in Deﬁm'tion defined in terms of generating functions
of the genus 0 open Gromov- Witten invariants ng, +q.

Our proof, which mainly relies on the formula proved in [Chall] and the toric
mirror theorem [Giv98, [LLY99] for compact semi-Fano toric manifolds, can be
outlined as follows. First, by the main result of [Challl], genus 0 open Gromov-
Witten invariants of X = Ky involved in Conjecture [2| can be equated with certain
genus 0 closed Gromov-Witten invariants of the P'-bundle

Z :=P(Ky @ Oy)

over Y. We observe that the closed Gromov-Witten invariants needed here occur
in a certain coefficient of the J-function Jz of Z. Since Z is semi-Fano (i.e. the
anticanonical bundle K;l is numerically effective), the toric mirror theorem of
Givental [Giv98| and Lian-Liu-Yau [LLY99] can be applied and it says that Jyz is
equal to the combinatorially and explicitly defined I-function Iz, via a toric mirror
map.

Here comes another key observation: the toric mirror map, which is defined as
certain coefficients of the I-function, can be written entirely in terms of a single
function which is precisely the reciprocal of the generating function 1 + dg(g) of
genus 0 open Gromov-Witten invariants of X. It is known that components of the
toric mirror map of Z satisfy certain GKZ-type differential equations. Combining
with the previous observations, it is then easy to deduce that inverse of the SYZ
map for X gives solutions to the GKZ hypergeometric system associated to X. Our
main result Theorem [5] then follows by noting that period integrals give a basis of
solutions of the GKZ system.

To prove the stronger version, Conjecture[2} we need to show that, after a suitable
normalization of ,, there exist integral cycles I'y,..., I} € H,(X,;Z) such that
the period integrals fFa Qy have logarithmic terms of the form logy, + ---. This
is closely related to integral structures coming from the central charge formula
[Hos06]. We plan to address this problem in the future; see the last subsection for
more discussions.

The rest of this paper is organized as follows. In Section [2} we recall the formula
equating open and closed Gromov-Witten invariants in [Chall] and explicitly com-
pute the generating functions 1+ 6;(¢q) for X = Ky using J-functions and the toric
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mirror theorem. In Section[3] we compute the toric mirror map for Z = P(Ky ®Oy)
in terms of the functions 1+4;(¢). In Section we first deduce that components of
the inverse of the SYZ map for X are solutions to the GKZ hypergeometric system
associated to X. Then we prove our main result Theorem [5| by showing that the
period integrals [, Qy give a basis of solutions of the GKZ systems attached to
X. We end with some discussions about definitions of mirror maps and ways to
enhance Theorem [5] to Conjecture [2] in Section [
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2. COMPUTING OPEN GW INVARIANTS VIA J-FUNCTIONS

In this section, we will establish a formula relating the generating functions
1+ 0;(q) of disk open Gromov-Witten invariants of X = Ky and the toric mirror
map for the Pl-bundle Z = P(Ky @ Oy) over Y. The main result is Theorem @

2.1. Open Gromov-Witten invariants of Ky . In this subsection we recall
the formula computing open Gromov-Witten invariants of Ky in terms of closed
Gromov-Witten invariants, proved in [Chall]. To begin with, let us briefly re-
call the definition of the genus 0 open Gromov-Witten invariants ng, 1 following
Fukaya-Oh-Ohta-Ono [FOOO10].

Let X be a toric manifold of complex dimension n, equipped with a toric Kahler
structure w. Let

LcX

be a Lagrangian torus fiber of the moment map associated to the Hamiltonian 7"-
action on (X,w). Let 8 € mo(X, L) be a relative homotopy class with Maslov index
u(B) = 2. Consider the moduli space M (L, ) of holomorphic disks in X with
boundaries lying in L and one boundary marked point representing the class 5. A
compactification of M (L, ),

M1<L76) - MI(L’ﬁ)

is given by the moduli space M; (L, 3) of stable maps from genus 0 bordered Rie-
mann surfaces (X, 9%) to (X, L) with one boundary marked point and class S.
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It is shown in [FOOO009, FOOOI0] that M;(L,3) is a Kuranishi space of vir-
tual (real) dimension n. Let [M;i(L,3)]'"" be its virtual fundamental cycle. This
is an n-cycle instead of a chain because (8 is of minimal Maslox index and con-
sequently M (L, ) = (. The pushforward of this cycle by the evaluation map
ev: My(L, ) — L at the boundary marked point defines a genus 0 open Gromov-
Witten invariant

ng == ev, ([M1(L, B)]"™") € Ho(L; Q) = Q.

In [FOOOI0], it is shown that the number ng is independent of the choice of
perturbations by multi-sections and hence is indeed an invariant of (X, L,w).

Remark 6. Since the moment map of X does not contain singular fibers, there
is no wall-crossing; in other words, the invariants ng remain unchanged when we
move the Lagrangian torus fiber L.

Let vy, v1,...,vm—1 be the primitive generators of the fan ¥ defining X and let
Dy, Dy,...,D,—1 C X be the associated toric prime divisors (i.e. irreducible torus-
invariant hypersurfaces) respectively. Holomorphic disks in X with boundaries in
L give an additive basis

ﬁOu 617 v 75777,71
of mo(X, L) = Z™ such that 5; - D; = 4;;. In [CO06], Cho and Oh proved that,
fori=0,1,...,m — 1, there exists a unique (up to automorphisms of the domain)

holomorphic disk ¢ : (D?,dD?) — (X, L) passing through a generic point in L and
representing the class ;. We call such holomorphic disks the basic disks and hence
their classes 8o, 51, ..., Bm_1 the basic disk classes.

Suppose that X is semi-Fano, i.e. the anticanonical divisor —Kx is nef. Then
it follows from the results of Cho-Oh [CO06] and Fukaya-Oh-Ohta-Ono [FOOO10]
that ng # 0 only when 8 = $3; + « for some i and some o € HS¥(X;Z) with
c1(a) =0 (see e.g. [Challl Lemma 5.1]).

In what follows we will focus on the case when X = Xy is the total space of
the canonical line bundle Ky over a compact toric Fano manifold Y. Such an
X is a (noncompact) Calabi-Yau manifold, i.e. Kx = Ox. By our convention,
the primitive generators of the fan ¥ are chosen to be of the form v; = (w;,1)
for i = 0,1,...,m — 1 and so that wy = 0. Without loss of generality, we also
require that wy, ..., W1 € N’ := Z""! form the primitive generators of the fan
in N = R""! defining Y. The toric prime divisor Dy C X is then nothing but the
zero section Y — Ky .

Since Dy is the only compact toric prime divisor in X, the invariant ng is non-
zero only when either 8 = (; for some 1 < i < m —1 or 8 = By + « for some
o € Hy(X;Z) = Ho(Y;Z). By the results of Cho-Oh [CO06] mentioned above, we
already know that ng, = 1 for any i. The other invariants ng,+ are computed by
the following formula:

Theorem 7 (Theorem 1.1 in [Challl). Consider the P-bundle Z = P(Ky®Oy) —
Y over Y. Let h € Ho(Z;Z) be the fiber class and [pt] € H?"(Z;C) the Poincaré
dual of a point. Denote by ([pt]>g,1,h+a the 1-point genus zero closed Gromov- Witten
invariant of Z with insertion the point class [pt]. Then we have the equality

ngo+a = (P 1 na-

between open and closed Gromov- Witten invariants.
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2.2. Computation via J-function. By Theorem[7] in order to compute the genus
0 open Gromov-Witten invariants appearing in Conjecture[2for X = Ky, it suffices
to compute the genus 0 closed Gromov-Witten invariants:

(2.1) (PG 1 ha

In this subsection, we explain how to do this using the (small) J-function and the
toric mirror theorem [Giv98] [LLY99].

The P!-bundle Z is a toric manifold defined by the fan ¥ generated by (1) =
{vg,v1,...,Vm—1} together with the additional ray spanned by v,, := —vg. We
have Hy(Z;Z) = 7 @® Ho(Y;Z) and H*(Z;Z) = Z & H?(Y;Z). Choose a nef basis
{p1,---,pi, i1} (vecall that | = m — n) of H%(Z;Z) so that {p1,...,p} gives
a positive basis of H?(Y;Z) with dual basis {y1,...,%} C Ha(Y;Z) and such
that {y1,...,v,v+1 = h} gives the dual basis in Hy(Z;Z). As usual, we denote
by Do,...,Dp—1,Dp C X the toric prime divisors associated to the generators
VOy -« s Um—1, Um Tespectively.

By definition, the small J-function Jz of Z is given by [Giv98]

(22) JZ(q, Z) _ BT/Z (1 + Z Z qd<17 Zqio‘w >OZ72,d¢O‘> 3

@ deH$™(Z;2)\{0}

where 7 = 2-4;11 palogq, € H*(Z), ¢ = Hl+1 q?+? (here q,’s are regarded as

formal variables), {¢,} C H*(Z) is a homogeneous additive basis, and {¢} is its
dual basis (with respect to the Poincaré pairing). Expanding (2.2) into a power
series in 1/z yields

Jz(q,2) =€/ (1 +y Y qdé Z<1,¢az/)k>§2,d‘f:>

o deH$™(Z;z)\{0} k>0
/71 k=1y ¢a
+X Y Y et Nt ).
o deH;ff(Z;m\{O} S|

where in the second equality we use the string equation.

We observe that the closed Gromov-Witten invariants we need occur in the
coefficient of the 1/z-term of J that takes values in H°(Z). Indeed, since has
no descendant insertions, we look at the terms in the above expansion with k = 1.

Furthermore, to get (2 e need ¢, = [pt] € H?"(Z) and thus ¢* =1 € H°(Z).
1.'

In order to extract from Jz, we use the explicit formula for Jz given by
the toric mirror theorem. Recall that the I-function Iz of Z is given by

m ng_ OO(D-+/<:Z)

(2.3) Iy(y,2) =€’ >y g

deHS"(z;z) =0

where t = > b T palogy, € HX(Z), y? = Hl+11 yPa-d (again we regard the y,’s as
formal variables) and we identify D; with its cohomology class in H?(Z). Here, the
product should be expanded into a 1/z-series by writing D;+mz = mz(1+D;/mz).
Note that both Jz and Iz are H*(Z)-valued formal functions. (In fact, by [Iri09,
Lemma 4.2], the I-function and hence, via the mirror theorem stated below, the
J-function are convergent power series near y = 0 and g = 0 respectively.)
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The I-function has the asymptotics

T (y)

Iz(y,2) = 1+ —2* + higher order terms in 2!,
z

where T(y) is a (multi-valued) function with values in H?(Z). We define the toric
mirror map for Z to be the map y — ¢(y) := exp Y(y). The toric mirror theorem
applied to the semi-Fano toric manifold Z then says the following

Theorem 8 (Toric mirror theorem [Giv98| [LLY99]). The I-function and the J-
function coincides via the toric mirror map y — q(y), i.e.
J(a(y),z) = 1(y,2).

In view of this, in order to extract the invariants (2.1)), we should look for the
coefficient of the 1/2%-term of I that takes values in H°(Z).
Consider the expansion of the factor

[The_ o (D; + k2)
[T22¢ (D; + k=)

k=—oc0

(2.4)

into a 1/z-series, achieved by writing D; +kz = kz(1+ D;/kz). Since we want terms
with values in H%(Z), we cannot have D; involved. There are three possibilities:

(1) D;-d > 0: the only term in the expansion of that does not contain
D; is the leading term ﬁz’Di'd.

(2) D;-d=0: the quotient is just 1 in this case.

(3) D;-d < 0: in this case the quotient is proportional to D;, because of

the factor corresponding to k = 0.

Thus for the terms we need, only cases (1) and (2) can occur.
Note that —Kz = Y_." ; D;. Therefore, in the sum

Z yd s 1_[2:—00(1)z + kZ)
i=0 kD:i.iloo(Di + k2)7

de Hg'(Z;2)\{0}

the part of the 1/z2-term that takes values in H°(Z) is

y
2.5 T
(2:5) % [L(D;-a)!
where the sum is over all d € H§®(Z;7Z) \ {0} such that ¢;(d) = —Kz -d = 2 and
D;-d>0foralli=0,1,...,m—1,m. Note that the term in Iz with d = 0 and the
factor e*/# do not contribute. So the coefficient of the 1/z-term of I, that takes
values in H°(Z) is given exactly by .
For d € HS$%(Z;7Z) \ {0} such that ¢;(d) = ~Kz-d =2 and D, -d > 0 for all 4,

there are two possibilities:

(i) either D; - d =2 for some j and D, - d = 0 for all ¢ # j, or

(ii) Dj, -d=Dj,-d=1and D;-d=0 for all ¢ & {j1,j2}.
Case (i) is impossible as Z is compact, so we are left with case (ii). Let d €
HS%(Z;Z) be as in case (ii). Note that HS®(Z;Z) = Zso - h & HS%(Y;Z), and
c1(h) = 2 and ¢1(a) = 0 for any o € Ho(Y;Z) C Ho(Z;Z). Hence, d must be
of the form d = h + «a for some a € H§®(Y;Z). Then we have D,, - d = 1 since
D,,-a=0. Sod € Hy(Z;Z) must be corresponding to an integral relation of the
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form v; 4+ vy, = 0. The only such class is the fiber class h = y;41, and therefore we
conclude that the sum (2.5 is simply given by y;41.

Theorem 9. For the Pl-bundle Z = P(Ky @® Oy) over a compact toric Fano
manifold Y, we have the following formula:

(2.6) Yi+1(0) = 1 (L + So(q1, .-, @),

where y = y(q) is the inverse of the toric mirror map for Z and

L40o(q @)= Y Ngrad”
acHI(Y;2)

is the generating function for open Gromov-Witten invariants of X = Ky ; here
¢ =TI, 196"
a= a °

Proof. By the above calculation, the sum (2.5)) for Z = P(Ky @ Oy) is simply given
by yi+1. Let y = y(q) be the inverse of the toric mirror map for Z. By the toric
mirror theorem for semi-Fano toric manifolds (Theorem , we have

Iz(y(q),2) = Jz(q,2).

By comparing the coefficients of the 1/2z%-terms that takes values in H°(Z) on both
sides, we have

Yipr(qr, - Q1) = Z ([Pt)5 1,00
deHs"(Z;2)\{0}

By dimension reasons, the invariant ([pt])oz 1q 1s nonzero only when ¢;(d) = 2; and

we know that for d € H$®(Z,Z), ¢1(d) = 2 if and only if d = h + « for some
a € HS%(Y,Z). Hence, we have

Yir1(qr, -5 Q1) = Q1 Z <[pt]>g,1,h+aqav
«€HS™(Y;Z)

where ¢% = Hflzl @P+ " is amonomial in the variables g, . . ., ¢. Note that H§®(X,Z) =
HS$®(Y, 7). The proposition now follows from the formula in Theorem E ]

3. TORIC MIRROR MAP AND SYZ MAP

In this section, we show that the inverse of the toric mirror map for the P'-bundle
Z contains the SYZ map (Definition [I)) for the toric Calabi-Yau manifold X = Ky-.
The key observation is that both maps are completely determined by one and the
same function 1+ dp(q).

Recall that the toric mirror map for Z is given by the coefficient of the 1/z-term
of the I-function Iz(y, z) that takes values in H?(Z). By analyzing the quotient
(2.4) as we did in the previous subsection, it is not hard to see that the term
(depending on d € HS®(Z, 7))

" T (Di + k2)
(3.1) 1155 Dt k)

=0 k=—o00
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in I7(y, z) will contribute to H<2(Z) only when there exists at most one 0 < j < m
such that D; - d < 0. If D; - d > 0 for all 4, then (3.1) is of the form

L—c1(d) H—ci(d)—1 Di-dy
- Sa— — | D; + terms in H>2(Z),
Hi:O(Di ~d)! Hz’:O(Di ~d)! i:D§>O ; k

which does not contribute to the toric mirror map at all since ¢;(d) cannot be equal
to 1. On the other hand, if there exists j such that D;-d < 0 and D;-d > 0 for all

i # j, then (3.1)) is of the form
L—ei(d)-1 (1)~ PsdY(=D;-d -1)
Hi;«éj(Di ’ d)!

which contributes to the toric mirror map whenever ¢;(d) = 0.
This shows that the I-function Iz(y, z) expands as

|
-D; + terms in H>2(Z)

I+1 m

(_1)_Dj.d_1(—Dj -d— 1)! 1
1+ Zpa logya +Z Z yd ' DJ 1
a=1 =0 d:c1(d)=0, Hiyﬁj(Di . d)_ 2
D;-d<0,
D;-d>0 Vi#j

+ higher order terms in z~*

Writing D; = Zl+1 Qfpa ( =0,1,...,m), the toric mirror map

a=1
Y= U u1) = ) = (@), av), a+1(y))

can then be expressed as

m

log qo(y) = logy, — ZQ?Ej(y), a=1,...,,I+1,

=0
where
_ (—=1)"Pid(—D; - d —1)!
d:c1(d)=0, iFjTE ’
D;-d<0,
D;-d>0 Vi#j
i=0,1,...,m.

For the P'-bundle Z = P(Ky @ Oy) over a toric Fano manifold Y, the function
Z,(y) is nonzero only when j = 0. This can be seen by applying [GI12, Proposition
4.3] which says that the function Z;(y) is nonzero if and only if v; is not a vertex
of the fan polytope (recall that the fan polytope is the convex hull of the primitive
generators X(1) of the fan ). Moreover, Zy(y) depends only on the variables
Y1y ..,y since Dy, - d = 0 for every d with ¢1(d) = 0. Therefore we have

Proposition 10. The toric mirror map for the P-bundle Z = P(Ky @& Oy) over
a compact toric Fano manifold Y is given by

{ Qa:yaG(y)_Q87 a = 1,...,1,

(3.2) B
Q+1 =y Gy)

where G(y) = expEo(y) is a function of the variables y1,...,y;.
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Proof. Note that Q%, = 0 for a = 1,...,1, and Q(*' = Q4! =1, Q™" =0 for
j=1,...,m—1. So the toric mirror map is of the form as stated. O

Combining Proposition [L0] with Theorem [9} we arrive at the following

Theorem 11. The inverse of the toric mirror map for the Pl-bundle Z = P(Ky @
Oy) over a compact toric Fano manifold Y is given by

{ Yo = qa(1+80(q))%, a=1,...,1,

(3.3)
Yir1 = q1(1 4 60(q)),

where

Ltdo(a) = D, mpyrad”

acHI (v;7)

is the generating function for open Gromov-Witten invariants of X = Ky, and
a _T7t Pao
q = Ha:l qa ‘
In particular, the first I components of the inverse (3.3)) of the toric mirror map
for Z coincide with the SYZ map (Deﬁm'tion for X = Ky.

As an immediate application, we have the equality

1+60(q) = G(y(q)) = expEo(y(a)),

where y(q) = (y1(q), - - ., y1(q)) is part of the inverse mirror map of Z. This gives an
effective method to compute the genus 0 open Gromov-Witten invariants ng,iq.

4. GKZ SYSTEMS AND PERIOD INTEGRALS

In this section, we prove that components of the inverse of the SYZ map for
the toric Calabi-Yau manifold X = Ky are solutions to the Gel’fand-Kapranov-
Zelevinsky (GKZ) hypergeometric system [GKZ89, [GKZ90] associated to X. Then
by showing that the period integrals fr Qy give a basis of solutions of the GKZ
system, we complete the proof of Theorem

4.1. GKZ hypergeometric systems. Consider the following exact sequence (the
“fan sequence”) from toric geometry of Z:

0— Ho(Z;Z) - 2™ - N =0

where Z™*1 — N is mapping the standard basis {e;}™, to {v;}!,. For each
d € Hy(Z;Z), define a differential operator

i»d)—1

(Di,d)—1 —(D;,d
II @-%-va [] II @i-#).
k=0

i:(D;,d)<0 k=0

(4.1) Pa= [
i:(D;,d

i,d)>0

where D; := Zf:;ll Q;‘ya%, i=0,1,...,m. Givental [Giv98|] observes that coeffi-
cients of the I-function Iz(y, z) give solutions to the following system of GKZ-type
differential equations:
Pu¥ =0, de Hy(Z;7);
see also [Iri09, Lemma 4.6]. In particular, components of the toric mirror map
for Z are solutions of the above system.
On the other hand, the Gel'fand-Kapranov-Zelevinsky (GKZ) system [GKZ89,

GKZ90] of differential equations (also called A-hypergeometric system) associated
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to X (or to X(1) = {wvg, v1, - - ., Vm—1} with parameter 8 = 0) is the following system
of differential equations on functions ®(A) of A = (Ag, 41,...,Am_1) € C™:

m—1
d
(4.2) ; ”"AiaTiq) =0,

(4.3)

8 <D7;,O(> a 7<Di,o¢)
11 <8A> - ] ( A) ®=0, acHy)X;Z).

i:(D;,a)>0 i(D;,a)<0

Note that (4.2]) consists of n equations.
Theorem 12. By writing y, = Hl-"!ol AiQ:*l fora=1,...,1, then the components

Qll:qll(ylv"'ayl)7 Cl:17...,l
of the inverse of the SYZ map for X = Ky give solutions to the GKZ hypergeometric

system , .

Proof. As yo = 115" AY" we have

?

9 I+1 )
Az = Qyarn— =D

m—1 8 +1 /m-—1 a

iAi = PV | Yo

2 hoa = 2\ L9

Since 321", Q% =0 and Q% =0 for a = 1,...,1, the equations ([1.2) are satisfied.
By induction, we compute that

o \“ @t
v k=0

for Q € Z~g. So, for a € Hy(X;Z), the differential operator on the left-hand-side
of (4.3) can be written as

(Di,OC)fl 7<Di,a>71
i:(D;,a)>0 k=0 i:(D;,0)<0 k=0
[ 1 (Di,a)-1 —(Di,o)-1
= H A;(D“O/) H H (DZ — k) — Ya H (Dl — ]g)
_i:(Di,oc>>0 i i(D;,a)y>0 k=0 :(D;,ay<0 k=0
= I AP
_i:(Di,oc>>0 i

where we have used the fact that (D,,,a) =0 for a € Hy(X;7Z) C Hy(Z;Z) in the
last equality. Now Theorem |11|together with results of Givental [Giv98] and Iritani
[[xi09, Lemma 4.6] imply that the equations in are also satisfied.

It follows that the inverse of the SYZ map give solutions to the GKZ system

. @ 0
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4.2. Period integrals. By [GKZ90], the number of linearly independent solu-
tions of the GKZ hypergeometric system , is equal to the normalized
volume Vol(A) of the polytope A (recall that it is the convex hull of ¥(1) =
{vo,v1,...,Vm—1}). Here, “normalized” means that the volume of a standard
(n— 1)-simplex is 1. We would like to show that the period integrals fr Qy provide
exactly this number of solutions to the GKZ system.

Recall that the family of mirror Calabi-Yau manifolds £ — Mc(X) is defined
by

X, ={(u,v,21,...,20-1) € CZ x (C)" ' |uwv = fy(21,...,20-1)},

where
m—1
fu(z1, .o 2nm1) = Z Az € ClEY, .., 2]
i=0
is a A-regular Laurent polynomial, and y, = H;igl AZQ? fora=1,...,L

We equip the hypersurface Xy with the Kéhler structure pull-back from the
ambient space:

n—1
. Do ds
Dy = —~ (Z'Z’“/\Z’“+duAdﬂ+dv/\d@>

2 = 2k %,
Consider the Hamiltonian S'-action on (X, @)
e (v, 21, zne1) = (0u e, 20, 20l),
with moment map given by
peXy =R, (u,v,21,..0,20-1) = %(|u|2 — |v]?).

On the other hand, we view Xy as a conic fibration via the map
(4.4) 7 Xy = (C)" N (w0, 21,y Zn1) = (210 Zne1)-

The discriminant locus of 7 is the affine hypersurface Z, := {(z1,...,2n-1) €
(C)"=1 ] fy(21,.. .y 2n—1) = 0} in (C*)"~! defined by f,. We restrict m to the
level set =1(0) of the moment map, which, by abuse of notation, we still call

7t (0) — (C)" L

This map is a circle fibration where the fiber {|u| = |v|} C C? degenerates to a
point over the hypersurface Z,. Notice that m : p=1(0) — (C*)"~! is also the
quotient map since x~1(0)/S? is canonically isomorphic to (C*)"~1.

Now choose a generic y € Mc(X) so that the function f, : (C*)"~' — C is
Morse-Smale and convenient in the sense of Kouchnirenko (see [Iri09, Subsections
3.2 and 3.3] for more details on how to choose such y). Then f, has precisely Vol(A)
critical points on (C*)"~!. We also choose y so that all the critical values are dis-
tinct. Using Morse-theoretic arguments, Iritani [Iri09, Iril1] shows that the relative
homology group H,,_1((C*)"~', Z,;7Z) is isomorphic to ZV°'(4) and, moreover, an
integral basis is given by the Lefschetz thimbles which are families of vanishing cy-
cles over paths in C connecting 0 to the critical values of f,. (These cycles are in
fact Lagrangian and were used by Abouzaid [AboQ9] to study Homological Mirror
Symmetry for toric manifolds.)
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Let A C (C*)" ! be a Lefschetz thimble representing an integral cycle in
H,_1((C*)"=1, Z,; Z). Topologically, A is an (n — 1)-dimensional ball D"~! with
boundary 0D""! C Z, = fy_l(O). We define I' C Xy by

I=n"'(a),

i.e. T is the inverse image of A under the circle fibration 7 : p=1(0) — (C*)"~ 1.
Topologically I' is an n-sphere S™ and hence defines an integral n-cycle in Hn(Xy; 7).
This construction gives a map H,_1((C*)",Z,;Z) — H,(X,;Z) which, as we
will see below, is an isomorphism. We remark that a similar construction was
suggested by Gross in [Gro0ll, Section 4].

Consider the standard holomorphic (n — 1)-form

d dzp_
Qp = @ A A “n—1
21 Zn—1
on (C*)"~L1. Following Konishi-Minabe [KMI0], we regard this as defining the
relative cohomology class
[(Qoa 0)] € Hn—l((cX)n—l, Zy)

Lemma 13. We have the equality between period integrals:

o=
T A

where Qy is the holomorphic volume form

- 1 d dzp—
Qy:Res< Zl/\---/\znl/\du/\dv>
UU—fy(Zl,...7Zn,1) 21 Zn—1
on X,.
Proof. On X, N (C*)"*1 the form €, is given by
d dzp_
@z A A dzn—1 A du,
21 Zn—1

see e.g. [CLL12, Subsection 4.6.4] The reduced form

. - dz dzp,—
(Q)red = Loyo0) Sty = — Ao A -

Z1 Zn—1
descends to the quotient p=1(0)/S! = (C*)"~l. The equality now follows from
integration along fibers of the map m : p=1(0) — (C*)"~1, O

Proposition 14 (cf. [Hos06] and Corollary A.16 in [KM10]). The period integrals

/ Qy’ I'e Hn(Xy?Z)a
r
provide a C-basis of solutions to the GKZ hypergeometric system (4.2)), (4.3).

Proof. Batyrev [Bat93] shows that the period integrals [, Qo are solutions to the
GKZ system 7 . This gives a map from H,_1((C*)"~1, Z,; C) to the space
of solutions of the GKZ system. Dually, there is a map from the GKZ D-module
to H"~1((C*)"~1,Z,;C) defined by sending the generator 1 of the D-module to
[]. It was proven in [Sti98| Section 6] that [Q] and its covariant derivatives (with
respect to the Gauss-Manin connection) span H"~!((C*)"~! Z,; C), and hence the
dual map is surjective. Since H,_1((C*)"~1, Z,; Z) has rank Vol(A) ([Ixi09} Ixil1]),
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which is precisely the number of linearly independent solutions of the GKZ system
([GKZ90]), the above map is indeed an isomorphism. Thus the period integrals
J Qo form a basis of solutions of the GKZ system (this is in fact [KMI0, Corollary
4.4 (3)]), and now the result follows from Lemma [13] O

Remark 15. Pmposition shows that the above construction of n-cycles in Xy
from Lefschetz thimbles in (C*)"~1, Z,) defines an isomorphism (cf. [Gro01])

Hy 1 (C)"7 2,,Q) = Ha(X,; Q).
Also notice that this proposition holds for any toric Calabi- Yau manifold.
Remark 16. For toric Calabi-Yau 3-folds, Proposition[1f] was proved by Konishi-
Minabe in [KMI0, Corollary A.16] (see also [Hos06]). To generalize their proof
to higher dimensions, one just need to generalize [KM10, Proposition A.1] (which

gives an isomorphism H™(X,) = H"~1((C*)"~1, Z,) sending 0, to Q), the proof
of which should work mutatis mutandis.

Our main result Theorem [5| now follows from Theorem [12| and Proposition

5. DISCUSSIONS

5.1. B-models and mirror maps. In this paper, the mirror B-model for a toric
Calabi-Yau n-fold X is given by the family of n-dimensional noncompact Calabi-
Yau manifolds X — M¢(X) defined by

m—1

X, = {(u,v,zl,...,zn_l) eC?x (CH" | uw = Z Aizwi},
=0

where the parameters (Ag, 41, ..., Am—1) € C™ are subject to the constraints
m—1 “
Yo = H AiQ"’7 a=1,...,1,
i=0
and z* denotes the monomial z{"l e z;"jzl ifw=(w!,...,w" 1) € Z"~1. We take

this geometry as the mirror B-model because it is the most natural one from the
viewpoint of the SYZ conjecture [SYZ96], as have been shown in [CLL12]. For this
model, a mirror map is defined in terms of period integrals

(5.1) /FQy

of a holomorphic volume form Q, € H"(X,) over integral cycles ' € H, (X,;Z).
Another geometry that is usually taken as the mirror B-model in the literature
is the family of (n — 2)-dimensional affine hypersurfaces 3 — Mc(X) defined by

m—1
Zy = {(21,...,2n1) S (Cx)nfl | Z Aizwi _ 0}’
=0

where the parameters (Ao, A1, ..., Am—1) € C™ are subject to the same constraints
as above. For this model, a mirror map is defined in terms of period integrals

(5.2) /A Q
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of the standard (relative) holomorphic form Qg = dz—zllA- . -/\% e Hm((C*) 1, Z,)
over integral relative cycles A € H,,_1((C*)"~1, Z,; Z).

Both models are commonly used in the Physics literature [CKYZ99, [HIVOO,
GZ02], [Hos06]. In [HIVOQ, Section 8|, yet another model was introduced, namely,
the family of Landau-Ginzburg models W, : C x (C*)"~! — C defined by

m—1
w;
Wy(20,217~-~,2n—1) =20 E Az
i=0

for 29 € C and (21,...,2,_1) € (C*)"~L. Notice that zg is a C-valued (instead of
C*-valued) variable. In general, we expect that all these models are equivalent in
a suitable sense; see [HIV00), Section 8] for a physical argument.

The period integrals , are solutions to the same GKZ hypergeometric
system 7 associated to X. In practice, GKZ hypergeometric solutions are
often used directly to define the mirror maps. But in fact it is not obvious that
this definition coincides with the previous ones, which is precisely why extending
Theorem [5[ to Conjecture [2| is nontrivial; see the subsection below.

Alternatively, one may use coefficients of the equivariant I-function to define the
toric mirror map for a toric Calabi-Yau manifold X. This leads to an alternative
approach to Theorem [b| which we sketch as follows. First note that a toric mirror
theorem can be established for the non-compact toric Calabi-Yau manifold X = Ky .
In this non-compact setting, closed Gromov-Witten invariants of X are defined by
the virtual localization formula. Such a definition coincides with closed Gromov-
Witten invariants of Y twisted by the line bundle Ky and the inverse equivariant
Euler class, in the sense of [CG07]. An equivariant mirror theorem for X can then
be proved in a number of ways, for example, by using the main theorem of [CCIT(9]
or by following the arguments in [Giv98].

Theorem [0]in this paper relates the generating function of genus 0 open Gromov-
Witten invariants of X to the inverse toric mirror map for Z = P(Ky @ Oy). One
can then try to deduce Theorem by comparing the inverse of the toric mirror
map for X, as given in the equivariant toric mirror theorem, with the inverse of
the toric mirror map for Z and use the fact that the equivariant I-function for X
satisfies the GKZ hypergeometric system , associated to X to conclude
Theorem 12

5.2. Integral structures and Conjecture Our main result Theorem [9] is
weaker than Conjecture [2| in that the cycles I'y,...,I'; may not be integral cycles
in H, (Xy; 7); instead, we have only proved that they are C-linear combinations of
integral cycles.

To strengthen our result to a proof of Conjecture [2 we need to show that,
after normalizing the holomorphic volume form Qy so that fl‘o Qy = 1 where I'y €

H,(X,;Z) is a monodromy-invariant cycle, there are integral cycles I'y,..., I €
H, (Xy;Z) forming part of an integral basis such that the period integrals fF Qy
are linear in logarithms and of the form

logya +---,

i.e. the logarithmic terms all have coefficients equal to 1.
Evidences for this claim have been found by Hosono in [Hos06, Appendix A]
using explicit calculations and constructions of the integral cycles and explicit.
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In general, the problem is rather subtle and should be closely related to the in-
tegral and rational structures in the mirror B-model; see the works by Horja
[Hor99], Hosono [Hos06], Borisov-Horja [BHOG], Iritani [[ri09, [ril1] and Katzarkov-
Kontsevich-Pantev [KKPO8] on these issues and, in particular, see [Hos06, Conjec-
tures 2.2 and 6.3] where Hosono relates this claim to the central charge formula
and Kontsevich’s Homological Mirror Symmetry conjecture.

To prove the claim in our setting, one may try either to compute the monodromy
matrix around the limit point y = 0 in Ag (presumably this should be a large
complex structure limit point in the Hodge-theoretic sense [CK99, Chapter 5]), or
to construct the integral cycles I'y, ..., I explicitly and then directly evaluate the
period integrals fI‘a Qy and study the leading terms of their power series expansions.
We plan to tackle these issues in a future work.
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