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ABSTRACT. We construct Lagrangian sections of a Lagrangian torus fibration on a 3-
dimensional conic bundle, which are SYZ dual to holomorphic line bundles over the
mirror toric Calabi—Yau 3-fold. We then demonstrate a ring isomorphism between the
wrapped Floer cohomology of the zero-section and the regular functions on the mirror
toric Calabi—Yau 3-fold. Furthermore, we show that in the case when the Calabi—Yau
3-fold is affine space, the zero section generates the wrapped Fukaya category of the
mirror conic bundle. This allows us to complete the proof of one direction of homological
mirror symmetry for toric Calabi-Yau orbifold quotients of the form C3/ G. We finish
by describing some elementary applications of our computations to symplectic topology.

1. INTRODUCTION

The goal of this paper is to provide evidence for and connect homological mirror sym-
metry [Kon95] and the Strominger—Yau—Zaslow (SYZ) conjecture [SYZ96] in the context
of 3-dimensional conic bundles of the form

(1.0.1) Y = {(wy1, ws,u,v) € (C*)* x C* | h(wy, wz) = uv}.

Mirror symmetry for such varieties goes back at least to [HIV]. For simplicity, in this
paper we will assume that the Newton polytope A of h(wy,ws) is full-dimensional and
that the Laurent polynomial h(ws,ws) is general among those whose Newton polytope
is A. The mirror partner Y is an open subvariety of a 3-dimensional toric variety whose
fan is the cone over a triangulation of the Newton polytope of the Laurent polynomial
h(wy,ws). These examples have been a fertile testing ground for mathematical thinking
on mirror symmetry, a pioneering example being [KS02, STO01].

These conic bundles have the distinguishing feature that they are among the few ex-
amples of Calabi—Yau threefolds which admit explicit Lagrangian torus fibrations. An
intriguing feature of these examples is that the Lagrangian fibrations are only piecewise
smooth and have codimension one discriminant locus, and thus exhibit important fea-
tures of the general case. There have therefore been a number of recent papers focusing
on these examples through the lens of the SYZ conjecture. The essential idea for con-
structing such fibrations appears in [Gol01, GroOla, GroO1b], and the construction has
been carried out in [CBM05, CBM09, AAK16]. The details of this construction with
some modifications are presented in Section 2.

The manifolds Y are affine varieties and therefore have natural symplectic forms and
Liouville structures. On the other hand, in algebro-geometric terms, Y is the Kaliman
modification of (C*)?x C along the hypersurface Z of (C*)? defined by h(wy,w;) = 0 (see
e.g. [Zai]). When viewed from this perspective, there is an alternative symplectic form
used in [AAK16], which arises by viewing Y as an open submanifold of the symplectic
blow-up Y of (C*)? x C along the codimension two subvariety Z x 0. This form is
convenient for the purposes of the SYZ conjecture, since one can construct a Lagrangian
torus fibration whose behavior is easy to understand. We modify their construction by

degenerating the hypersurface Z to a certain tropical localization introduced in [Mik04,
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Abo06]. This modification plays an important role throughout the rest of the paper as
we explain below.

The starting point for our work is the observation that the SYZ fibration comes
equipped with certain natural base-admissible Lagrangian sections. A related construc-
tion of Lagrangian sections has been carried out independently by Gross and Matessi in
[GM], though we place an emphasis on the asymptotics of these sections since these are
important for Floer cohomology. In Section 3, we prove the following theorem:

Theorem 1.1. For every holomorphic line bundle F on the SYZ mirror Y, there is a
base-admissible Lagrangian section Ly in'Y whose SYZ transform is F. Furthermore,
such Lagrangian submanifolds are unique up to Hamiltonian isotopy.

For the purposes of mirror symmetry for non-compact manifolds such as Y, it is essen-
tial to consider the wrapped Floer cohomology of non-compact Lagrangian submanifolds.
The foundational theory of wrapped Fukaya categories on Liouville domains has been
developed in [AS10]. However, wrapped Floer cohomology is very difficult to calculate
directly and there are only a few computations in the literature. One of the main objec-
tives of this paper is to prove the following theorem:

Theorem 1.2. Let Ly denote the section of the fibration which is SYZ dual to the struc-
ture sheaf Oy.. Then the wrapped Floer cohomology HW*(Lgy) of Lg is concentrated in
degree 0, and there exists an isomorphism

(1.2.1) Mirk: HW%(Ly) = H°(Oy)
of C-algebras.

The wrapped Floer cohomology ring on the left hand side of (1.2.1) comes with a
natural basis given by Hamiltonian chords. As suggested by Tyurin and emphasized
by Gross, Hacking, Keel and Siebert [GHK15, GS|, the images of these Hamiltonian
chords on the right hand side of (1.2.1) give generalizations of theta functions on Abelian
varieties. The proof of Theorem 1.2, which is a direct consequence of Theorem 1.3 and
Theorem 1.4 below, is a higher dimensional analogue of [Pas14]. However, the approach
taken in this paper is slightly different. While Pascaleff’s argument exploits a certain
TQFT structure for Lefschetz fibrations due to Seidel, our argument is based upon a
study of how Floer theory behaves under Kaliman modification. Though this birational
geometry viewpoint governs our approach, we do not study this problem in maximal
generality, but limit ourselves to this series of examples.

The first step in our argument is to construct a suitable family of Hamiltonians which
are well behaved with respect to the conic bundle structure. The essential technical
ingredient for wrapped Floer theory is the existence of suitable C%-estimates for solutions
to Floer’s equation. However, base-admissible Lagrangian sections do not naturally fit
into the setup of [AS10] and, for this reason, we adapt their theory of wrapped Floer
cohomology to the above choice of symplectic forms and base-admissible Lagrangian
sections.

In our setup, there are now two directions in which Floer curves can escape to infinity,
namely, in the “base direction” and in the “fiber direction” of the conic fibration. We
show that, outside of a compact set in the base, the Hamiltonian flow on the total space
projects nicely to the Hamiltonian flow on the base. It follows that there is a maximum
principle for solutions to Floer’s equation with boundary on admissible Lagrangians,
which prevents curves from escaping to infinity in the “base direction”. On the other
hand, it is more difficult to prevent curves from escaping to infinity in the “fiber direction”

of the conic fibration. In fact, curves can indeed escape to infinity. However, we show
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in Lemma 5.20 that they must break along divisor chords, which are Hamiltonian chords
living completely inside the divisor at infinity. There is a natural auxiliary grading relative
to the exceptional divisor F. The key observation is that, with respect to this grading,
the grading of the divisor Hamiltonian chords becomes arbitrarily large as m gets larger.
By restricting to generators for the Floer complex whose relative grading lies in a certain
range, we are therefore able to exclude this breaking and obtain the compactness needed
to define wrapped Floer cohomology.

We now turn to the computational aspect of our paper. The zero-section Ly is a
base-admissible Lagrangian and so it makes sense to consider its adapted wrapped Floer
cohomology ring HW (Lg). In Section 6, we prove the following theorem:

Theorem 1.3. The adapted wrapped Floer cohomology HW'(Lg) is concentrated in de-
gree 0, and there exists an isomorphism

(1.3.1) Mirke: HW?, (Lo) = H°(Oy)
of C-algebras.

One case where wrapped Floer cohomology can sometimes be directly computed is in
manifolds which are products of lower-dimensional manifolds and where the Lagrangians
and Hamiltonians split according to the product structures. An important advantage of
base-admissible Lagrangians is that they live away from the exceptional locus and hence
can be regarded as Lagrangian submanifolds in (C*)? x C*. When viewed in this way,
these Lagrangians respect the product structure. Moreover, the admissible Hamiltonians
we use interplay nicely with this product structure, and hence the Floer theory of base-
admissible Lagrangians is amenable to direct calculation.

In the case of Lj, we find that all Hamiltonian chords lie away from the exceptional
locus and moreover that as a vector space, the Floer cohomologies agree when regarded
as living in (C*)? x C* or Y. However, the product structure on Floer cohomology is
deformed. This deformation can be formalized in terms of the relative Fukaya category of
Seidel and Sheridan [Seil5, Shel5]. One slightly novel feature is that in typical situations,
one works relative to a compactifying divisor at infinity, while here we work relative to the
exceptional divisor E. In this case, one computes the deformed ring structure directly by
exploiting the correspondence between holomorphic curves in (C*)? x C with incidence
conditions relative to the submanifold Z x 0 and holomorphic curves in Y (one direction
of this correspondence is given by projection and the other direction is given by proper
transform). The relevant enumerative calculation is then done in Lemma 6.12 based upon
a simple degeneration-of-domain argument.

It is not difficult to see that the Lagrangian L, is also admissible in the sense of
[AS10] when Y is equipped with its natural finite-type convex symplectic structure (for a
definition, see [McL09, Definition 2.2]). In Section 7, we prove the following comparison
theorem between the two types of Floer theories:

Theorem 1.4. There exists an isomorphism
(1.4.1) puw: HW*(Lo) = HW; (L)
of graded C-algebras.

The proof of this theorem is a modification of [McL09, Theorem 5.5], which applies to
Lefschetz fibrations. While his arguments do not generalize to symplectic fibrations over
higher dimensional bases, certain simplifying features of our situation allow us to adapt

his arguments in a straightforward way.
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We use this result to calculate the zero-th symplectic cohomology SH(Y) of Y. Abouzaid
[Abo10] has introduced a map

(1.4.2) CO: SHY(Y) — HW(Ly).
In Section 8, we prove the following:
Theorem 1.5. The map (1.4.2) is an isomorphism.

The argument employed here is inspired by an argument of Pascaleff [Pas|. Namely,
it is not difficult to attain that the map is injective which again follows essentially from
the fact that the symplectic fibration is trivial away from the discriminant locus. This
enables us to compute the “local” or “low energy” terms in the map CO by reduction
to the case of (C*)3. Proving surjectivity is more delicate and rests upon making partial
computations of the differential in symplectic cohomology. This relies on two recent
ingredients: a local computation of the BV-operator in [Zha] and a trick in [Pas] which
enables us to rule out higher energy terms in the differential of a certain “primitive”
cochain.

Finally, we apply all of these calculations to give a proof of homological mirror symme-
try in the simplest case when our polynomial h(wy,ws) is 1 + wy + wy (this corresponds
to the case when the mirror Y is Spec (C[z, v, 2][(zyz — 1)7'])). In a dual picture to the
one above, Abouzaid has introduced a map

(1.5.1) OC: HH3(HW*(Ly)) — SH(Y).

In our case, the machinery behind this map is vastly simplified because all of our chain
complexes lie in degree zero. Abouzaid showed that if the unit [1] is hit by the map
OC, then L split-generates the wrapped Fukaya category W(Y'). It follows from what
we have proven so far that the image of OC must be a principal ideal (f) € SH(Y).
Although it is difficult to compute the entire open string map directly, the surjectivity
of the map therefore follows formally if we can show that there are non-zero elements f7,
f2, and f3 in the image of OC which have no common divisors other than units. This
again uses the triviality of the symplectic fibration away from the discriminant locus to
make enough partial computations of the map to produce these elements. Combining all
of these results, we obtain the following:

Theorem 1.6. Ly generates the wrapped Fukaya category of Y. In particular, there is
an equivalence

(1.6.1) ¢: D'W(Y) = DPcoh Y
of enhanced triangulated categories sending Ly to Oy .

To push this result somewhat further, we note that the behavior of (wrapped) Fukaya
categories under finite covers is well-understood. To be more precise, let Ny be a finite
index subgroup of the fundamental group N of Y. Note that NV is a free abelian group
of rank 2. Denote the quotient group by G = N/N, and let Yy, be the corresponding
finite cover (which is itself a conic bundle). The set of connected components of the
pull-back of Ly by the covering map w: Yy, — Y is a torsor over GG, which we identify
with G by choosing a base point; @™ (Lg) = @, Ly The group G = Hom(G,C*)
acts naturally on Y, and the quotient stack is denoted by [Y/ G} We write the one-
dimensional representation of G associated with an element g € G as Vy. Theorem 1.6

admits the following generalization to finite covers:
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Corollary 1.7. There is an equivalence
(1.7.1) Uny: D'W(Yw,) = D’ coh [Y/G]
of enhanced triangulated categories sending L, to Oy ®@ V.

This computation represents to our knowledge the first complete computation appear-
ing in the literature of the wrapped Fukaya category of a six-dimensional Liouville domain,
which is neither a product of lower dimensional manifolds nor a cotangent bundle. This
has applications to symplectic topology, an elementary example being Proposition 8.17.
In a different direction, the abelian McKay correspondence implies homological mirror
symmetry for divisor complements of toric Calabi-Yau varieties which are related by a
variation of GIT quotients to orbifold quotients [C?/ G’}

Now assume that G is sufficiently ‘big’ in the sense that the crepant resolution of
C?/G has a compact divisor. Let Fy (Ya,) be the full subcategory of W (Yy,) consisting
of Lagrangian spheres, and cohy [Y / @] be the full subcategory of coh [Y / G’] consisting
of sheaves supported at the origin.

Corollary 1.8. The equivalence (1.7.1) induces a fully faithful functor
(1.8.1) DY Fo(Yy,) < D" cohy Y /G.

It seems likely that the above embedding (1.8.1) is inverse to the embedding
(1.8.2) DPcohy Y /G — D°F(Yu,),

given by combining [Seil0] and [AKOO08]. To prove this, one would have to compare
symplectic forms used in this paper with that in [Seil0]; we do not go into that problem
here. Another interesting problem would be to study the meaning of Bridgeland stability
conditions on the essential image of (1.8.1) in terms of symplectic or Kéhler geometry
of Yy, (see [Bri07] for the foundation of Bridgeland stability conditions, [Bri06, BM11]
for the space of Bridgeland stability conditions on some toric Calabi—Yau manifolds, and
[TY02, Joyl5] for a conjectural relation with the Fukaya category). Nevertheless, the
existence of this embedding already has a nice application:

Proposition 1.9. Let Sy,---, S, be a collection of Lagrangian spheres in Yy, which are
pairwise disjoint. Then r < |Gl.

In fact, we give a slightly stronger result in Proposition 8.18. Finally, it is worth
mentioning that although we have focused on the case of conic fibrations over (C*)?, our
methods apply to the somewhat simpler case of (fiber products of) conic bundles over
C* as well. In particular, they enable us to prove that the collections of Lagrangians
studied in [CU13] and [CPU16] generate the relevant wrapped Fukaya categories. The
latter case is especially interesting, as this gives rise to examples, different from those
given in [BS15, Smil5], of symplectic 6-manifolds whose space of Bridgeland stability
conditions on Fukaya categories is reasonably well understood [Tod08, Tod09, TUU10].

Returning to the case of a general toric Calabi—Yau manifold, there are two natural
ways in which one might try to extend our results to a homological mirror symmetry
statement. The first is to establish a version of homological mirror symmetry between
a suitable Fukaya categories generated by base-admissible Lagrangians and categories of
coherent sheaves on the mirror Y. Base admissible Lagrangians L naturally fiber over
Lagrangians L in (C*)2. The calculation of A.-operations can likely be reduced using
the approach of Section 6 to the enumeration of Floer polygons with boundary on L.
It seems reasonable to hope that the latter polygons can be dealt with using techniques

similar to those in [Abo09].
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Let D be the union of the toric divisors in Y. A different direction of research begins
with the observation that we have a Bousfield localization sequence

(1.9.1) 0= QCp(Y) = QC(Y) = QC(Y \ D) — 0,

where QC(Y') is the unbounded derived category of quasi-coherent sheaves on Y and
QCp(Y) is the full subcategory consisting of objects whose cohomologies are supported
on D. Since D’cohp Y generates QCp(Y) and Y \ D is affine, the bounded derived
category DPcohY is split-generated by Oy and D’ cohp Y.

This paper describes the subcategory of the wrapped Fukaya category generated by
Lg. Furthermore, SYZ mirror symmetry predicts that there is a full-subcategory of
this wrapped Fukaya category consisting of Liouville-admissible Lagrangians which is
equivalent to D°cohp(Y). These Lagrangians are again constructed using ideas from
[Abo09], and a similar construction has already appeared in [GM].

For example, when Y is the total space of the canonical line bundle over a toric Fano
manifold, we expect to have a collection of objects consisting of Ly and compact La-
grangian spheres which split-generate the wrapped Fukaya category. We expect that the
results in [Abo09] together with an analysis similar to that in [Seil0] would give a direct
approach to studying the Floer cohomology of these Lagrangian spheres. Combining this
with the results of this paper then gives an approach to studying the wrapped Fukaya
categories for general h(wy,ws).
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2. LAGRANGIAN TORUS FIBRATIONS

2.1. Tropical hypersurface. Let N = Z2? be a free abelian group of rank 2, and M =
Hom(N,Z) be the dual group. A convex lattice polygon in Mg = M ® R is the convex
hull of a finite subset of M. We assume that all convex lattice polygons in this paper are
full-dimensional. Let A be a convex lattice polygon in Mg and A = AN M be the set of
lattice points in A. A function v: A — R defines a piecewise-linear function 7: A — R
by the condition that

(2.1.1) Conv{(a,u) e AXR|u>v(a)} ={(m,u) e AXR|u>7v(a)}.

The set P, consisting of maximal domains of linearity of 7 and their faces is a polyhedral
decomposition of A. A polyhedral decomposition P of A is coherent (or reqular) if there
is a function v: A — Z such that P = P,. It is a triangulation if all the maximal-
dimensional faces are triangles. A coherent triangulation is unimodular if every triangle
can be mapped to the standard simplex (i.e., the convex hull of {(0,0), (1,0),(0,1)}) by
the action of GLo(Z) x Z2.

Let P be a unimodular coherent triangulation of A. A function v: A — R is adapted to

P if P =P,. Given a function v: A — R and an element (cq)aca € C*, a patchworking
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polynomial is defined by
(2.1.2) hi(w) =) cat™"@w™ € C[t*][M].
acA

For a positive real number ¢ € R, a hypersurface Z; of Nex == Ng/N = Spec C[M] is
defined by

(2.1.3) Zy = {w € N¢x | hy(w) = 0}.
We assume that Z; is connected. The image
(2.1.4) I, := Log(Z;)

of Z; by the logarithmic map

(2.1.5) Log: Ncx — Ng, w = (wy,ws) — (log |w1 |, log |ws|)

log [¢|

is called the amoeba of Z;. The tropical polynomial associated with hy(w) is the piecewise-
linear map defined by

(2.1.6) L,: Np >R, n—max{a(n)—rv(a)| acA}.

The tropical hypersurface (or the tropical curve) associated with L, is defined as the locus
I, C Ng where L, is not differentiable. The polyhedral decomposition of Ny defined
by the tropical hypersurface I, is dual to the triangulation P of A. In particular, the
connected components of the complement of II, can naturally be labeled by P©) = A;

(2.1.7) Ne\Too = [ [ Cavor

acA

The amoeba II; converges to Il in the Hausdorff topology as ¢ goes to infinity [Mik04,
Rul].

We next introduce some terminology and notation which will be used throughout the
rest of this paper. A leg is a one-dimensional polyhedral subcomplex of the tropical
hypersurface II,, which is non-compact. In what follows, we will use the variables r; to
denote log |w;|. Let {II;}*_, be the set of legs of the tropical curve Il,,. For each leg IT;, we
write the endpoints of the edge in P dual to II; as c; = (1, @i2), B; = (81, Bi2) € A,
so that II; is defined by

{ To,—-B;, = (ai,l - 5i,1)7“1 + (Oéi,z - 5@2)@ = V(Oéi) - V(6i>7
T(ai-B)t = (Bio — aig)ri + (g — Big)ra 2 aj,

for some a; € R. The maximal polyhedral subcomplex of Il,, which is compact will be
denoted by Il .. Define ¢;, ¢, ¢/ € Q by

(2.1.8)

(219) Cc; = 71 C{ = —ai . (az _ ﬁl) C,-/ == Xi <al — /62>l
i — B ’ o — B2 ' lo — B>

so that

(2.1.10) > =ri 403 =¢ ((’rowm)2 + ("°<aif,e,.>L)2> )

(2.1.11) a; = ¢ — B;) + ¢ (o — B;)

Then we have

(2.1.12) w® | = |[wo P (@B

(2.1.13) Ao, = cidba,—p, + ¢{d0,—p,)1
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FIGURE 2.1. A triangulation

FIGURE 2.2. A tropical curve

Example 2.2. A prototypical example is

(2.2.1) hi(w) = wy + wq + + t°

w1W2
for a small positive real number €. The corresponding tropical polynomial is given by

(2.2.2) L(n) = max{ny, ne, —ny — nog, e},
and the tropical curve Il is shown in Figure 2.2. The set
(2.2.3) A =1{(0,0),(1,0),(0,1),(—-1,-1)}

consists of four elements, corresponding to four connected components of Ng \ 1. The
tropical curve Il has three legs.

2.3. Tropical localization. Following [Abo06, Section 4], we set Cy+ == (logt) - Cy for
each a € A, and choose ¢: Ng — R such that
e d(n,Cqy) = npgg;tﬂn —n'|| < (elogt)/2 if and only if ¢u(n) = 0,
o d(n,Cyy) > clog £ if and only if ¢q(n) =1, and
. ’&ba 00n 4
onq one elogt

for a small positive real number e. For an element (cq)aca € C4, define a family {h; s}
of maps Ncx — C by

(2.3.1) hes(w) =Y cat ™ (1 = s¢a(w))w?,

acA

+

where we write ¢q(w) = ¢q(Log,(w)) by abuse of notation. For a face 7 € P, define
(2.3.2) O, ={n € Ng | (¢a(n) # 1 for Vo € 7) and (pa(n) =1 for Voo & 7)}.

Then O, is contained in an e-neighborhood of the face of I, dual to 7, and one has

(2.3.3) Ne =[] o-
TEP
The set
(234) Zt78 = {w - N(Cx | ht78('lU) = 0}

is a symplectic hypersurface in Ngx for a sufficiently large ¢ [Abo06, Proposition 4.2],

and the pairs (Ngx, Z; ) for all s € [0, 1] are symplectomorphic to each other [Abo06,
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Proposition 4.9] which for ¢ sufficiently large can be taken C*-small and to be supported
inside of a tubular neighborhood of Z;y of small norm in the Kahler metric [Abo09,
Appendix A].

The tropical localization of Z; is defined by

(2.3.5) 7 =7,

We set (co)aca =1:=(1,...,1) € C* and

(2.3.6) h(w) = ht,s(w)\szlﬁ(%)aﬂzl =) (1 = o, (w))w™.
OLiEA

The hypersurface Z is localized in the following sense:
e Over O, where 7 is dual to an edge of Il (i.e., when 7 € P(M), all but two terms
of h vanish, and hence Z is defined by
(2.3.7) h(w) =t (1 — go(w)) w* + 7P (1 — gg(w)) wP =0,

where a, 3 € A are the endpoints of 7.
e Over O, where o is dual to a vertex of Il,, (i.e., when o € 73(2)), all but three
terms of h vanish, whence Z is defined by

h(w) = 171 (1 = Gy (W) w* + 177 (1 = ¢, (w)) w™
3.8) + 17O (1 = @, (w)) W™
=0,
where oy, a1, ap € A are the vertices of o.

It follows that the amoeba II = Log(Z) of the tropical localization Z agrees with

the tropical hypersurface Il,, away from the e-neighborhood of the 0-skeleton Y. An
important property for us is that each connected component of the complement of a
compact set in Z is defined by a single algebraic equation

(2.3.10) @ 17V BlP = 0,

and fibers over a subset of a leg of the tropical hypersurface I1,,. In a slight abuse of
terminology, we will refer to this portion of the curve Z as a leg of Z.

For a sufficiently large number Ry and a relatively small number ¢, < Ry, we may
assume that the union

¢
(2.3.11) Un = Un, U Un,
i=1
of
(2.3.12) Un, ={r € Ng | |r| < Ro}
and
(2.3.13) Un, = {r € Ng ’ }rai,gi} <égand v, _g)r > a; + €n}

is a neighborhood of II. We assume that ¢, is large enough so that it contains the line
Ta,—8, — (V(a;) — v(B;)) = 0, and that if we have non-compact parallel legs II;, we will
assume that all of the corresponding neighborhoods Uy, are the same. We next choose a
neighborhood Uy of Z in N¢x and set

(2.3.14) Uz, = Uz NLog ' (Un,), Ugz =Uz;NLog '(Un,).

We require:
e Log(Uy) C Uy,



h(w
° ’(—a) < gy, for some small constant ¢, > 0 and any w € Uy,
w

o h=1tNw> 4 +VBwh for any w € Uy,
o the set {ax € A | ¢po(w) # 1} consists of either two or three elements for any
w € Uy, and
e Uy does not intersect Ng>o := {(wy, ws) € (R7?)?} C Nex.
We write the natural projections as
(2.3.15) pry: Nex X C — Nex, pry: Nex x C — C.
We choose a tubular neighborhood Uz of Z x 0 in N¢gx x C such that
[ J prl(UZXo) C UZ and
ul® —v(o —v —a|? :
m —+ }t () +1 (’B)UJ’B ’ < 5}21 if (w,U) - UZ><0 and LOg('UJ) € UHi'
We set
(2.3.16) U; = {(w,u) € Uzyg | Log(w) € Un,}.

We fix an almost complex structure Jy_, on Ncx, which is adapted to Z in the following
sense:

Definition 2.4. An wy_, compatible almost complex structure Jy_, on Ncx is said to
be adapted to Z if

° JNCX agrees with the standard complex structure JNCx’Std of Ngx outside the
inverse image by Log of a small neighborhood of the origin in Ng, and
e the function h(w) is Jy_,-holomorphic in Uy.

2.5. Symplectic blow-up. We follow [AAK16] in this subsection; see also [CBM09] for
a closely related construction. As a smooth manifold, the blow-up

(251) p: Y = BIZXO(N(CX X (C) — Nex X C
of N¢x x C along the symplectic submanifold Z x 0 is given by
(2.5.2) Y = {(w,u,[vy: 11]) € Nex x Cx P! | uvy = h(w)vy } .

The compositions of the structure morphism (2.5.1) and the projections (2.3.15) will be
denoted by

(2.5.3) TNex = Pryop: Y — Ngx, Tc:i=pryop: Y — C.
The exceptional set is given by
(2.5.4) E=p " (Zx0)={(w,u,[vy: 1)) € Nex x Cx P! | h(w) = u =0},

which forms a P!'-bundle p|g: E — Z x 0 over Z x 0. The total transform of the divisor
Z x C C Ngx x C is given by

(2.5.5) E=7y (Z)=EUFCY,

where F is the strict transform of Z x C. There is an S'-action on Y defined by
(2.5.6) (w, u, [vy : v1]) — <w, eV, [vo : e’*/’_wle :

Let

(2.5.7) D = {(w,u,[vg:]) €Y | vg =0} = Nex

be the strict transform of the divisor

(2.5.8) D = {(w,u) € Nex x C|u =0},

10



and write its complement as
(2.5.9) Y =Y\ D= {(w,u,v) € Nex x C* | h(w) = uv},
where v = vy /vg. The restrictions of (2.5.3) to Y will be denoted by

(2.5.10) TNy = TN, ly: Y — Nex, wec=Tcly: Y = C.
We also write
(2.5.11) Ty = Logomy_, 1 Y — Ng, my, = Logomy_, : Y — Ng.
A tubular neighborhood of D in Y is given by
(2.5.12) Up = {(w,u, vy : 1]) € Nex x Cx P' | uw = h(w)vy, |vo] <6}
for a small positive number §. We identify Up with N¢x x Dgs by the map
Up —  Ngx X Ds
(2.5.13) W w

(w,u,[vy: 1]) —  (w,vp)

where Dy = {vy € C | |vg| < 6} is an open disk of radius . The projection will be
denoted by

(2514) Ty - Up = N(CX x Ds — Ds.
For a function f on an almost complex manifold, we set
(2.5.15) d°f == df o J,

so that —dd°f = 2v/—100f whenever J is integrable (or more generally if f is pulled
back from an integrable complex manifold along a J-holomorphic map).
We consider the two-form

€
(2.5.16) we = P (98 xe = 7o (x(w,w) log (Juf? + [h(w)[)) )
on Y \ p*(Z x 0) for a sufficiently small ¢, where
V-1 d dw, d dw
(2.5.17) wn e = Y (dunda+ 2 S 2 ) 22
€ 2 w1 W1 W %

is the standard symplectic form on Ngx X C, and the function x: Nex x C — [0,1] is
a smooth S'-invariant cut-off function supported on the tubular neighborhood Uy of
Z % 0 and satisfying y = 1 in a smaller tubular neighborhood U7, of Z x 0. We require
that

(2.5.18) X

for a function yx;: R=% — [0, 1], where

Ui:XioGi

2
|U| — 4+ ’t*V(Oéi) +t*’/(ﬁi)w:@i*ai 2

(2.5.19) Gi: Ui =R (w,u) = —————
|fw(ai—5¢) |26i

For clarity, we emphasize that in (2.5.16) the operator d° is defined with respect to the
almost complex structure Jy_, adapted to Z in the sense of Definition 2.4. A crucial
feature for us is that in the neighborhoods U;, this form is actually invariant under the
T2-action which preserves the monomial w?i~®:. This 2-form extends to a 2-form on Y,
which we write as w, again by abuse of notation, since we may rewrite (2.5.16) as

J—1e _
(2.5.20) We = P WN,, xC + 7683 (log (Jvol* + [01]*))

11



when x(w,u) = 1.
Proposition 2.6. The two-form w, is a symplectic form for sufficiently small €.

Proof. When y = 1, the symplectic form is the restriction of the form

\/_e

(2.6.1) We = P WN,, xc + 90 (log (|vol* + v1]?))

on Nex x C x P! to Y. It follows that, whenever y = 1, w, is the restriction of a
compatible symplectic form (2.6.1) to an almost complex submanifold, and hence sym-
plectic in this region. When y(w,u) # 1, the first term in (2.5.16) is a symplec-
tic form. Along the legs, one explicitly checks that the forms dlog (|ul? + |h(w)|?),
d®log (Jul® + |h(w)|?) and dd¢log (Ju|? + |h(w)|?) have bounded coefficients in the forms
generated by du, du, dlogw,, dlogw;, dlogws, and dlogws when x(w,u) # 1. This
implies that dd® (x(w,u)log (|u]* + |h(w)|?)) also has bounded coefficients and hence w,
is a symplectic form for sufficiently small e. O

Remark 2.7. We make one comment concerning the choice of symplectic form here and
that in [AAK16]. Observe that the above construction could be repeated by choosing
Uyz,, a suitable tubular neighborhood of Z;y C N¢x, Uz, <o a tubular neighborhood of
Zy o x 0 such that pr,(Ug, ;x0) C Uz, , and x(w, u) be a smooth function whose support is
in Uz, ,xo and such that dd®y(w,u)log (|u|2 + |ht70|2) has bounded coefficients whenever
X(w,u) # 1. Let Y;; be the variety defined by uv = hyo and equip it with a symplectic
form as in (2.5.16) with h(w) replaced by h¢q(w). It follows from [Abo06, Proposition
4.9] that for e sufficiently small and ¢ sufficiently large and suitable x(w,u), Uz, ,, i €
{0, 1}, there is a symplectomorphism ¢g 1 : Y; o = Y;; which is the identity away from the
preimage of a tubular neighborhood of Z; y of small size.

We fix a convenient choice of a primitive 6, for the restriction of w, to Y, which we
write w, by abuse of notation. The form

(2.7.1) bue 1= =" (x(w, u) log (Juf? + [h(aw) ) — log(Ju]*)
is well-defined on the subset Y C Y and gives a primitive for the form
(2.7.2) — - dd (x(w, u) log (Juf + [h(w) ) .

Now we define

(2.7.3) Oc = P 0N, xC + bre,

where Oy_, xc is the standard primitive of wy_, xc, so that

(2.7.4) df. = w..

The S'-action (2.5.6) is Hamiltonian with respect to the symplectic form (2.5.16) with
the moment map

(2.7.5) p=luf + = |u\ a? | (x(w, u)log (|h('w)|2 + \u‘Q)) :

Our conventions for the moment map follow those of [AAK16] (in particular, it differs
from the more standard convention by a factor of 27r). This formula specializes to

2
7_(_| u|2 + € ‘ ‘

(2.7.6) o= [o(w) 2 + [ulf?
7lul? where x = 0 (away from F).

where x =1 (near F),
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The level set p~1(\) is smooth unless A = €, where it is singular along the fixed locus
(2.7.7) Z ={(w,u,[vo:v1]) €Y | h(w) = u=v; =0}.
The level set x~1(0) is the divisor D defined in (2.5.7). The fiber ﬂ&;x (w) over any point

w ¢ Z is a smooth conic. Let df denote the natural S'-invariant angular one-form on
the smooth fiber 7y (w). Then the primitive 6, restricted to the smooth fiber is given

CcX
by

(2.7.8)
Olet (wy = [l = (2 Juf? + x(uw, ) log ([A(w)]? + Ju?) — - 1log (|uf?) ) do
INex () dul \ 4 Ag N Amr '
In view of (2.7.5) and (2.7.1), we may rewrite this in the much simpler form:
1
(2.7.9) Ge\ﬂl_le (w) = %(,u —€)d6.

The same formula holds when w € Z, away from the singular points of W&éx (w). For
A € R7O\ {e}, the map 7y, : ¥ — Ngx induces a natural identification

(2.7.10) Yieax = " (A)/S" = Nex
of the reduced space and Ncgx. The resulting reduced symplectic form wyeqn on Nex
can be averaged by the action of the torus Ng: := Ng/N to obtain a torus-invariant

symplectic form w?VCX7 - [AAK16, Lemma 4.1] states that there exists a family (¢x)rer>o
of diffeomorphisms of N¢x such that

1 gbiwf\fcx AT Wred, \»

e ¢, = id at every point whose Ngi-orbit is disjoint from the support of .

e ¢, depends on A in a piecewise smooth manner.

We set 7y = Logogp,: Nex — N and define a continuous, piecewise smooth map by
(2.7.11) .Y = Bi=Ng xRz pu (A — (m([2]), N).

One can easily see as in [AAK16, Section 4.2] that fibers of 75" are smooth Lagrangian
tori outside of the discriminant locus Logogp.(Z) x {e}.

2.8. SYZ mirror construction. We continue to follow [AAK16] in this subsection; see
also [Aur07, Aur09, CLL12] for closely related constructions. The critical locus of the
SYZ fibration 5 : Y — B is given by Z x {(0,0)} C Ngx x C% which is the fixed locus
of the S'-action. Hence the discriminant locus of 7p is given by I' = II' x {¢} C B,
where II' := 7.(Z) C Ny is essentially the amoeba of Z, except that the map m. differs
from the logarithm map Log by ¢.. The complement of the discriminant locus will be
denoted by B := B\ T'. The SYZ fibration induces an integral affine structure on B¥™.
The corresponding local integral affine coordinates {z; };’:1 give local systems 77 B"" and
T B>, generated by {9/0x;}5_, and {dx;}5_, respectively.

A choice of a section of mg induces a symplectomorphism

(2.8.1) a HY(B™) = T*B™/T; B™

given by the action-angle coordinates [Dui80|. The semi-flat mirror of Y is defined by
(2.8.2) Yt = TB™ /T, B*™,

equipped with the natural complex structure Jy. such that the holomorphic coordinates

are given by {zj = exp 27 (xj + \/—1yj) }3:1' Here {?/j}?:1 are the coordinates on the
13



fiber corresponding to {z; }?:1. To obtain the SYZ mirror Y, one first correct the semi-
flat complex structure by contributions of the holomorphic disks bounded by Lagrangian
torus fibers, and then add fibers over I' = B\ B*™.

Instead of correcting complex structures of the semi-flat mirror, [AAK16] considers the
subset B™ C B obtained by removing 7(p~!(Uz x C)) from B. Here Uz C Ncx is a
sufficiently small neighborhood of Z containing the support of x. The connected com-
ponents of B™® are in one-to-one correspondence with elements of A, and all fibers over
B8 are tautologically unobstructed (i.e., they do not bound any non-constant holomor-
phic disks). Let U, denote the connected component of B™ corresponding to a € A.
The semi-flat mirror TUy /T7U, with coordinates (241, 2a.2: Za,3) can be completed to a

torus (7,1 = Spec C[zZ4, 221, L], Motivated by the counting of Maslov index two disks

1) Fo2)
in a partial compacti?i’cati(:)’n o? 7;, [AAK16] glues U, and ﬁg for a,, 3 € A together by
Zan = (14 233) ™25,

(2.8.3) Zan = (14 283)" 25,
Za3 = 28,3
These local coordinates are related to coordinates (wy, ws, ws) of the dense torus by
Zag = wiwy
(2.8.4) Zay2 = Waws %,
Zaz = w3 — 1.
Let X be the fan in My @ R associated with the coherent unimodular triangulation P,
and Xy be the associated toric variety. Let further K be an anticanonical divisor in Xy,

defined by the function p = xo1 — 1, where xp 1 : Xy — C is the function associated
with the character (n,k) € N @ Z of the dense torus of Xy. By adding torus-invariant

curves to |, 4 Ua, one obtains the complement Y = Xy, \ K of the anti-canonical divisor
[AAK16, Theorem 1.7].

2.9. Coordinate ring of the mirror manifold. One has H°(Ox,) = D p)cc Xnok
where

(2.9.1) C={(n,0) e NOZ|n(m)+ >0 for any m € A}.
If we define a function ¢;: N — Z by
(2.9.2) li(n) =min{l{ € Z|(—n,l) €C},

then the set {pix_n7g1(n)}(n jenxz forms a basis of the algebra H°(Oy) = HY(Ox,)[p7 Y.
The product structure is given by

(2.9.3) pix_n,gl(n) 'pi/X—n’jl(n’) = pHi/X—n—nazl(n)Ml(n')
(2.9.4) = pi+i/X0,£2(n,n’) " X—n-n'f1(n+n’)
(2.9.5) =P (14 p) "™ X )
la2(n,mn’)
g n, n, Z ’i, >
(2.9.6) = ) ( on >)p X ity et
— J
J
where the function f5: N x N — Z is defined by
(2.9.7) lo(n,n') =li(n)+ 6(n') — li(n+n).
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3. BASE-ADMISSIBLE LAGRANGIAN SECTIONS
3.1. Liouville domains. A pair (X™,0) of a compact manifold X™ with boundary and
a one-form 6 on X™ is called a Liouville domain if

e w = df is a symplectic form on X™,
e the Liouville vector field Vj, determined uniquely by the condition ¢y,w = 6, points
strictly outward along 0X™.

The one-form 0 is called the Liouville one-form. The manifold

(3.1.1) X = X Uy [1,00) x OX™

obtained by gluing the positive symplectization ([1,00) x OX™, d (r (6] xw))) of the con-
tact manifold (9X™, 6| xi) to X™ along 9X™ is called the Liouville completion of (X™, 6).
An exact symplectic manifold obtained as the Liouville completion of a Liouville domain
will be called a Liouville manifold. The extension of the one-form 6 to X will be de-
noted by # again by abuse of notation. The coordinate r on the symplectization end
[1,00) x OX™ corresponding to [1,00) is called the Liouville coordinate.

If (X, J) is a Stein manifold with an exhaustive plurisubharmonic function S: X — R
whose critical values are less than K € R, then the manifold X™ := S~!((—c0, K]) is a
Liouville domain with a Liouville one-form 6 := —d°S. Under the additional assumption
that the gradient flow of S is complete, the Liouville completion may be identified with
X.

3.2. Base-admissible Lagrangian sections. Let S be an exhaustive plurisubharmonic
function on N¢x defined by
1

(3.2.1) S(w) = §\r|2 = %(T? +73)

in the logarithmic coordinates w = (wq, wy) = (e“+\/?191, er2+ﬁ92) . One has

(322) dS = 7"1d7"1 + TQdT‘Q
and
(323) HN(CX = —d°S = T1d01 + ngeg.

Let Ly := Ng>o x R”? be the positive real locus of Nex x C* = (Nex x C) \ D, which
is a Lagrangian submanifold diffeomorphic to R?. Since Lg is disjoint from the tubular
neighborhood Uzy«o C Ncx x C of the center Z x 0 of the blow-up, it lifts to a Lagrangian
submanifold of Y. By abuse of notation, we write the lifted Lagrangian again as L.
More generally, we consider the following type of Lagrangians:

Definition 3.3. An exact Lagrangian section L of the SYZ fibration (2.7.11) of Y is
base-admissible if the following conditions are satisfied:

e L is fibered over a Lagrangian submanifold L in N¢x \ Uz;

(3.3.1) L=LxR°C (Nex\Uz)xCCY.

e L is Legendrian at infinity, i.e., O, |, = 0 outside of a compact set.

It is clear from Definition 3.3 that base-admissible Lagrangian sections of 75: Y — B
are in one-to-one correspondence with Lagrangian sections L of Log: Ngx — Ny which

are disjoint from Uz and satisfying the Legendrian condition at infinity.
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3.4. Framed Lagrangian sections. For each lattice point e € A, consider the poly-
nomial

(3.4.1) W (w) = (1 = ga(w))w*+ Y B (1 - pg(w))w?
BeA\{a}

obtained by flipping the sign of one term in (2.3.6). The corresponding hypersurface will
be denoted by

(3.4.2) 7% ={w € Ngx | hi!;(w) = 0}.

Lemma 3.5. The amoeba of Z< coincides with that of Z.

Proof. 1f Log(w) € O, for 7 € PW such that 97 = {c, B}, then one has
h(w) =t (1 = ga(w))w® + (1 — gp(w))w’,

h(w) = —t7" (1 — ga(w))w™ + 1P (1~ gp(w))w’.

If Log(w) € O, where o € P®? is the simplex whose vertices are o, 3,7 € A, then one
has

(3.5.2)
h(w) = t_”("‘)(l — ¢o(w))w* + t_”(ﬁ)(l — gbg('w))wﬁ + t_”m(l — ¢y (w))w?,
h*(w) = =t (1 = a(w))w®™ + P (1 = gg(w))w” + V(1 - ¢, (w))w".

By choosing a coordinate of M in such a way that 3 —a = (1,0) and vy — a = (0, 1), one
can easily show that the amoebas are identical in both cases. U

(3.5.1)

Choose a sufficiently large ¢ so that the connected components of the complement of

I1 := Log(Z) are labeled by A as
(3.5.3) Ne\TI =[] Qa

acA

just as in (2.1.7). For an interior lattice point a« € ANIntA, a tropical Lagrangian
section is an exact Lagrangian section of the restriction of Log: Ngx — Ny to the inverse
image of Q, with boundary in Z% which agrees with the parallel transport of 0L along
a segment in C in a small neighborhood of 9L [Abo09, Definitions 3.7 and 3.16]. The
prototypical example of a tropical Lagrangian section is the restriction of the positive
real Lagrangian

(354) LO = NR>0 = {w = (wl,wQ) € N(cx | Wi, Wa € R>O}
to the fibers over Q..

Lemma 3.6. A tropical Lagrangian section does not intersect a sufficiently small tubular
neighborhood Uy of Z.

Proof. Since a tropical Lagrangian section is compact and Z is closed, it suffices to show
that a tropical Lagrangian section does not intersect Z.

If Log(w) € O, for 7 € PWY such that 07 = {«, B}, then it follows from (3.5.1) that
wP~% is in R*? for w € Z and R<? for w € Z<. It follows that a tropical Lagrangian
section does not intersect Z in Log™'(O,) for 7 € PM,

If Log(w) € O, for 0 € P?, then a tropical Lagrangian section agrees with the positive
real Lagrangian L, in the neighborhood 90Q N O, of the vertex of I1,, dual to 7 [Abo09,
Lemma 3.18]. The positive real Lagrangian is clearly disjoint from Z, and Lemma 3.6 is

proved. 0
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One can use the complex structure of Ngx to view Ngx as the trivial Ng/N-bundle
TNg/T7Ng over Ng, whose universal cover is the trivial Ng-bundle T'Ng. A section
of T Nr can be identified with a function on Nr with values in Ni. Since the tropical
Lagrangian section agrees with the positive real Lagrangian near @ N O, for 7 € P®
a lift @ — TNy of a tropical Lagrangian section Q@ — Ngx to the universal cover
TNgr — Ncx = T'Ng/TyNg takes values in N near Q@ N O,. The Hamiltonian isotopy
class of a tropical Lagrangian section is determined by the values (n.),cp2 € N P& of
its lifts near the vertices of II [Abo09, Proposition 3.20]. Two lifts come from the same
section if and only if they are related by an overall shift by N.

For an edge 7 € P in the interior of A, choose a coordinate of M in such a way that
7 is the line segment between a = (0,0) and 3 = (1,0). Then one has

(3.6.1) h(w) = —t (@) 4 7By,
for w € O, so that
(3.6.2) HNO; ={(r,r2) € N | r1 = —v(a) +v(8)}.

It follows that a tropical Lagrangian section is constant in the w;-variable above O,. A
Lagrangian section Ng — Ncx is said to be framed if its restriction to Q. is bounded by
Z* for any interior lattice point a« € AN Int A.

If o and o’ are elements of P? adjacent to an edge 7 € P in the interior of A, then
the condition that the boundary of a Lagrangian section lies in Z implies that

(3.6.3) (Ng — g, — B) = 0.

For a collection (n,),epe € N P@ of elements of N, there exists a framed Lagrangian
section whose lift takes the value n, on O, if and only if (3.6.3) is satisfied for any edge
TePW.

3.7. Legendrian condition at infinity. Recall from Definition 3.3 that a Lagrangian
submanifold L C N¢x is Legendrian at infinity if d°S|, = 0 outside of a compact set. A
direct calculation shows that the graph

(371) Fdf = {(rl,ﬁl,r2,92) € N(cx 91 =

Of 4 _9F
67‘17 2_87“2

of the differential of a function f: Ng — R satisfies the Legendrian condition d°S|r,, =0
if and only if

0 8f 0 8f
(372) ( 8 T1 + 26’/‘2) 67‘1 (Tlﬁ—rl tr 67‘2> 67‘2
This happens if f homogeneous of degree one:
0
(3.7.3) (ﬁa—l + T 8'/’2) f=1r

Proposition 3.8. Any framed Lagrangian section can be made Legendrian at infinity by
a Hamiltonian isotopy.

Proof. We can choose a framed Lagrangian in such a way that it coincides with the

positive real Lagrangian in the neighborhood of each leg of Il outside of a compact

set. Then the potential f of the Lagrangian is linear in that neighborhood. Now one

can choose arbitrary homogeneous function of degree one which coincides with f in the

compact set and in the neighborhood of each leg, and the Lagrangian generated by this

function has the desired property. O
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3.9. SYZ transformation. Let L be a base-admissible Lagrangian section of 7g: Y —
B associated with a framed Lagrangian section L of Log: Ngx — Ng. Let further 7 € P
be an edge in the interior of A and ¢ C Y be the corresponding torus-invariant curve.
We use the same coordinates as in Section 2.8.

For each interior lattice point a« € ANInt A, a framed Lagrangian section L restricts to
a tropical Lagrangian section L, over Q. The fiberwise universal cover of the restriction
of Log: Ngx — Ny to Q can be identified with T'Q,, with the positive real Lagrangian
as the zero-section. We write the lift of L, as the graph of a one-form

(3.9.1) w = &§1dyr + &adys,
where &, and & are functions on Ng satisfying
0 0
(3.9.2) 96 0& _
Y2 Oy

The semi-flat SYZ transform of L, is the trivial bundle on 7'Q,, equipped with the
connection

(3.9.3) Ve = d+2mvV—Tlw = d + 2mvV/—1(&rdyy + Eadys).

In cases without quantum corrections, this gives a holomorphic line bundle mirror to
the given Lagrangian section [LYZ00]. In general, however, quantum corrections have to
be taken into account [Chal3, CU13, CPU16]. In our case, due to the nontrivial gluing
formulas (2.8.3), the semi-flat SYZ transforms of L, and Lg do not coincide over the
intersection

(3.9.4) Ua NUg = T1/TyL,

where ¢ C Il is the edge of the intersection of the connected components Qn, Qg C
Ng \ IT which is dual to 7 € P, but are related by

(3.9.5) Va = Vg + V=1{df, B — a)darg(1 + z3),

where f is a primitive of L, i.e. & = 0f/0x; for i =1,2.

Since L, and Lg share the same boundary in Z over £ and the defining equation for
Z is given as in (2.3.10), we have kog = (df, 3 — o) € Z, so we may modify Vg to the
gauge equivalent connection

(3.9.6) Vis = Vg + vV —1kqpdarg(l + 23).

Now V, and Vb glue to give a connection V,g on the chart [704 U ﬁg C Y. It is clear
that the cocycle condition is satisfied, so the connections {Vag} define a global U(1)-
connection over Y whose curvature has trivial (0,2)-part since L is Lagrangian. This
produces a holomorphic line bundle F(L) over Y, called the SYZ transform of L.

To determine the isomorphism class of F(L), let ¢ C I, be an edge on the boundary
of a connected component Co oo C Ng \ Il of the complement of the tropical curve Il..
We can choose a coordinate on M in such a way that the endpoints of the edge 7 is given
by a = (0,0) and 3 = (1,0). A subset of the torus-invariant curve in Y associated with
the edge 7 € P dual to ¢ can naturally be identified with T¢/T3f. Let 0,0’ € P? be
the faces adjacent to 7, then the degree of the restriction of F(L) to T¢/T%{ is given by
VL[ [ 06
y - el =

T

= dl’l/\dy/:— dy/zf So _g So’ ),
0Tyl Oy ? ? 0 Oy ? 2< ) 2< )

(3.9.7)

T JTe)Th0

where s, 5, € N are the endpoints of ¢ dual to 0,0’ € P?. More generally, it can be
shown that the degree of the restriction of F(L) to T'¢/Ty{ is given by (df, (3 — a)ﬂ\zz,.
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This shows that the isomorphism class of (L) depends only on the Hamiltonian isotopy
class of L, hence proving Theorem 1.1.

4. STANDARD WRAPPED FLOER THEORY

4.1. Basic geometric objects. Let (X, 0) be a Liouville manifold. The induced contact
structure on 0X™ will be denoted by & := ker (0|,xin) , and the Liouville coordinate on the
symplectization end [1,00) x 9X™ will be denoted by r. We assume that the canonical
bundle of X is trivial, and fix its trivialization.

4.2. The vector field Z on X dual to the Liouville one-form 6 with respect to the sym-
plectic form df is called the Liouville vector field. 1t is given by r0, on the symplectization
end.

4.3. The Reeb vector field R on the contact manifold (OXin,H
Kerdf and 0(R) = 1.

Xin) is defined by R €

4.4. A Lagrangian submanifold L C X is Liouville-admissible if it is the completion
L™ U [1,00) X OL™ of a Lagrangian submanifold L™ C X™ such that 6|L™ € Q'(L™)
vanishes to infinite order along the boundary OL™. We assume that all such Lagrangians
are spin and are equipped with brane structures in the sense of [Sei08].

4.5. A Liowville-admissible Hamiltonian is a positive function H: X — R>Y which is
Ar outside of a compact set for a positive real number A\ called the slope of H. The
set of Liouville-admissible Hamiltonians of slope A is denoted by #4..(X), and we set

%a(X) = U)\ER>0 %a(X)A-

4.6. A Liouville-admissible almost complex structure is a compatible almost complex
which outside of a compact set in the symplectization is the direct sum of an almost
complex structure on ¢ and the standard complex structure on the rank 2 bundle spanned
by the Liouville vector field and the Reeb vector field, i.e., JZ = R. The set of Liouville-
admissible complex structures is denoted by _#1..(X).

4.7. Let H: X — R be a function on a symplectic manifold X and L be a Lagrangian
submanifold. A Hamiltonian chord is a trajectory z: [0,1] — X of the Hamiltonian
flow such that z(0) € L and x(1) € L. The set of Hamiltonian chords will be denoted
by 2 (L, X;H). We sometimes write 2 (L; H) = 2 (L, X;H), if X is clear from the
context. We also write the set of Hamiltonian chords in a given relative homotopy class
v €m(X, L) as

(4.7.1) Z(L;H)y ={xe Z(L;H) | [z] =~}.

A Hamiltonian chord x is non-degenerate if the image (L) of L by the time-one Hamil-

tonian flow ¢ : X — X intersects L transversally at the intersection point corresponding
to x.

4.8. Let X be a closed disc with d + 1 boundary punctures ¢ = {(p, ..., (s}, which are
called the points at infinity. We denote by ¥ = ¥ U ¢ the closed disk obtained by
filling in the punctures. The connected component of the boundary of 3 between (; and
(i+1, which is homeomorphic to an open interval, will be denoted by 0;,%. We also write
oy = U?:o 0;33. The moduli space of such discs and its stable compactification will be

denoted by R and R’ respectively.
Remark 4.9. As most of our calculations will actually take place at the cohomological

level, we will be mostly interested in the cases when d < 3 in this paper.
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4.10. A strip-like end around a point (; is a holomorphic embedding
(e: RSO % [0,1] —» %,

(4.10.1) e 1(0%) =R=" x {0,1},
[ A e =) =G
if =0, and
(e: R2° x [0,1] — X,
(4.10.2) e 1(0%) = R=" x {0, 1},
lim e(s, —) = ¢
\ $—00

otherwise. Strip-like ends can be chosen compatibly over the moduli spaces.

4.11. A Liouwville-admissible Floer data is a pair
(4.11.1) (H,J) € C™([0,1], 74..(X)) x C([0,1], Z1a(X))

of families of Liouville-admissible Hamiltonians and Liouville-admissible almost complex
structures.

4.12. Let ¥ be a closed disk with d + 1 boundary punctures. A Liouville-admissible
perturbation data (K, J) consists of

(1) a 1-form K € QY3, 54..(X)) on ¥ with values in Liouville-admissible Hamilto-
nians satisfying
(4.12.1) K|ss = 0, and
X = Xpg, ® [ outside of a compact set, where H, is of slope one and
B is sub-closed (i.e., d < 0), and

(2) a family J € C°(X, _#1.(X)) of Liouville-admissible almost complex structures
on X parametrized by X.

(4.12.2)

It is compatible with a sequence (H,J) = (Hj, J;)4_, of Liouville-admissible Floer data
if

(4.12.3) ;K = Hj(t)dt and J(ej(s,t)) = J;(t)

for any j € {0,...,d} and any ¢ € [0, 1].

4.13. A sequence x = (v € X (L; Hk))Z:o of Hamiltonian chords and a perturbation
data (K, J) allow us to define Floer’s equation

y: 3 =Y,

y(0%) C L,

(4131) lim y(Ek(Sy_)) =x,, k=0,...,d,
s—+o0

(dy - ‘XK)O71 =0,

where X is the one-form with values in Hamiltonian vector fields on Y associated with
K. Outside of a compact set, our choices of perturbation data agrees with that studied

in [AS10] and so the C? estimates of Section 7 of loc. cit. still hold.
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4.14. Cohomological constructions. For a non-degenerate Liouville-admissible Hamil-
tonian H, the Floer complex is defined by

(4.14.1) CF(L:H):= P lodl.

ze 2 (L;H)

where |o0,| is the one-dimensional C-normalized orientation space associated to x (see
[Sei08, Section 12]). For a pair @ = (x¢,z1) of Hamiltonian chords, the matrix element
of the Floer differential my is defined by counting the number of solutions to Floer’s
equation (4.13.1) on the strip ¥ = R x [0, 1] with perturbation data K = Hdt up to
R-translations. The cohomology of the Floer complex (4.14.1) is denoted by HF*(L; H),
and called the Floer cohomology.

4.15. A Liouville-admissible sequence of Hamiltonians is a sequence (H,,)>°_; of Liouville-
admissible Hamiltonians satisfying the following conditions:

(1) For each m € Z>°, the set 2 (L; H,,) consists only of non-degenerate chords.
(2) The slopes A, of H,, satisfy \,, < Ay and Ay, + A\ < Ay for any m,m’ €
70,
Note that (2) implies lim,, oo Ay = 00.

4.16. We fix a Liouville-admissible sequence (H,,)%_; of Hamiltonians and a sequence
(Jp)%5_, of Liouville-admissible almost complex structures. In addition, for each m € Z>°,
we fix a Liouville-admissible perturbation data K (m,m+ 1) on the strip R x [0, 1], which
is compatible with the pair ((Hy, Jm), (Hm+1, Jm+1)) of Floer data. For any n > m, by
gluing (K (i,i+1))?=} we obtain a perturbation data K (m,n) on the strip Rx [0, 1], which
is compatible with the pair ((H,,, Ji), (Hy, J,)) of Floer data. By counting numbers of
solutions to Floer’s equation (4.13.1) on the strip with respect to this perturbation data,

we obtain the continuation map
(4.16.1) CF*(L; H,,) — CF*(L; H,)
on the Floer cochain complex. A standard argument in Floer theory shows that the

continuation map commutes with the Floer differential, and induces the continuation
map

(4.16.2) Kmn » HF*(L; H,,) — HF*(L; H,,)
on the Floer cohomology. The colimit

(4.16.3) HW(L) = ling HF(L; H,y)

with respect to the continuation map (4.16.2) is called the wrapped Floer cohomology.

4.17. The most important Floer theoretic operation on wrapped Floer cohomology in
this paper will be the pair-of-pants product. To define it, for any m,n € Z>°, we fix a
Liouville-admissible perturbation data K(m,n,m + n) on a disk with three punctures,
which is compatible with the triple

(4171) ((HmaJm)a(Hnajn)a(Hm+naJm+n))
of Floer data. This allows us to define a linear map
(4.17.2) my: CF*(L; H,) ® CF*(L; H,,) — CF*(L; Hy10)

by counting numbers of solutions to Floer’s equation. A standard arguments in Floer

theory shows that my satisfies the Leibniz rule with respect to m;, and hence induces a
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map on the Floer cohomology. As is standard in Floer theory, the fact that this pair-
of-pants product is well-behaved comes from the existence of certain auxilliary moduli
spaces which are enhanced with suitable choices of Floer data. For example, in order to
show that this product is actually well-defined on the direct limit, we make the following
construction:

4.18. For any my, mo, m3 € Z”° with m; < may, we fix a one-parameter family (K, (my, ma, mg))TG[OJ}
of Liouville-admissible perturbation data such that Ko(mq, mo, m3) is the gluing of K (my, mg, m;+
ms) with K(my + mg, mo + mg) and Ki(mq, mo, m3) is the gluing of K(my, my) with

K (ma, ms, mo + m3). We also fix the analogous data for the case when the continuation

map occur along the other positive strip-like end. A standard cobordism argument using

this family shows that the product is well-defined on the direct limit.

4.19. For any my,my,ms € Z7° and any n € Z2° we set m = >°_ m; + n. We

then choose a family K(mq,mg, m3) of Liouville-admissible perturbation data on the

universal family of disks with 4 punctures over the moduli space ﬁg, which is compatible
with (H,,, J,) along the negative end and (H,,,, J,,) along the three positive ends. We

assume that along one end of the boundary of ﬁg, the family K (mq, mg, mg) restricts
to the fiber product of a perturbation datum in K (mq, mg, m —mg) (for some datum in
the interior of the above homotopy) with K (m —mg, ms, m), and at the other end of the
boundary, it restricts to the fiber product of a perturbation datum in K (msg, ms, m —m;)
(for some choice of data in the interior of the above homotopy) with K (m, m —my, m).
We also require that for sufficiently small gluing parameters, in the ‘thin” regions of
the holomorphic curves, the perturbation data restricts exactly to the gluing of these
perturbation data following [Sei08, Section (9i)].

For generic choices of Floer data and perturbation data, all moduli spaces above may
be regularized. A standard argument in Floer theory using the moduli space of solutions
to Floer’s equation with respect to this perturbation data shows that the product on the
Floer cohomology is associative.

Remark 4.20. The extra flexibility in the parameter n above may seem unusual, but is
motivated by our intended applications where the theory is not as nicely behaved as in
the standard Liouville case.

4.21. Chain level structures. We now explain how to enhance the above constructions
to the chain level. The existence of this chain level construction is important when we
discuss (the (split-)generation of) the derived category. Still, as most of our computations
will take place at the cohomological level, we will be brief and refer the reader to [AS10].
To define the chain level structure, we assume that our Liouville-admissible families H,,
satisfy A,, = m and that

(4.21.1) Hy(x) = Apr

in the region of X defined by » > 2. We similarly assume that all our Liouville-admissible
Lagrangians L are conical over this region, and that for any perturbation data, (4.12.2)
holds over this region as well.

Definition 4.22. The wrapped Floer complex of a Liouville-admissible Lagrangian L is
defined by

(4.22.1) CW*(L) := @y, CF*(L, Hy,)|q],

where deg g = —1 and ¢* = 0.
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We fix perturbation data of the form K (m,m + 1) and define a differential on this
complex via the formula

(4.22.2) ph(a +qy) = (=DFmy (@) + (=1 (qmi (y) + Kmmr (y) = 9)-
The cohomology of this complex gives the wrapped Floer cohomology defined in (4.16.3);
(4.22.3) H*(CW*(L)) = HW*(L).

Fix d > 1 and labels p; € {1,---,d} (possibly not distinct) indexed by a finite set F.
Let p: FF — {1,---,d} be the map given by f — py.

Definition 4.23. A p-flavored popsicle is a disk 3 € R? with d + 1 boundary punctures
together with holomorphic maps ¢;: ¥ — Z to the strip Z := R x [0, 1] which extend to
an isomorphism ¥ = Z such that ¢s(z) = —oo and ¢y(z,,) = co. The moduli space of
p-flavored popsicles is denoted by R%P.

This moduli space admits a compactification R over stable discs. Moreover, we
can choose universally consistent strip-like ends over R in the sense of [AS10, Section
2.4]. Observe that if p is not injective, then there is a symmetry group of SymP of
permutations of F preserving p. This admits a natural action on R%P which extends

to the compactification R™P. Fix flavors p and weights m = (mq, -+ ,mq) € (Z70)""
satisfying

d
(4.23.1) mo =Y m;+|F|.

i=1

We denote by ﬁd’p’m the moduli space of popsicles with weights m (although this is

just a copy of ﬁd’p, it is useful to separate these). We equip this with perturbation
data compatible with the strip-like ends H;dt and admissible complex structures J,.!
This data is chosen universally consistently and equivariantly with respect to the SymP
actions. Denote these choices by (KP™, JP™).

Given a collection of chords x; € 2 (L; H;), we can form the moduli space R’ x) of
solutions to Floer’s equation. With generic choices of (KP™, JP™) these spaces of maps
have the expected dimension. Whenever the expected dimension is zero, counting these
solutions with appropriate signs gives rise to operations pP™. Out of these operations,
Abouzaid and Seidel constructs an A.-structure on the Floer complex CW*(L, L).

These constructions can easily be adapted to a collection of Liouville-admissible La-
grangians, giving rise to an A, category W(X) whose objects are these Lagrangians
and whose morphisms are the Floer complexes. Finally, we embed this, via the Yoneda
embedding, into the larger category D™W(X) := perf W(X) of perfect A,.-modules over
this category. The smallest full triangulated subcategory of D™W(X) containing W(X)
will be denoted by D*W(X).

7p7m<

Remark 4.24. The reader will note that we have used slightly more general Hamiltoni-
ans than those of the form H,, = mH for a fixed admissible Hamiltonian. This is for two
reasons, the first being that as one of their genericity constraints on the Hamiltonians,
Abouzaid and Seidel [AS10, (39)] impose the condition that no point on L is both an
endpoint and a starting point of a Hamiltonian chord. This is to rule out certain solutions
of zero geometric energy which can roughly speaking be thought of as constant curves

1Some care must be taken in the choice of complex structure over the moduli space, see [AS10, Section
3.2].
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landing in triple intersections of the Lagrangians after being perturbed by the Hamilton-
ian flow (these solutions are problematic for transversality). For the Hamiltonians we
wish to choose, all the Hamiltonian chords on the cylindrical end are Hamiltonian orbits.
However, in our setting, because we can choose more flexible families of Hamiltonians,
we can choose our data so that such constant curves are excluded a priori.The second
consideration is practical: by working with slightly more general Hamiltonians, we can
obtain smaller models for the Floer cohomology.

5. ADAPTED WRAPPED FLOER THEORY

5.1. Let S: Ngx — R be the standard exhaustive plurisubharmonic function defined in
(3.2.1). A function H: Ngx — R is homogeneous of degree one with respect to S if

(5.1.1) —d°S(Xpy) = H, and
(5.1.2)  dS(Xg)=0.

5.2. A positive function Hy: Nex — RC is an admissible base Hamiltonian if it is
homogeneous of degree one outside of a compact set.

5.3. For a function H: Ng — R, the composition HoLog: Ncx — R will also be denoted
by H by abuse of notation. The Hamiltonian vector field is given by

oH 0 0H o

(5.3.1) Xt = 550+ s 907
One has

o0H O0H
3.2 —d°S(Xy) =r— —_—
(5.3.2) dS(Xy) T18T1+T26T2’

so that —d°S(Xpy) = H if and only if H is homogeneous of degree one in the usual sense.

5.4. A positive function Hy,: Y — R>Y is a base-admissible Hamiltonian if there exists
an admissible base Hamiltonian H},: Ngx — R>Y and a compact set K C Nex such that

e for any y € ?\?j\éx (K), one has
(5.4.1) (TN ) (X, (9)) = X, (T, ()
e Outside of T5' (Uy), Hyp, is a C%-small perturbation of ﬁl_\fix (Hy)

cX

The set of base-admissible Hamiltonians on Y is denoted by 4,(Y).
Proposition 5.5. There exists a base-admissible Hamiltonian.

Proof. Recall from (2.5.19) that x|y, = x; © G;. The symplectic form on U; is invariant
under the S'-action on Ngx which preserves w® 2. The essential idea is to produce the
base Hamiltonian by gluing together local moment maps for these actions. In more detail,
set F; = |u|* + |h(w)|?. Then we have

—% —% € C
(5.5.1) w=TN_ WN, +T¢,we, — Edd (x(G;) log(F})).

Let X be the vector field on Y, which is 89(a
characterized by

0 With (u,w) as coordinates; it is

(552) Lxdu = Lxdwai_ﬁi = LxdT(ai_Bi)L = 0, Lxde(ai_ﬁi)L =1.
Then we have

(5.5.3) LX (TN ) W = —dr(a,-p) -
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By invariance of the functions F; and G; under the local circle action generated by X,
we have

(5.5.4) exdd® (x(Gi) log(F3)) = (Lx — dux)d’ (x(Gi) log(F3))
(5.5.5) = —d (1xd* (x(Gi) log(F7))) ,

so that

(5.5.6) —ixw =d (T(ai,ﬁi)L - iexdc (x(Gy) log(Fi))> :
If we define p;: U; — R by

(5.5.7) pi = Tiarpyt — 1otxd” (X(Gi) log( ).

then p; — r(4,_g,)1 is a bounded function whose support is contained in the support of
X. Let R be a positive number satisfying R > Ry. Let H), be a positive function on Ng
(which is also considered as a function on N¢x by composing with Log: Nex — Ng) such
that

(5.5.8) Hy, is homogeneous of degree one outside of a compact set,
(5.5.9)  Hylvy, = ¢iT(a—p)- /1 where ¢; is defined in (2.1.9), and
(5.5.10)  Hy(r) = |r| /R outside of a neighborhood of Uy.

Since the function “f* agrees with ﬁ}kvcx Hy, outside the support of x, we may glue =

for e = 1,...,¢ and ﬁf\,@x Hy, together to obtain a positive function p defined on the
complement of ﬁ]}ix (K) for a compact subset K of Ngx. We may extend this function

to Y arbitrarily to obtain a function which satisfies the necessary axioms. U

We fix a function p appearing in the proof of Proposition 5.5 throughout the rest of
this paper. We say that a base-admissible Hamiltonian H}, has a slope A € R>? if it is
a C?-small perturbation of A\p which coincides with Ap outside of the inverse image by
TN, of a compact set in Nex.

5.6. An w-compatible almost complex structure Jy- on Y is said to be base-admissible if
the map 7y, : Y — Nex is (Jy, Jn,, )-holomorphic outside of a compact set. The set of

base-admissible almost complex structures on Y will be denoted by _#,.(Y).

5.7. A base-admissible Floer data is a pair
(5.7.1) (H,J) € C>([0,1], 54.(Y)) x C([0,1], _#1a(Y))

of families of base-admissible Hamiltonians and base-admissible almost complex struc-
tures.

5.8. A base-admissible perturbation data (K, .J) consists of

(1) a 1-form K € QY(X, 74,.(Y)) on ¥ with values in base-admissible Hamiltonians
satisfying
(a) Kl|ox =0, and
(b) outside of a compact set in the base, we have my_ (K) = Xpg, ® v for v
sub-closed, and
(2) a family J € C®(2, #,.(Y)) of base-admissible almost complex structures on Y
parametrized by .

It is compatible with a sequence (H,J) = (Hj,J;)9_, of base-admissible Floer data if

(4.12.3) holds for any j € {0,...,d} and any ¢ € [0, 1].
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Lemma 5.9. Let y: ¥ — Y be a solution to Floer’s equation (4.13.1) with respect to a
base-admissible perturbation data. Set p = Somy_, oy: ¥ — R. Ifpis not a constant
function, then p does not have a mazximum on > whose maximum value is outside of the
compact set appearing in the definitions of 78,(Y) and #a(Y).

Proof. Tt follows from the base-admissibility of K that the map w = my_, oy: X — Nex
satisfies the Floer’s equation

(5.9.1) (dw — Xp, @)% =0

on X for the Hamiltonian H,, outside of a compact set in Ngx. We write the almost
complex structures on Nex and X as J and j respectively, and set = —0°S = —dS o J
and p := S ow. Applying dS to both sides of Floer’s equation

(5.9.2) (dw — Xy, @y)oj=Jo(dw—Xpg, ®7)
and using dS(Xpg,) = 0, one obtains

(5.9.3) dp=—PFo (dw— Xpg, ®7).

By applying d to both sides and using w = df = —dd®S, one obtains
(5.9.4) —dd’p = w'w — d(B(Xpm,) - 7).

Since 5(Xg,) = —H,, outside of a compact set in Ng, one has
(5.9.5) —ddp = w*'w — d(w*Hy, - )

(5.9.6) =w'w—dw Hy,) Ny —w"H, - dvy
(5.9.7) = ||dw — Xp, @ v||* — w*H,, - dy
(5.9.8) >0

since Hy > 0 and dy < 0. Now —dd¢ is an operator of the form (9.3.1), so the function p
satisfies the strong maximum principle. If the function p attains a maximum at ¥ = ¥\ ¢,
then Hopf’s lemma implies that

(5.9.9) dp(v) >0

for an outward normal vector v of 0¥ at some point x € 03. Let 7 € T,(0X) be the
tangent vector such that v = j7. Then one has

(5.9.10) dp(v) = dS o (dw o j)(7)
(5.9.11) = dSo(Xy ®yoj+ Jo(du— Xy ®7))(7)
(5.9.12) = —f o (dw— Xpg, ®)(1),

where we used dS(Xp,) = 0 and f = —dSoJ. The first term vanishes by the Legendrian
condition f|, = 0 at infinity, and the second term vanishes by v|sx = 0. This contradicts
(5.9.9), and Lemma 5.9 is proved. O

5.10. An almost complex structure J on Y is fibration-admissible if

(1) J is base-admissible,

(2) the map 7c : Y — C is J-holomorphic on 7' ({u € C | Ju| > Cp}) for some C,
(3) the divisor E defined in (2.5.5) is J-holomorphic, and

(4) the almost complex structure J|y, is the product of Jy_, and the standard com-
plex structure on Ds under the identification (2.5.13).

3
4
The set of fibration-admissible almost complex structures on Y will be denoted by _# (Y).

The following stronger notion will be used later in Section 6:
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FIGURE 5.1. An admissible vertical Hamiltonian

5.11. A fibration-admissible almost complex structure J on Y is integrably fibration-
admissible if there exists an almost complex structure Jy_, adapted to Z such that when
one equips Ngx x C with the almost complex structure (Jy,_, , Jc), the structure map

p= (?N(CX ,7c): Y — Nex x C of the blow-up is pseudo-holomorphic on the union of

(1) 7' ({u € C | |u| > Cy}) for some Cy,
(2) ﬁj\éx ({w € N¢x | S(w) > C1}) for some Cy > 0, and
(3) UDU7T71<U2).

The set of integrably fibration-admissible almost complex structures on Y will be denoted

by Fins(Y).

5.12. Fix o, 1 € R7? such that gy < € < py. In the exact structure (2.7.9), if we
set the boundary to be {u = uo} and {y = p1}, then the Liouville coordinates become
c_(e — ) and ¢, (p — €) for some constant c_ and cy. A function H,: Y — R>% is an
admissible vertical Hamiltonian of slope A € R>? if there exist a function f: R=% — R>0
satisfying

(1) f"(x) >0 for any x € R=Y,

(2) f(z) = Ac—(e — ) when x < py,

(3) f'(xz) =0 in a neighborhood of = = ¢,

(4) f(z) = Acy(x —€) when & > 4, and

(5) Hy = f o where u: Y — R2% is the moment map (2.7.5).

The set of admissible vertical Hamiltonians will be denoted by .77, (7) The Hamiltonian
vector field associated with H, is given by

(5.12.1) Xu, = (1) - Xy,
where X, is the fundamental vector field for the S'-action (2.5.6). It follows that
(5.12.2) (7N ), (Xn,) = 0.

5.13. A fibration-admissible Hamiltonian of slope A € R>? is a function H: Y — R>?
satisfying the following conditions:

(1) One has (Tn_, )«(X#m) = X, outside of a compact set in Nex.
(2) Whenever |u| < po or |p| > py, one has H = Hy, + H,, where Hy, is a base-
admissible Hamiltonian of slope A and H, is an admissible vertical Hamiltonian
of slope .
(3) Xy is tangent to E.
The set of fibration-admissible Hamiltonians of slope A will be denoted by 7 (?)
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Remark 5.14. To actually construct examples, we may assume that H = Hy, + H,
holds everywhere. The extra flexibility of our definitions are included for Section 7.

5.15. A fibration-admissible sequence of Hamiltonians is a sequence (H,,)5o_, of fibration-
admissible Hamiltonians such that the slopes ), of H,, for m € Z>° satisfy A\ < At
and A\, + Ay < Mg for any m, m’ € Z>°.

5.16. A fibration-admissible perturbation data is a base-admissible perturbation data
(5.16.1) (K,J) € Q' (S, Hpa (Y)) x C® (2, 7 (Y))

satisfying the following conditions:

(1) Xk is tangent to £ and D.

(2) For 1> €, one has (7¢), (Xk) = (7c), Xu, @7+ for a subclosed one form v, and
a vertical Hamiltonian H,.

(3) For points on Y \ W&éx (Uz) with u < €, one has

(5.16.2) (7e). (Xk) = (Re), X, ®7-

for a subclosed one form v_ and a vertical Hamiltonian H,.

5.17. Assume d < 3 and let R4(Y, x) be the moduli space of solutions to Floer’s equation
for perturbation data in Sections 4.16, 4.17 and 4.19 (with Liouville admissible data
replaced by the corresponding fibration-admissible data). Similarly, we let R?(Y,x) be
the moduli space of solutions to Floer’s equation for the perturbation data K, (mq, ms, ms)
appearing in Section 4.18, whose union is denoted by

(5.17.1) RiY.z) = |J RAY ).

T7€[0,1]

Let L be the closure in Y of a base-admissible Lagrangian section L. By base-
admissibility, solutions to Floer’s equation are now constrained to lie in a compact sub-
space in Y and so Gromov compactness applies as usual. Gromov compactness is typically
stated for Lagrangians without boundary, but here it applies because we can extend L
slightly in the negative real direction as well.

Since L is contractible, the relative homotopy group 7T2(Y L) is a torsor over m(Y),
and the possible relative homology classes of Floer curves in Y is a torsor over the image
of m(Y) in Hy(Y). From the general properties of blowing up, we have

(5.17.2) Hy(Y) = Ha(Nex) © [Eu),

where [Ey,] is the class generated by any exceptional sphere over w € Z. It follows that
the image of m(Y) in Hy(Y) is one-dimensional and generated by [E,].

The moduli spaces RY(Y,x) and RZ(Y,x) embeds naturally into the Gromov com-
pactifications of maps into Y with some relative homology class A, € Ho (Y L) which is
uniquely determined by the intersection with either E or F'. The closures of these spaces
will be denoted by ﬁd(V, x) and ﬁi (Y, ) respectively. Moreover, if every component
ofu € ﬁd(Y, x) (or ﬁi (Y, x)) avoids D N L and is asymptotic to chords in Y, then the
image of u is contained in Y. We also set

(5.17.3) = U RAY, z)

T€[0,1]

Definition 5.18. Hamiltonian chords for the Lagrangian L which are completely con-

tained in D are called divisor chords.
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5.19. We assume that the Hamiltonian flow preserves Uy, so that all Hamiltonian
chords are disjoint from W&;‘:X (Uz).

Lemma 5.20. Let (K, J) be a fibration-admissible perturbation data, and consider a se-
quence (ys)oe, of maps ys: ¥ — Y in R (x) converging to yo € ﬁd(Y, x). Let {yk,oo}f,g:l
be the irreducible components of the maps. If a component y.oo: Xy, — Y intersects D at
a point on the boundary 0%y, then the component yy  lies entirely in D.

Proof. Observe that there are four essentially distinct ways that a limiting component
Yk,0o could intersect the divisor D, i.e.,

in the interior of %,

on the boundary 0%,

Yk,00 lies completely in D, or

Yk,00 limits to a divisor chord in D along some strip-like end e.

It therefore remains to rule out intersections along a boundary, which we claim follows
from the fact that d°(1/|u|)|z = 0, where u is the base coordinate on C discussed above.
Consider a subsequence y,: > — Y with boundary on L which meets the exceptional
divisor E at points z; ;. We can define the intersection number

(5201) Ys - E = de,su

Zk,s

where dj s > 0 are the local intersection numbers of y, with E at 2z, s on ¥. To define
this number efficiently, observe that Gromov’s trick [Gro85] (see e.g. [MS12, Section
8.1] for an exposition) allows us to view a solution y, to Floer’s equation as a pseudo-
holomorphic section 7;: ¥ — X x Y for a specific almost complex structure on X x
Y. When the perturbation data (K,.J) are admissible, both ¥ x E and ¥ x D are
almost complex submanifolds of codimension 2. The local intersection number is then
the intersection number of the section with ¥ x E. This number is constant in our sequence
(ys). Assume for contradiction that a sequence (ys) has a convergent subsequence which
limits to ., that has a component yj ., intersecting D along some L at a point z,. Then
the intersection points above limit to intersection points zj o, which are in the interior of
Yoo-

Fix a small ball D, (2 «) about these points which avoids z,. We choose s large enough
so that all of the points z ¢ lie in D, (2k). Then for large s, there must be a local
maximum of 1/|u| near z,. This is impossible by the same calculation as in Lemma 5.9
if we note that d°(1/|u|)|z = 0. O

5.21. There are two useful ways of grading Hamiltonian chords. The first is used to
grade Hamiltonian chords in Y. Namely, one grades Y by the holomorphic volume form
1 dw, d } dw, dws du
= — AN—A—

Wa
5.21.1 R duNdv| =
( ) s h(w) — uv wy A Woy Aduidu

w1 W2 u

on Y and graded Lagrangian submanifolds with respect to this grading of Y. Note that
this grading of Y restricts to the standard grading on Ngx x C*. We denote this standard
grading by |z;|. If d > 2, then we have

(5.21.2) virt. dim RYY, z) = |zo| = Y |ai| +d — 2.
i#0
If d =1 and the perturbation data is invariant under the R-translation (this is the case

when we define the Floer differential), then (5.21.2) continues to hold, after modding out
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by automorphisms. If d = 1 and the perturbation data is not translation invariant (this
is the case when we define the continuation map), then we have

(5.21.3) virt. dim RY(Y, ) = |wo| — |z1].

In the case of perturbation data in Section 4.19, we have

(5.21.4) dim R (Y, @) = [wo| — Y _ |zi] + 1.
i£0

For generic J € _Ziy (Y), all moduli spaces can be cut out transversely so that the virtual
dimension agrees with the actual dimension.

5.22. The second way of grading allows us to grade all chords, including divisor chords.
This is by grading chords x; with respect to the standard volume form on Ngx x C.
Equivalently, one may view this as choosing an algebraic volume form

d d
(5.22.1) A2

wh w9
with a simple zero along E, restricting this to Y \ E, and then grading the Lagrangians.
It follows from the index computation in [Shel5, Lemma 3.22] that for d > 2, one has

. —d
(5.22.2) dim(R(Y, @)) = [xolg — Y _ |#ilg — 2(Ae - B) +d — 2,
i#0

and similarly for R (Y,x) and ﬁf Y, z).

Remark 5.23. Floer theoretic operations will respect this second grading after one in-
serts a formal parameter t of cohomological degree —2 and curves y are weighted by V¥,
where y- F is their intersection with the divisor F (see [Shel5, Lemma 3.22 and Definition
5.1]). We will be primarily interested in the first grading, but use this second grading to
rule out certain breaking configurations and in certain arguments in Section 6.

5.24. Now we restrict our attention to the Lagrangian Ly, which is the example treated
in this paper. Throughout the rest of this paper, we will equip Ly with the trivial spin
structure to view it as a Lagrangian brane. We may assume that all Hamiltonian chords
are non-degenerate. For example, we may take a fixed Hy, and H, of slope one and then
take Hpam and H, ,, to be sufficiently small perturbations of mH, and mH, supported
away from Z.

Lemma 5.25. The relative homotopy group m (Y, Lo) is naturally isomorphic to N.

Proof. The relative homotopy group (Y, Lg) is isomorphic to the fundamental group
m1(Y) since Ly is contractible. It is well-known that the blow-up ¥ — N« x C induces
an isomorphism 7 (Y) = m;(Nex X C) 22 71 (Nex ) of the fundamental group. The kernel
of the map m(Y) — m (7) is the normal subgroup generated by the class of a loop of
the form |w| = pt, |vo| = € (cf. e.g. [Zai, Lemma 2.3(a)]). Such loops are contractible
in Y due to the singular conic bundle structure. We therefore conclude that this map
is an isomorphism. The fundamental group of Ngx is naturally isomorphic to N, and
Lemma 5.25 is proved. U

Recall that we have assumed that near D, our Hamiltonians have the form

(5251) Hm - Hba7m + Hv,m
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for Hy,m and H, ,, sufficiently generic so that all chords are non-degenerate. It follows
that for every Hamiltonian chord p in 2 (L, Ncx; Hy,n), there is a divisor chord in
z (ZO,Y; Hm), which we write as pq.

Lemma 5.26. One has |pa|., = 2[c-A\p| + 1+ \p|N(CX :

Proof. This is obtained by observing that we have a product splitting for the Lagrangians,
Hamiltonian flow, and the trivializations under the product decomposition of N¢gx x C.
So it suffices to compute the contribution from the C factor. The short chord contributes
1 to the Maslov index and each rotation around the cylindrical end contributes 2|c_A,, |
(see [Sei08, Section (11e)]). O

5.27. For

(5.27.1) neN2m(Y, L) 2m(Y, L) = m(Nex, L),
we set

(5.27.2) 2 (Lo; Hom)n = {p € 2 (Lo; Hom) | [p] = n}.
Let

(5.27.3) ¢ NxZ° =7

be a function satisfying the following conditions for any n € N;
(5.27.4)  {(n,m) < infper Ly, )m [Pala — 1 for any m € Z7°,
(5.27.5)  l(n,m) < ¢!(n,m + 1) for any m € Z>°,

(5.27.6)  lim,, 00 £*(n, M) = 0.

We set

(5.27.7) CF*(Lo;Hy) = €D loal,
:BE,%(L();Hm)

where |o0,| is a one-dimensional C-normalized orientation space associated to z. We also
set

(5.27.8) X (Lo; Hp)=" = {z € X (Lo; Hy) | 2|, < E([2],m)}
and
(5.27.9) CF'(Loy Hn)=" = @ lodl-

€ X (Lo Hpm )<
The vector space CF*(Ly; H,,,)>* is defined similarly.

Definition 5.28. A pair ((Hm)zz1 ,Eﬁ) is said to satisfy Assumption A if the following

conditions are satisfied:

1. For every pair © = (zg,x1) of chords zg € 2 (Lo; H,y) and x1 € 2" (Lo; H,,) which lie
in the same relative homotopy class, there is a topological strip v, in Y between z; and
o bounded by Ly such that y,, has intersection number zero with both components F
and F of E.

2. If a pair @ = (zo, 1) of chords zy € 2 (Lo; Hy,)>" and z; € 2 (Lo; Hy,)<Y satisfies
virt. dim R (Y,2) =0, then R (Y, z) is empty for generic J € C>=([0,1], #(Y)).

The following compactness lemma allows us to give CF*(Lo; H,,,)<% the structure of a

complex and to define continuation maps which preserve the relative grading.
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Lemma 5.29. If a pair @ = (2o, 21) of chords xg € 2 (Lo; Hp)<" and 2y € 2 (Lo; Hyp ) ="
for m < m’ satisfies |zol,y < (*(m,m), then for a generic almost complex structure
JeC™ ([O, 1], /(?)), the space R (?, :c) consists of curves which are disjoint from D
and with no strip-breaking along chords in 2 (Lg)>% .

Proof. Since

e the intersection numbers of any Floer strip with £ and F' must be non-negative,

e the relative homology class of any topological strip can be obtained as the con-
nected sum of y, and an integer multiple of [E,,]|, and

e the intersection numbers of [E,,] with E and F are given by

(5.29.1) [Ew] - E = —[Ey]  F = —1,

any Floer strip must have intersection number zero (and hence, in fact, be disjoint) with
E (and F). It follows that any Floer strip must raise or at least preserve the relative
grading, so that there can be no strip breaking along such chords with higher relative
grading. U
Definition 5.30. A pair ((Hm)Oo fﬁ) is said to satisfy Assumption B if there exists a

m=1"
function s: N? — Z=° satisfying the following conditions:
1. For any (ny,m,) € N2, any (my, my) € (Z7°)? and any triple © = (z9, x1, 73) of chords
2o € X (Lo; Hyyomy )28 11 € 2 (Lo Hip )SY, and 29 € 2 (Lo Hyny)SY satisfying

ni+ng ny o

(5.30.1) virt. dim(R(zg, x1,x2)) € {0,1}
and
(5302) |x0|rel Z |x1|rel + |x2|rel + S(n17 n2)7

the space R (7, :I:) is empty for a generic almost complex structures.
2. For any chords 21 € 2 (Lo; Hy,, )% and 29 € 2 (Lo; Hyy ), one has

ny ng

(5303) Eﬁ(nl + g, My + mg) Z |x1|re1 + |x2|rel + S('I’I,l, ’I’LQ).

3. Let x1, x5 be as above and =g € 2 (LO;HmMH)Sﬁ. We assume that whenever
virt. dim(R2(xg, 11, 22)) € {0,1} and (5.30.2) holds, the moduli spaces R2(xg, x1, T2)
are empty for generic complex structures. We also require that the same holds when
the continuation maps are along the other positive strip like end.

Lemma 5.31. 1. If a triple of chords oy € 2 (Lo; Hyin)<Y, ©1 € 2 (Lo; H,)SY, and
zy € X (Lo; Hy)=" satisfies

5.31.1 1|, + inf > |zo|. s

( ) | l‘rel pE«%(L();Hba,n)nQ |pd|rel | 0|rel

5.31.2 T + inf > |z . and
( ) | 2‘rel PEZ (Lyi Homm)m, |pd|rel | 0|rel
(5.31.3) virt. dim(R?(zo, 21, 22)) = {0, 1},

then for generic surface-dependent almost complex structures, the closure R (x0, 21, T2)
consists of curves which are disjoint from D and with no breaking along chords in
2 (Lg, Lo)™".
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2. If a triple of chords g € 2 (Lo; Hyysmy )Y, 21 € 2 (Lo; Hy, )<Y and x5 € 2 (Lo; Hypy )<
for my < my satisfies

5.31.4 1|, + inf > |00 s
( ) | 1‘rel PEZ (Lo Him g ‘pd‘rel ‘ O‘rel
(53]‘5) |x2|rel + Hlf |pd|re1 > |x0|rel )

pe'%(L0§Hba,m1 )"1
(5.31.6) 7o), < ¢ (1, m1 +m3), and
(5.31.7) virt. dim(R?(zo, 21, 22)) € {0, 1},

then for generic surface-dependent almost complex structures, the closure ﬁf(:po, x1,To)
consists of curves which are disjoint from D and which do not break along chords in
2 (Lo, Lo)™".

Proof. A broken curve in this moduli space will have one component which is a Floer
triangle Y and possibly many components which are spheres and strips. The most difficult
case to rule out is breaking along a divisor chord. The curve cannot break along a divisor
chord at a position in our tree after or as outputs of the curve ¥ for the same reason as
in the preceding compactness lemma. Now we consider the case of breaking along divisor
chords before or as inputs of 3. The two bulleted conditions rule that out since the Floer
triangle would necessarily have negative virtual dimension and hence not exist for generic
almost complex structures. O

We define the product ms of two (orientation lines corresponding to) chords x; €

2 (Lo; Hm)%ﬁ and zy € 2 (Lo; Hn)%ﬁ as follows. Let m; and my be the smallest integers
such that

(5.31.8) Flng,my) > |21],q + s(n1,ny)

and

(5.31.9) F(ng,ma) > |2a],q + s(n1,Ma).

If m < my or n < mo, we may define the Floer product by first applying the continua-
tion maps into CF*(Lo; H,,,)<* and CF*(Lo; H,,,)<* and then applying the usual Floer
product. This is compatible with continuation maps in both variables.

Definition 5.32. A pair ((Hm)zz1 ,Eﬁ) is said to satisfy Assumption C' if there is a
function

(5.32.1) s: (m(Y, Ly))* — 22°

such that for any (ny,ng,n3) € (m(Y, L))", any (mq,ma,ms) € (Z>°), any my €
Z=° any & = (x9,x1, 7o, x3) consisting of z; € :%”(L(];H,m)%fN for i = 1,2,3 and z( €
Z (Lo; I{ml-i-mz-‘,-77%3,4-7714)Sfﬁ satisfying

(5.32.2) virt. dim(R* (Y, z)) € {0,1}
and

3
(5323) |x0|rel Z S(nl) + Z |"L‘i|rel )

i=1

the space ﬁg(V, (x0, 1, 9, x3)) is empty.
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A compactness result similar to Lemma 5.29 and Lemma 5.31 shows that under As-
sumption C, the restriction of the A -operation my to CF*(Ly; Hm)Szﬁ gives rise to an
associative product on the adapted wrapped Floer cohomology defined below.

Definition 5.33. A pair ((Hm)zz1 ,Eﬁ) is admissible if it satisfies Assumptions A, B and
C. Given an admissible pair, the adapted wrapped Floer cohomology is the colimit

(5.33.1) HW.a(Lo) = lin HF o (Lo; H.5,)

of the cohomology HF,4(Lo; H,,) of the complex (5.27.9).

5.34. Let us assume that our data is chosen to satisfy (5.25.1) everywhere. For every p in
2 (Ly; Hbam), in addition to pq, there are chords p; for every i € Z satistying |i| < ¢ \p,.

Lemma 5.35. We have |p;|., = 21 + \p\NCx and |p;| = |pal = |p\N(CX :

Remark 5.36. In fact, we can arrange that there is at most one generator p;' €
2 (Ly, Hy,) of grading 0 in each homotopy class n € (Y, Ly). See the explicit con-
structions of Section 6 for further details on this point.

Lemma 5.37. There exist an admissible pair ((Hy,)o_, (%) .

m=1"

Proof. Let us assume that our data is chosen to satisfy (5.25.1) everywhere and to satisfy
the condition stated in Remark 5.36. Then, there are no differentials since everything lies
in degree zero, so we only have to consider continuation solutions to define the wrapped
Floer groups, Floer triangles to define the multiplication, and one-dimensional moduli
spaces of Floer quadangles to ensure that the multiplication is associative. A continuation
solution y with input p;!; does not intersect E and in particular does not intersect E.
Since the output must be of the form p?, , we require that

(5.37.1) Flng,my) < F(ng,ms).

Given a Floer triangle y with inputs p;;!, and p,?. , the intersection number y - E is
fixed, which is greater than or eqaul to y - F/, and the output is necessarily of the form

pglljgg?’gr. In view of (5.22.2), the degree of p::ig?;r is at most

2
(5.37.2) > Jaihg +2y-E+1

i=1
and the condition (5.30.2) is satisfied. The condition (5.30.3) is also satisfied if
(5373) fﬁ(nl, ml) + fﬁ('ng, mg) + 2’y : E +1 S Eﬁ(nl + T, My + mg)

for every nq, mo. Conversely, these two conditions guarantee the admissibility of ¢¢. To
see this, we consider the curves in R? and the equations (5.32.3). (5.22.2) shows that for
every my, nq, ng, the grading for xy is at most

(5.37.4) > lwilg+2y-E
where y - E is again determined by n;. Setting s(n;) = 2y - E + 1 shows that (5.32.3) is

satisfied. 0

Remark 5.38. We will see that we can take the function ¢*(n) = 2m — 2(,(n), where £,
is the function defined in Section 6 provided c_\,, > m.
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Definition 5.39. Given two positive integers m and m/, two functions k%, ¢*: 7 (Y, Lg) x
77 — 7 is said to satisfy k*(e,m) < (*(e,m') if k*(n,m) < ¢*(n,m’) for any n €
™ (K Lo)

The following definition will be used in the proof of Theorem 7.17.

Definition 5.40. Two admissible pairs ((Gm)zzl ,Eé) and ((Hm)::1 ,EﬁH> are equiva-
lent if
(1) for every m there are admissible homotopies: Hj,,, between H,, and G, for some
m’ > m with EEMG > EBH’H, and G, between G,, and H,,» for m"” > m with
Efn,, g >0 and
(2) for any m and m, and © € 2 (Lo; Hy) and y € 2 (Lo; Gyy) which lie in the
same relative homotopy class, there is a topological strip ¥ in Y between z and
y satisfies X - F =0 and X - F = 0.

Lemma 5.41. Given an equivalence between two fibered admissible families, the induced
maps HW 4 (Lo; Hy,) = HW34(Lo; Gy) is an equivalence.

Proof. The continuation maps induced by G ., and Hj,, preserve the relative gradings
by (5.22.2) and hence the equivalence follows by a standard Floer theoretic argument. [

Remark 5.42. Fix finitely many base-admissible Lagrangian sections L;. By restricting
our attention to suitable Hamiltonians of the form H = H,, + H,, it is possible to
formulate a generalization of the functions ¢* for every pair L; and L;, to construct an
Ao category with objects L;. As we have emphasized, we will discuss only the Lagrangian
Ly in this paper, and hence do not pursue this generalization here.

6. WRAPPED FLOER COHOMOLOGY RING OF L

6.1. Approximations of a quadratic Hamiltonian. In this section, we compute
the adapted wrapped Floer cohomology ring of the admissible Lagrangian submanifold
Ly. The first step in our computation is to construct a particular sequence (H,,)~_,
of fibration-admissible Hamiltonians. Our calculation will be modeled on the following
simplified situation: The positive real part Ng>o x R>? is an open Lagrangian submanifold
of Nex x C, which can be separated from the center Z x 0 of the blow-up by an open set.
By choosing a function supported in this open set as the cut-off function x appearing in
the symplectic form (2.5.16) on the blow-up, this Lagrangian submanifold naturally lifts
diffeomorphically to the Lagrangian submanifold Ly of Y. Note that Ngx x C* has a
natural quadratic Hamiltonian

1 1
(6.1.1) Hpaa(w, u) = i\fr\Z + é(log u|)?.

The image of Ng>o x R>® under the time 1 Hamiltonian flow with respect to this qua-
dratic Hamiltonian is given by 6, = 11, 03 = 79, and argu = log |u|, so that the set of
Hamiltonian chords is naturally in bijection with N x Z. This bijection sends a chord to
its class in the relative homotopy group m;(Ngx x C*, Ngso x R>?), which can naturally
be identified with N x Z. It is well known in this case that one can identify the wrapped
Floer cohomology ring of Ly in Nex x C* with the group ring C[N x Z].

We now regard Ly as a Lagrangian submanifold of Y and construct a sequence (H,,) >_,
of Hamiltonians, such that H,, behaves like Hy,,q in a compact set and has a slope A,
elsewhere. To be more precise, for each m € Z>°, we consider a function of the form
H,, = Hyam + Hy . We require that H,,, = f, o p and that there exist sequences

{bm}o_, {em S, of positive real numbers satisfying the following conditions:
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e lim,, ., b,, = co and lim,,,_,~ ¢, = 0.

o f,: RZ0 — R>% is a convex function.

o fn(x) = A\yx for x > b,,.

o fn(x)=\,(e—2x) for z < cp,.

o If m < m/, then any Hamiltonian chord of H, ,, is also a Hamiltonian chord of

Hy .

To construct the function Hy,,,, we may embed the neighborhoods Uy, and Uy, in
neighborhoods Wy, and Wy, where

(6.1.2) Wi, ={r € Nr | |r| < R}
for Ry < Ry < R and
(613) WHi = {'I" € Ng } "l"ai_ﬁi} < 2eg, and T (o;—B;)+ > a; + €n}
Let ggeg: Y — R be a smooth convex function satisfying
(0 r e U,
2
c; ,
(614) Gdeg = 2—}%2p2+¢1(r041—61) LS VI/Z\(VVZHWC)a 1= 17---767
S(r
\% reNe\ (W.UUL W)

where 1);: R=% — R=2% is a smooth convex function satisfying
o ¢;'(0) = [0,2,] and

2

o ;(r) =S5 if r > 2e,

2R?
We let ﬁba’m be a function satisfying
I7 e < )\m  CSmy
(6.1.5) Hpy = 4 908 P c
’ Amp + constant  p > N\, + &,

for some 0 < g, < \,, and ﬁba’m = hi(p) in each tubular neighborhood U; for some
function h;: R — R. Finally, we let Hy,,, be a small perturbation of this function,
where the perturbation is supported outside of #=1(Uy) (in W}, it suffices to take a small
perturbation of the function ). We assume that the Hamiltonian flow preserves Uzyo,
so that the Hamiltonian chords for Ly live entirely in the region where the fibration
TN - Y — Ngx is trivial. By choosing suitable slopes \,, and perturbations in the
definition of Hy, , We can assume

(6.1.6)  all Hamiltonian chords are in the region where Hy, ,, is quadratic,
for any m € Z”° and any n € N satisfying |n| < \,,, there are exactly

2\, + 1 Hamiltonian chords {pgi}m .,of Hy, in the homotopy class n, and

i=—

(6.1.7)

(6.1.8)  all p’; are non-degenerate.

We assume \,,, > m and define (*(n) = 2k—2¢;(n). These functions are admissible and
we may consider the adapted Floer groups HF,q(Lo; H,,). For each Hamiltonian chord
Pn.i; there is an associated orientation space o, .. However, as noted by Pascaleff [Pas14,
Section 4.6], in our situation, the kernel and cokernel of the local orientation operator
D, , are trivial. It follows that |o,, .| is canonically trivialized and has a canonical
generator. We denote this generator by p, ;. In constructing homotopies between H,,
and H,,, we can and will assume that our family of Hamiltonians satisfies d;H,; < 0

everywhere.
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Proposition 6.2. If m < m/, then the continuation map
(6.2.1) HF .q(Lo; Hy,) — HF 2q(Lo; Hyr)
sends py; to pg;

Proof. Note that the continuation map preserves homotopy classes. Since there is a
unique Hamiltonian chord on N¢x in each homotopy class, the limits of the curve are
the same once projected to Ncx. The projection of such a solution 7y, (y) is therefore
a topological cylinder such that my_, (y) - Z = 0. It follows that such solutions y have

intersection number zero with E and in particular £. This means that these solutions lie
in (Nex \ Z) x C*.

However, in this space, the orbits of our Hamiltonian all lie in different homotopy
classes (or alternatively we can reach the same conclusion by comparison of |—|). Our
family of Hamiltonians satisfies 0; H; ; < 0 everywhere. Hnce we have E&*™ (y) < E™P(y).
The quantity on the right-hand side is zero since the solution has the same asymptotes at
the positive and negative ends. We therefore conclude that the solution is constant. [

Corollary 6.3. One has
(631) HWad<LO> = lié‘lI—IFad<LO; Hm) = Span{pn,i}(n,i)ENX27

— i m
where pp; = limy, 00 Py ;-

6.4. We may also consider the family (2H,,).°_, of Hamiltonians. We equip these with
the function #*(n, m) = 4m—2/¢,(n). For any positive integer m and any n € N satisfying
|n| < 2\, there are exactly 4),, + 1 Hamiltonian chords of 2H,, in the homotopy class
n. All of them are non-degenerate, and will be denoted as gy, for —2X,, <1 < 2A,,.

6.5. Calculation of the product. Let ¢p, denote the time-one flow of Xy, . For
this section, we adopt the notation that Ly = ¢g, (Lo) and Ly = ¢9p,, (Lg). Time-one
chords in 2%, (Lo) (respectively 2H,,) correspond to intersection points of ¢p,, (Lo) and
¢om,, (Log). The first step in our proof is to relate our problem of calculating the product
in wrapped Floer cohomology to the ordinary product in Lagrangian Floer cohomology
for these Lagrangians.

For the purposes of our calculation, we will define the Floer triangle product with
respect to perturbation data of the form

(6.5.1) Xk =Xu,, @7,

where v is a closed form on the pair of pants such that €}y = 2dt, €]y = dt and e}y = dt.
This implies that a Floer triangle can then be recast as a pseudo-holomorphic curve for a
domain-dependent almost complex structure on Y. Given y: ¥ — (Y, J, H), we consider
y = ¢y oy, where 7: ¥ — [0, 2] is the primitive of the closed one form v used to define
the pair-of-pants product. In particular, the product structure then agrees with the usual
product operation

(652) HOH’I(Ll, LQ) (059 HOI’H(L(], Ll) — HOH’I(L(), LQ)

in Lagrangian Floer theory for the domain dependent almost complex structure J, =
(7)1 (J). We remark that, after perhaps modifying our original J at infinity, we may
assume that J. is fibration-admissible. As a consequence of this, for this section we will
consider only pseudoholomorphic maps and all perturbation data Xx will be taken to be

trivial.
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Proposition 6.6. Let J' be another fibration-admissible almost complex structure. Then
the continuation maps

(6.6.1) HF.a(Li, Lo; J') — HFaa(Ls, Lo; J-)
are the identity.

Proof. The proof follows that of Proposition 6.2 quite closely. Namely, observe that such
continuation solutions have intersection number zero with F. By comparing the relative
indices |—|,;, we see that the continuation maps must be constant. U

Lemma 6.7. Any Floer triangle y with inpuls py;, pns v has a fized intersection number
y-E with E.

Proof. The projected input chords 7y, (pn.:) and 7y, (pn) determine (the projected
output chords and) the relative homotopy class of the projected Floer triangle 7y, (y)
uniquely. This fixes the intersection number 7y_, (y) - Z = p(y) - (Z x C), which is equal
toy - F since E = F'U F is the total transform of Z x C. O

We set j == y - E, which is a non-negative integer satisfying j < jmax = v - E. Note

that jmax depends only on n and n’. The relative gradings imply that one has
Jmax

(6.7.1) Pnji* Pn' it = Z Nj(Prjis Prt it ) Qs ivir+
=0

for some integers N;(pp i, Pr i7)-

The rest of this section is devoted to the computation of N;(pp;,pn.ir). To simplify
notation, we set p; = ppi, Py = Pn/its Po = Qninsivir+j, and p = (pg, Py, Py). Fix
J € Zm(DUE) and Jy_, xc such that p is pseudoholomorphic. Recall that R*(Y,p) is
the moduli space of pseudoholomorphic maps y: ¥ — Y from disks (3, ({o, (1, (2)) with
three boundary punctures satisfying

(6.7.2) y(8:%) C L;
and
(6.7.3) Jim y(ei(s, ) = p;

for i = 0,1, 2. We now introduce some relative moduli spaces which will be needed in our
argument.

Definition 6.8. 1. Let R?7(Y,p) be the moduli space of triples ((3, ¢), 2, y) consisting
of disks (X, ) with three boundary punctures ¢ = ((p, (1,(2), j marked points z =
(21,...,%) in the interior of ¥, and pseudoholomorphic maps y: ¥ — Y satisfying
(6.7.2) and (6.7.3).

2. Let R*/(Y, E, p) be the subspace of R*/(Y, p) consisting of pseudoholomorphic maps
y: 2 — Y satisfying

(6.8.1) {z}_, =y \(B).

Signs can be associated to these moduli spaces exactly like their non-relative counter-
parts. Namely, given a pseudoholomorphic map y, there exists an isomorphism

(6.8.2) ‘opo} = |det<Dy)| ® ‘opl} ® ‘Opz

where D, is the extended linearized operator at y. Whenever all curves in R*/(Y, p) are

regular and the natural evaluation map

(6.8.3) ev: R*(Y,p) — Y?
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is transverse to F7, this enables us to assign a map between orientation spaces for each
isolated map y € R?/(Y, E,p). This is because in this situation, the determinant of the
linearized operator can be expressed as det(D,) = ®; det(TY,.,)) ® det(TE,.,))" which
is canonically oriented. There is an orientation-preserving surjection from R*/(Y, E, p)
to R%(Y, p), which is j! to 1 because of the choice of an ordering of the marked points.

Definition 6.9. 1. Let R?7(Ngx x C,p) be the moduli space of triples ((3,¢), 2) con-
sisting of disks (X, ¢) with three boundary punctures ¢ = ((p, (1, (z2)), 7 marked points
z = (z1,...,%) in the interior of ¥, and pseudoholomorphic maps y: ¥ — Ngx x C
satisfying (6.7.2) and (6.7.3).

2. Let R*/(Y, E,p) be the subspace of R*/(Y,p) consisting of pseudoholomorphic maps
y: X — Ncx x C satisfying

(6.9.1) {z}_, =y " (Zx0).

For suitably generic Jy_, xc, the linearized operator is surjective at all curves in
R*I(Nex x C, p) and the evaluation map

(6.9.2) ev: R*(Ngx x C,p) — (Nex x CY

is transverse to (Z x 0)7. For such Jy_, xc and when R*/(Ngx x C,p) is isolated, the
moduli space can be given a relative orientation in a similar fashion to R*/(Y, E, p). We
now show that split almost complex structures of the form IN . xC = (Jp, Jc) on Nex xC
are sufficiently generic to achieve these two conditions. The Lagrangians L; are also split
Lagrangians, i.e., can be written as L; X mc(L;). Thus, for this class of almost complex
structures, we view our holomorphic curve p o y as pairs (yi, y2) where

y1: 2 — Nex,
(6.9.3) y1(OkX) C Ly,

sglinoo yi(er(s, =) =4, Prs P
and

yo: 2 — C,
(6.9.4) y2(%) C me(Ly),

sggloo Yo(€(s, =) = Qivir+js Pis Dj-
We have
(6.9.5) 1 Z=FE Y= jmax-

For generic J, we can assume that y;'(Z) are distinct points, and we fix an ordering
(215 -+, Zjmax) Of these points. Given an ordered subset (i1,...,7;) of {1,..., jmax}, the
triple ((3,¢), 2, (y1,y2)) with z = (z;,,...,2;;) and (y1,y2) satisfying (6.9.3) and (6.9.4)
lies in R*7(Nex x C, Z x 0, p) if and only if

(6.9.6) v (0) = {zi 2 )

Lemma 6.10. If Jy_, xc = (JB, Jc) is the product of a generic almost complex structure
Jp adapted to Z and the standard almost complex structure Jc, then all pseudoholomor-
phic maps in R*>I(Nex x C,p) are Fredholm regular and the evaluation map (6.9.2) is
transverse to (Z x 0)7.
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Proof. We have split Lagrangian boundary conditions and no curve is constant when
projected to either of the product factors, so it is clear that we can achieve surjectivity
of the operator D, using split J. The transversality of the evaluation map (6.9.2) to
Z x 0 is equivalent to the transversality of y; with Z, which can be achieved by a small
perturbation of Jg, and the transversality with 07 of the evaluation map for the moduli
space of curves of the form (6.9.6) to C/. Tt suffices to prove that the tangent space to v,
of the moduli space of pseudoholomorphic maps of the form (6.9.6) is trivial. An element
of this tangent space is precisely an element of Ker(D,,) which vanishes at z;,, ..., z;.

The key for us is that y}(7T'C,) is a line bundle and our element is a section satisfying a 0-
equation with a prescribed number of zeroes. We may therefore apply [Sei08, Proposition
11.5], which controls the number of zeroes on such solutions on line bundles, to show that
this element must be trivial. O

Fix J € (DU E) and J Nex xC be a split almost complex structure such that p is
pseudoholomorphic. Given a pseudoholomorphic triangle y in R*(Y, E, p) with boundary
on L;, we can compose it with the structure morphism p: Y — Ngx x C to obtain a curve
poy. Moreover given a curve poy, we can reconstruct y as the proper transform of poy.
The condition that y € R*I(Y, E,p) is equivalent to poy € R*/(Nex x C,Z x 0, p).
In particular, whenever curves in R*/(N¢x x C,Z x 0, p) are isolated, so are curves in
R*I(Y, E,p). In fact, this persists at the level of linearized operators.

Lemma 6.11. Let J € fFin(D U E) and JIn,. xc be a split almost complex structure
satisfying the conditions of Lemma 6.10 such that p is pseudoholomorphic. Let further
y be the proper transform of a curve in R*/(Nex x C,Z x 0,p). Then the linearized
operator D, is surjective.

Proof. Since all of our moduli spaces are isolated, it suffices to check that any element
u € ker(D,) such that the linearized evaluation map is tangent to E is zero. Given such
a u, we may push this down to an element p o u € ker(D,.,) such that the linearized
evaluation maps at z; are tangent to Z x 0. By our hypothesis, such an element must be
zero. For every point z # z; the map y*(TY), — (poy)*(T(Nex x C),(2) induced by the
projection from y to p oy is injective and hence it, it follows that u = 0. U

The key enumerative calculation is the following:

Lemma 6.12. The numbers N;(pn i, pnsir) appearing in (6.7.1) are (]m,ax).
J

Proof. We first determine the signed count of elements in the moduli space R*7(Nex X
C,Z x 0,p), up to dividing by j! to remove for the redundancy from the ordering of
the marked points. After picking j points z;, -+ -, 2;,, it suffices to prove that the signed
count of pairs (y1,y2) is 1. Let u be the standard moment map on the disc and consider
a vertically admissible Hamiltonian v(x) which is of slope A, > 1 near = 0. Let « be
the Hamiltonian orbit whose homotopy class in C* is primitive. Let S be P!\ {0} with a
distinguished marked point at z = co and a negative cylindrical end near z = 0 given by

(6.12.1) (s,1) = TV,

Fix a subclosed one-form S which restricts to dt on the cylindrical end and which restricts
to zero in a neighborhood of 2z = co. To be explicit, we consider a non-negative, monotone
non-increasing cutoff function p(s) such that

0 s>0
6.12.2 — ’
(6122) p(s) {1 2o
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and set f = p(s)dt. The remainder of our proof is divided into two steps:
Step 1. Consider solutions y; to the equation

Yyr - S—C
b (dyr — Xy @ B)* =0
(6.12.3) yr(0) =0
lim u(e(s, —)) = a

There is a well-known isomorphism
(6.12.4) SH(C*) = Hy(C,_.(£SY)) = Cla, a™].

We wish to prove that the signed count of curves y; as above is +1. Let S; be the
disc with a fixed boundary marked point ¢ and with one interior puncture. Equip S
with a positive strip-like end near the puncture. Let L = S' denote the zero section of
T*S' 2 C* and z € L. A consequence of the isomorphism (6.12.4) is that for suitable
choices of Floer data, the signed count of curves with domain S, with Hamiltonian input
« and with the marked point { passing through z is +1. Now view C as a compactification
of C* and glue S to Sy along a to obtain a disc with boundary on L and with a marked
point passing through z = 0. If we then the perturbation data to zero, the result then
follows from the obvious fact that there is a unique disc in C with a marked point at
z = 0 and a boundary marked point at any point on the Lagrangian L.

Step 2. With this established, let S3 be a Riemann surface with j positive cylindrical
ends, two positive strip like ends and one negative strip like end. There is also an
isomorphism

(6.12.5) HWY(T,) = Clp, p; ']

After choosing suitable perturbation data it follows from (6.12.4), (6.12.5), together with
the TQFT structure that the signed count of curves S3 with chord inputs p;, p;;, Hamil-
tonian orbit inputs a and output ¢;;4; must be +1. At each Hamiltonian input, we
may then glue on the above curves with domain S to obtain maps satisfying all of the
requirements of (6.9.6) except that the marked points zgj may be different and there will
be non-trivial perturbation data Xk (these depend on the gluing parameters along the
ends).

We may deform away the Floer data and deform the marked points to z; as above.
The signed count of these curves does not change because there is no possible breaking
and it follows that the signed count of elements y; satisfying (6.9.6) is +1. The signed
count of curves y, is also +1. Since we have split Lagrangian boundary conditions and
almost complex structures, the count of configurations of curves of the form (yi,y2)
contribute +1. One readily checks that the bijection between R?/(Ngx x C,Z x 0, p)
and R>7(Y, E, p) preserves orientations, so the signed count of curves (y;,y») contributes
+1 to the Floer product as well. O

Theorem 6.13. Given two generators, pn; and pps i, let m = E -y. Then we have
. /m

(6.13.1) P Dntyit = Z <j )Qn—f—n’,i—l—i’-i-j'
§=0

Proof. This is a consequence of Lemma 6.12. U
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We next observe the following fact concerning continuation maps. The above theorem
allows us to calculate the continuation map:

(6.13.2) ¢ : HFoq(Lo; H) — HFoq(Lo; 2H)
Lemma 6.14. For an arbitrary element py, ;, one has ¢(ppi) = n -

Proof. The arguments concerning relative index in Proposition 6.2 and Proposition 6.6
together with the fact that all of our Floer products are in fact defined over Z imply
that the continuation map must send p,; — £¢n;. A standard Floer theoretic argument
shows that the continuation map sends ¢(pn. i) = Po,o - Pn,i- The result follows immediately
from the fact that the Floer triangle y with inputs pg o, pn,; and outputs g, must have
intersection number zero since we already knew that ¢(p, ;) = £qn.;. [

Lemma 6.15. The intersection number is given by

(6.15.1) E-y=/lyn,n).
(2.9.6) and (6.13.1) show that the linear map

(6.15.2) MirZe: HW,4(Lo) = H°(Oy)

defined by

(6.15.3) Pryi = P’ X-nty(n)

is an isomorphism of algebras, and Theorem 1.3 is proved.

7. COMPARISON OF FLOER THEORIES
7.1. The Liouville domain. For this section, we define
(7.1.1) T Y — B:=Ng xR, z+ (log |w1] ,log |ws|,log ) .
Let r3 be the third coordinate on Nr x R and
(7.1.2) TN, : B — Ng

be the natural projection. We will begin by considering a “toric” version Tg of our
Liouville domain. The Liouville domain we will actually study, Yz, will be constructed
by modifying Tk along W&éx (Ugz). Define

(7.1.3) ﬂ%: Nex x € = B,

in which we replace the above moment map by the toric moment map gy = |u/* /2. In
coordinates (r;,6;), the manifold Ncx x C* is equipped with the symplectic form

(714) CUT = dT1 VAN d01 + d?"g N deg + 6T3d7"3 A d@g

For some R, pp and p; with R > 0 and 0 < € — pp < € < € + 1, consider the region in
B defined by € — g < pur < e+ py and H, < R. We choose p sufficiently large so that
X(u, w) = 0 for ur > €+ p1/2. This forms a cornered region in B, with corners given by

(715) {Hb:R, ,LLTIE—,LL()}U{Hb:R, ,UT:€+/~L1}-
We may “round corners”, i.e., make a deformation in a neighborhood of these corners to
obtain a convex region Dgi € B such that the boundary dDpg is smooth and the region

(7.1.6) Tp = (7%) " (Dg)

B
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is a Liouville domain. To be more precise, we require the following conditions:

For every leg II; and every point x € 0D N W]Q];(UHZ.), the boundary 0Dg

(7.1.7) is locally defined by Di(ré_ﬁ’ pr) = 0 for some function D;: R* — R.

Fix a number dg, which is relatively small compared to R. For the region
(7.1.8)  bounded by H, < R — g under my,, 0Dp agrees with {uy =€ — o} U
{pr =€+ m}.
(7.1.9)  Inmy! (Un,), when € — po/2 < pp < € + 11 /2, Dy agrees with H, = R.

In particular, (7.1.7) implies that for any point € dDg ﬂw&;(UHi), the projection to Ng
of the normal vector to 0Dpg at x is parallel to II;. We wish to construct a version of this
manifold which is adapted to Y. We first consider Y3 = Wél(DR), which is a Liouville
domain for a suitable choice of Dg. However, for certain purposes, it is convenient to
modify this domain further to have better control of the Reeb flow along the boundary
near the discriminant locus. We remove a tubular neighborhood of each leg II; from the
boundary to obtain YR \ (75 o mn,) 1 (U;Un,). Over each region (w5 o 7y, ) (Un,), we
may glue in the hypersurface given by D;(p, ) = 0 to obtain a hypersurface 0Yx. Let
YR be the Liouville domain bounded by this hypersurface.

Outside of Uy, the manifolds Yr and Tg are canonically identified. Let 9;YQ be the
part of Y} defined by c;ry_g = R. Over (my; o 7T§)_1 (U; Uni,) , we glue in the piece of
the hypersurface 0Yg where D;(p, ) = p to obtain a hypersurface with boundary which
we denote by 9;Y. We view N¢x x C* as T*E/Z?’ which we identify using the standard
Euclidean inner product with B x B /Z3. For any point x € dDg, let 7, denote the
normal vector to dDpg in the diagonal metric on B with coefficients

1 0 O
01 0
0 0 ¢

Lemma 7.2. The Reeb flow on OTg fibers over 0Dy and points in the direction of 11,
for every x € ODg.

Proof. The tangent space to 0T is given by the span of (T, 0p,). Set ¥ =Y. a;0p,. We
have w” (¢, v") = 0 for any ¥ which is a linear combination of the 9y, and for any o' € Tp,,
if and only if a10,, + a20,, + a30,, is normal to ¢’ in the above diagonal metric. O

Definition 7.3. A non-zero element n of N is regular if it does not point in the direction
of any leg II; in Ng.

We also consider the following conditions:

Every Reeb orbit of 0Yg, whose homotopy class n € m1(Y) = N is regular,
(7.3.1) projects by mn, o 75 to the chamber C,, for the oy € A such that op(n) =
e SUPyeq (). Every Reeb orbit with non-regular homotopy class projects
to the corresponding neighborhood U; of the leg.
(7.3.2) The region where 0Yy agrees with { =€ — po} or {t = € + p1 } is precisely
- where p < R — dg.

(7.3.3)  For any w € Ncx, the image of 9;Y N W&éx (w) by wis [€ — uo/2, € + p1/2].

We next deform the Liouville form 6, to a Liouville form 6/ on Y so that E is preserved
by both the Liouville flow and the Reeb flow along the boundary 0Yx. This will be
necessary since for some arguments it will be necessary to choose the almost complex
structure to be both adapted with respect to the Liouville domain and to preserve the
divisor E.
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Lemma 7.4. There is a Liouville one-form QEVCX on Ncx which agrees with Ox_, outside
of Uz and such that the Liouville vector field preserves Z.

Proof. Let 1z7: Z — Ncx be the inclusion and 7z: Z x Ds — Z be the first projection,
where D = {(z,y) € R* | 2% + y* < §} is a disk of radius 6. The symplectic tubular
neighborhood theorem gives an embedding tz«p,: Z x Ds — N¢x satisfying

(7.4.1) LzxDs WN,, = dz Ady+ WZ*LZ*chx )

Note that xdy + WZ*LZ*QNCx is a primitive of LZxDs Wy s and any other primitive differs
from this by a closed form. Along each leg of Z, we can choose the standard tubular
neighborhood of Z defined by {"w""’_ﬁi + t”(ﬁ)_”(a)} <4 } , and the coordinate of the disc
factor to be

(7.4.2) v = log [w* P — (v(B) — v(@))logt, y:=Argw™ P —,

setting xo; = —(v(B) — v(ax)) logt, we have

(7.4.3) LzxD; ONg, = (x — x,)dy + Tz 17 0N, -
Therefore, we have

(7.4.4) Lzxpy On,, — (zdy + 75" 0N, ) = 72" + dh,

where 7 is a compactly supported closed one-form on Z and h = x(,;y along the legs of

Z. Let p := /22 + y? be the radial coordinate on Ds and consider a cutoff function x(p)
such that x(p) =1 for p < §/4 and x(p) = 0 for p > §/2. The the one-form

(7.4.5) 9/ZxDD5 =ady + 7717 0N, + 72N+ d(xh)

is a primitive of tzxp;*wn_, and the corresponding Liouville vector field is tangent to Z.
Since e/ZxDumé agrees with t7,p,*0n,, when p > 6/2, one can glue (1zxp, ') e/ZxDumé with
On,. to obtain a Liouville one-form HEVCX such that the corresponding Liouville vector
field preserves Z. O

Our proof of Lemma 7.4 shows that if we assume that the non-compact legs II; pass
through the origin, then such a form can be chosen to agree with fy_, outside of small
neighborhoods of the vertices of Z. Choose a primitive as in the proof of Lemma 7.4 and
let %VCX «c be the induced primitive one form of wy_, xc on Ncx x C. Finally, set

(7.4.6) 0. = O + POy xc-

The Liouville coordinate in the fiber is given by C|u — €| for some C' > 0. Let Vy be
the Liouville vector field which is the w, dual of 6.

Lemma 7.5. There is a constant B such that when p > R and p < € — g or pp < €+ i,
we have estimates

(7.5.1) dp(Ve,) < Bp
and
(7.5.2) dlu— e (Vi) < i —el.
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Proof. The key to this estimate is again the local T2 action in the tubular neighborhoods.
Both (7.5.1) and (7.5.2) are immediate outside of the tubular neighborhood. Let us first
consider (7.5.1), when, inside of the tubular neighborhood, we have

(7.5.3) dp(Vg) = w(Ve, Ci&é;_ﬁ)
(7.5.4) ="y, xclcily,_,) — d° (x(Gi)log(F)) (c:0, _,,)
(7.5.5) -
The second estimate (7.5.2) is similar. Namely, we have 0/(0Jy) = p — € and hence
dlp—el (Vo) =lp—el. O

Let ry denote the Liouville coordinate on the completion of Y. It is not difficult to
see that the Liouville flow is not complete as we approach the divisor D. However, given
1o, we can assume that we have an embedding of the region of the symplectic completion

(756) YR U 8YR X [1, Cﬂo) —Y.

Lemma 7.5 implies the following direct analogue of [McL09, Lemma 5.7], which is crucial
in McLean’s proof of [McL09, Theorem 5.5].

Corollary 7.6. When p > R and p < e — po or p < € + uq, one has

(7.6.1) p<ePry
and
(7.6.2) Clp—e€|l <ry.

Proof. This follows from Lemma 7.5 because ry is defined to be the integration of the
Liouville vector field for time log(ry). O

As a consequence of Corollary 7.6, we may take c¢,, — 0o as py — 0. For the moment
take pio sufficiently small so that ¢,, > 2. The key point of modifying the primitive can
be seen in the following lemma:

Lemma 7.7. For suitable choices of R and pi1, the Liowville flow on Yi preserves E for
Ty > 1.

Proof. Consider equation (2.6.1). We may expand this out further to see that at points
along points lying in F,

e /e —
(7.7.1) We = TN W, + T|v0|2alh A dh + 7688 (log (1 + |vol?))

Similarly, for the primitive 6., we have
* € c
(7.7.2) 0. =N, O — yi (log (1 + [vo|?) — log |vo]?)

along points lying in E. The second term of (7.7.1) vanishes on vector fields tangent to
Z. Since the Liouville vector field Vp on Nex is tangent to Z, we have that viewing this
chart as a product manifold with coordinates (w, vy)

\/_—1
4
as required. On the other component of ENAY5, after choosing ;11 and R appropriately as-
sume that that the function x(u, w) = 0 on ENAYy except when h = t =@y 4-470B)y,B,

Following the notation and proof of Proposition 5.5, we have that the w®™? components

of d°(G;) and d°(F;) vanish over this locus which implies the same for d° (x(G;) log(F})).
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For any point in this portion of E N 0Yg, let S be the subspace of the tangent space
spanned by (0, _,,0,_,). Restricting to S at the points in question, we have that the
one form 6 vanishes there. As can be seen from (5.5.1), we have that the symplectic
orthogonal to the subspace S is given by the span of (8r§,ﬁv89§,ﬁvaIU\79u)' It follows
that the projection of the Liouville field to those coordinates vanishes and the result is
proven. O

7.8. Let us discuss the Reeb flow. Away from ﬂ&;x (Ugz), the Reeb flow corresponds with

that on 0T as described in Lemma 7.2. Within W&;(Uni), the Reeb flow acts on the 72
orbits of the local torus action with slope (9,D;(p, i), 0,D;i(p, pt)). For all other points in
ﬂ&;x (Ugz), we have by (7.1.8) that the Reeb flow rotates the fibers of the conic bundle.

In particular, the Reeb flow also preserves E as well as the neighborhood W&éx (Uy).

Let 0L denote the Legendrian Ly N 0Yg. The Reeb flow on 0Tk or 0YR is degenerate.
However, we have good control over the families of Reeb orbits and Legendrian Reeb
chords of dLgy. There are families F, ;) of parameterized Reeb orbits such that the entire
family avoids 7' (Uz) which come in families of the following type:

e (Type I) For every (n,0) with n regular, there is a manifold with boundary
of parameterized Reeb orbits diffeomorphic to I x T3. These Reeb orbits occur
where the r3-component of the normal vector to dDg vanishes. By the assumption
(7.1.9) on the shape of Dg, this fibers over an interval in the R?® projection.

e (Type II) For every other class (n, i) with n regular, we may assume that we have
a T3 worth of orbits.

In both cases we denote the family by F(, ; for n regular. When viewed as Reeb orbits
of 0Ty, these identifications are T° equivariant with respect to the natural actions on
both sides.

There are additional families of Reeb orbits in homotopy class with n # 0 non-regular:

e (Type III) Those families of orbits beginning at any point in 9;Y". We will denote
these by Fy ) for n non-regular.

e (TypeIV) Those families which contain Reeb orbits in 7~ (U, ) with 9,D;(p, i) #
0. We may assume that these families are diffeomorphic to I x T%. We will denote
these by Fn.) for n non-regular and i # 0 corresponds to the winding number of
the flow in the fibers of the conic fibration.

Finally there are contractible Reeb orbits:

o (Type V) When {n =€ —po}ifi >0o0r {g =€ — pu1} if i < 0. These are denoted
by -F(O,z')-
For each of these families F, ;), the Reeb flow gives F(, ;) the structure of an oriented

S* bundle over a manifold with corners. Every F,; gives rise to a contractible family
FO ) = 0Ly N F of Reeb chords and these are all Reeb chords of 0Ly. For families of

(n,i
Type 1, .7-"(()"7i) = |, an interval and we may assume this for families of Type IV as well.
For families of Type II, ]-"(On ;) 1s a point (non-degenerate chord). Finally, we have an I?

in the Type III case and D? in the Type V case.

Definition 7.9. Let }/}R denote the Liouville completion of Yz and let 0. denote the
standard extension of the Liouville form to the completion. We say that an almost
complex structure on }A/R is Liouville-admissible in a neighborhood of a level set ry = ¢ if
there exists a positive real number § such that §'. o J = dry holds in the region defined

by c—d <ry <c+4.
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It is these almost complex structures which are used in [AS10]. We will make use of
almost complex structure which combine Definition 7.9 and 5.10.

Definition 7.10. We let J(Yg, E) denote the set of admissible almost complex structures
on Y which are Liouville-admissible in a neighborhood of the hypersurface where ry = 2.

Lemma 7.11. In the above situation, the space J(Ygr, E) is non-empty.

Proof. By Lemma 7.7, the Liouville vector fields and Reeb fields are tangent to the two
components of E. It suffices to check that the almost complex structure on the contact
distributions can be chosen so as to preserve both components of E. This is a routine
calculation left to the reader. 0

7.12. Floer theory for the Liouville domain. The Lagrangian L, satisfies 0/|L = 0
everywhere on Y and is in particular Legendrian at infinity for the Liouville structure. In
this subsection, we recall in more detail the Liouville-admissible families of Hamiltonians
which are relevant to Abouzaid and Seidel’s theory for Liouville domains. We then recall
a variant of their construction which uses Hamiltonians which are constant outside of a
compact region and review the equivalence of the two approaches. This is all completely
standard material in symplectic cohomology, and it is easily adapted to the Lagrangian
setting.

Choose a generic family of Liouville-admissible Hamiltonians H,, of slope \,,. For the
remainder of this article, we assume that all Liouville-admissible Hamiltonians satisfy

H,.(z) = hy(ry) for ry > 1,
(7.12.1) R (r) >0 for r > 1, and,
H,,(z) is C*-small on Y.

For any Liouville-admissible Hamiltonian H,,, notice that the flow of H,, preserves
the neighborhood ﬂ]}éx (Uz) along the cylindrical end, and we may assume this is true

everywhere. Furthermore, we can assume that it preserves ﬂ&éx (7). We first compute
the wrapped Floer cohomology

(7.12.2) HW*(Lo) = lig HF* (Lo; H,,)

as a vector space. Since the flow of H,, preserves the neighborhood ﬂ&éx (Uyz), all Hamil-

tonian chords of 2 (Lo, Hy,) lie in Y\ﬂ'&;x (Uz). We have seen in the discussion preceeding
Definition 7.9, that for each homotopy class (n,i), there is a contractible submanifold
with corners of Hamiltonian chords for Ly (diffeomorphic to either a point, an interval I,
or I?). For each of these submanifolds with corners, we may perform an arbitrarily small
Hamiltonian perturbation supported in a neighborhood of these orbits, so that there is
a unique chord of index 0. We may therefore label generators by 6;';, which corresponds
to the unique chord of period less than or equal to A, (for the perturbed Hamiltonian)
whose homotopy class in Ngx x C* is given by (n, ). As \,, = 00, all homotopy classes
are eventually realized.

Lemma 7.13. If the Hamiltonian chord corresponding to 0;'; has period Ao, then for any
Ao > Am 3> Ao, the continuation map HF*(Lo; Hy,) — HF*(Lo; Hyy) sends 03, — 9,’?;
Proof. Because d = 0 for grading reasons, we may use any Hamiltonians of slope \,, and

Al to compute this continuation map. We again approximate by quadratic Hamiltonians,
e.g. by a Hamiltonian which is

o 72 for ry < ay,,
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o Nry for ry > ay, +dy, .
Then the continuation maps are the identity on the Reeb chords which arise in the
quadratic part. O

Corollary 7.14. HW*(Lo) is freely generated by the images Oy ; of 07, for sufficiently
high m.

Assume for the rest of this section that all Liouville-admissible Hamiltonians satisfy
(4.21.1). We now turn to the Hamiltonians which are constant outside of a compact
set following [McL09]. Choose a generic almost complex structure which is Liouville-
admissible in a neighborhood of ry = 2. For any A, define p(\,,) > 0 to be some
constant smaller than the distance between A, and the action spectrum. Define A(\,,) ==
3Am/(Am). By choosing p(\,,) small enough, we may assume that A(\,,) > 4. We let
H¢ be a function satisfying the following conditions. For ry > 1, Hf depends only on
ry and is a (smoothing of a) function which satisfies

o forry <A—-1, HS, = H,,

e for ry > A we assume that HS, = A\, (A —1)

o forry >A—1, (HS)" <0.
Recall that the Floer differential increases the action. We therefore have a subcomplex
CF*(Lo; Hf,)(0,00) of generators whose action is greater than zero. Define

We may choose H,, so that all time one chords x satisfy
(7.14.2) Ag, (z) <0.

An elementary calculation shows that the action of any time one chord when ry > 2 all
satisfy Ape () > A. It therefore follows that:

Lemma 7.15. We have an isomorphism of cochain-complexes

(7.15.1) CF*(Lo; HS,), = CF*(Lo; Hp).
In the limit, we obtain an isomorphism
(7.15.2) HW*(Lg) = liﬂHF*(LO; H:)yp

of vector spaces.

Proof. The above discussion gives the identification on generators, so it only remains
to give the identification of differentials. Since all generators of both complexes lie in
the region where ry < 2, this follows from the “no-escape lemma” in [AS10, Lemma
7.2]. This lemma also applies to continuation solution to the result passes to the limit as
claimed. U

7.16. The main comparison theorem. This section compares the ring structure on
the two flavours of wrapped Floer cohomology. For this section, we choose all of our
almost complex structures to lie in J(Yx, E). As we will need to vary g in this section,
for clarity we use the notation Y% ,, to indicate the dependence on . Notice that for
o < po the manifolds Yg ,, are Liouville isomorphic in a way which preserves Lg. As a
result, there are continuation isomorphisms

(7.16.1) HW3 (Lo) - HW3S. (Ly)

R,uf) R,pg
between the wrapped Floer cohomologies. In this case, the continuation maps are given

by interpolating between pf and p so that for every s in the continuation family, the
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Hamiltonian preserves the divisor E. It follows that continuation map solutions have
intersection number zero with the divisor £ and thus the isomorphism respects the free
homotopy class of the chord in Y\ W&;‘:X (Uz). We finally are in a position to state and
prove our main comparison theorem.

Theorem 7.17. There is an isomorphism
(7.17.1) HW™*(Ly) = HW q(Lo)
of C-algebras.

Proof. This is a modification of the proof of [McL09, Theorem 5.5]. In this proof, we will
have to discuss both fibered admissible and Liouville-admissible Hamiltonians. For this
proof we will adopt the convention that fibered admissible Hamiltonians will be denoted
by G and Liouville-admissible Hamiltonians are denoted by H. We may consider a
family of fibered admissible Hamiltonians G, which has slope J\,, in both directions,
which vanish on Yy ,, and such that for any time-one chord z, Ag,, (z) < 0.

Next, by shrinking po to i, we may ensure that c,,, above is arbitrarily large.
Thus, for any slope X/, and for sufficiently small p,,,, the Hamiltonian H¢, makes sense
as a Hamiltonian on Y. Given Hf,, we will construct a fibered admissible Hamiltonian
G, m which for r < A agrees with H, and for which all chords in 7y > 2 have very
positive action. To do this, we consider a shifted version of a standard fibered admissible
Hamiltonian G 4 which vanishes when

(7.17.2) (Clu—el <A+ U(pP<B-A+1)
We also require that whenever p — B- A >1or C|u—e€| — A > 1, G4 takes the form:
(7.17.3) v(Clp—€e —A)+h(p—B-A)

where h and v are suitable base-admissible and admissible vertical Hamiltonians. Finally,
we require that v(C|u — €] — A) and h(p — B - A) are linear of slope /X, whenever
p—B-A>2o0r Clu—e —A > 2 It follows as in McLean Lemma 5.6 that the
chords of the function G4 have action have action Ag, (v) > —/N,,(A+ B+ A). In fact,
the argument here is even easier because the chords live over the part of the manifold
where the symplectic fibration is trivial. Now the function Gy, ,,, = G4 + H{, is fibered
admissible. If follows that for any chord which lies in the region where ry > 2

(7.17.4) Agy () = N (A=1) — /N, (A+ B - A) > 0.

Furthermore, it is a consequence of Corollary 7.6 that for any \,,, we may choose /|
to.m and Gp, ,, such that Gy, > G, and the slopes in both direction of G}, ., are bigger
than G,,. Next, we can construct fibered admissible Hamiltonians G/, which have slope
Ay, in both directions, which vanish on Y, and such the the action of all chords is
< 0. We assume that X > X . We therefore have, after choosing suitable functions ¢*,
continuation maps

(7.17.5) HE?, (Lo; G) — HF (Lo; Gm)p — HFS, (Lo: G).

In the limit, the composition of these two maps becomes an isomorphism and, as a result,

the second map is an isomorphism as well. Since these maps are ring maps, this concludes

the proof. O
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8. HOMOLOGICAL MIRROR SYMMETRY FOR MCKAY QUIVERS

8.1. Computation of SH’(Y%). Fix a Liouville domain X™ and a Liouville-admissible
family of Hamiltonians (H,,) -_, on the Liouville completion X of slope A, with A, — oo
satisfying (7.12.1) and for simplicity also (4.21.1). A fixed point of a time-one flow of the
Hamiltonian vector field Xy associated with a Hamiltonian function H is called a time-
one Hamiltonian orbit of H. The set of time-one Hamiltonian orbits of H will be denoted
by 2 (X;H). We may choose a small S'-dependent perturbation HP®: S' x X — R
supported in a neighborhood of the union of all time-one Hamiltonian orbits of H,,,
so that any time-one Hamiltonian orbit of the perturbed Hamiltonian H,, + HP* is
non-degenerate. The Floer cochain complex is defined by

(8.1.1) CF*(X; H,, + HP*) := & 0],

z€2 (X;Hm~+HET)

where |0,| is the orientation line on the real vector space o, of rank one associated with
r € Z(X; Hy, + H>*™). The degree of v € 2 (X; H,, + HP") is the dimension of X
minus the Conley—Zehnder index of x;

(8.1.2) degz = dim X — CZ(z).

The differential 9 on the Floer complex (8.1.1) is given by counting solutions to Floer’s
equation

(813) (du — XHm‘f'HSzert ® dt)o’l - 0

for maps u: R x S' — X from the cylinder, with respect to an S'-dependent almost
complex structure J, modulo translation in the R-direction. A monotone homotopy from
H,,+ HP to H, 1+ Hf;ffl gives the continuation map, and the symplectic cohomology
is defined as the colimit

(8.1.4) SH*(X) = lig HF*(X, H,, + HE™).

For any conical spin Lagrangian L, there is the closed-open map
(8.1.5) CO: SH*(X™) — HW*(L)

from the symplectic cohomology to the wrapped Floer cohomology (see e.g., [Abol0,
Section 5]). This is defined by counting solutions to Floer’s equation, from a disk ¥ with
one marked point on the boundary (with a negative strip-like end) and one marked point
in the interior (with a positive cylindrical end) to X, which asymptotes to a time-one
Hamiltonian chord in the negative strip-like end and a time-one Hamiltonian orbit in the
positive cylindrical end.

The goal of this section is prove the following theorem:

Theorem 8.2. The closed-open map
(8.2.1) CO : SH(YR) — HW(Ly)
18 an isomorphism.

In view of (7.12.1), time-one Hamiltonian orbits on the cylindrical end are in bijec-
tion with Reeb orbits of period less than \,,. We must begin by dealing with the fact
that our Reeb flow is degenerate. For each family F, ;) of time-one Hamiltonian orbits

corresponding to the family .T(M) of Reeb orbits, we choose an isolating neighborhood
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U,y C ?R, which contains only the orbit set F, ; and no others. If the set F, ;y occurs
at a level ry = rg, then we may assume that the neighborhood is the product

(8.2.2) Uty = (1o — 6,70 + 6) X Unyp),

of a small interval and a small open set U(nn‘) C OYg containing F(» ;) and invariant under
the natural local S'-action which extends the Reeb flow action on 7(7”). Let

(8.2.3) K(ny): U(n,i) — R

denote the local moment map for this St-action. For definiteness, let us fix choices of
these open sets U ):

e Recall from Section 7.8 that the family ?(n,O) for regular m is a T3-fibration over
the product (point) x I of a point in Ng and a closed interval in R under the
map 75 given in (7.1.1). We choose the set U, to be the preimage by 7z|or,
of the product of a small ball of the point in Nz and an open interval in R which
is slightly larger than I.

e When n is regular and ¢ # 0, the family ?(n@ is the fiber of m5 over a point in
Nr X R, and we can choose U(n,i) to be the preimage of a ball around this point.

e When n is not regular, we choose the tubular neighborhood to be where p lies in
[110,m,i = 00 p.is o + 07 4] and [ro_g| < 7o for appropriate intervals.

e For ?(o,i), we choose the neighborhood U(n,i) to be defined by p < R — §Y; for 0
slightly smaller than g.

We let W(:fm) be an open set in U, ;) containing .7-"(()"7i) and contained in the region where

Yr agrees with T .

Lemma 8.3. There is a function hy(n): St x }A/R — R supported in Uy, such that:

o All Hamiltonian orbits of Hy e = Hp, + €hy () inside of Uy for € sufficiently
small are in bijection with the critical points o of an outward pointing Morse
function h: Fr i — R.

o For e sufficiently small, the gradings of the critical points coincide with the Morse-
index of ;.

o There is a unique orbit of index zero oy ;) which lies in W(Z 0

Proof. To do this, we apply elementary Morse-Bott theory for Reeb flows which gener-
ate S'-actions (for a nice review with references to the original papers, we recommend
[KvK16]), taking care of the fact that our Reeb orbits come in families which are mani-
folds with boundary. A standard trick allows us to “unwrap” the Hamiltonian flow and
thereby allows us to work in an equivalent Hamiltonian system where all of the orbits
along Fn of the flow are constant (and these are still the only orbits in U, ). We
temporarily work in this equivalent Hamiltonian system.

The sets U(n,i) naturally project to certain ”thickenings” F!

i) of Fin,) of the same
dimension. When the set F(,; are codimension zero in dY%, these are just U(n,i) and
in the case when F, ;) = T3, then }"fn H = F(n,)- In the case, when n is regular, ]:fn 0)
is the locus where g € [itno — 00y fno + 07 ,] and 73 = 7. Finally in the case when

n is not regular and ¢ is regular, ]-"fn 0 is the locus where p = o and |ro—g| < ra—g0.

Choose an outward pointing Morse-function h .F'(tn H R such that all critical points

lie in the interior of F(, ;. When Ffm) is a manifold with boundary we postulate that

on ]-"(tm) \ Fin,) near a boundary component cut out by an equation f = c (either
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L= Ta_g=c,or p=c) that h = h(f). In the case when n is not regular and .7-"('5”70) is
a manifold with corners we similarly require that near a corner h = B(Ta_ﬁ, i) along an
open smooth piece of the boundary that h = h(r,—g) or h = h(p).

Denote by mn; @ Uiy — ]:(tn,z‘)' Choose a cutoff function v : ?R — R supported
in U,y and such that ¢ = 1 on some smaller open set Vi, ; containing F(n ;. Fi-
nally consider the function ’g/)?T:H(iL) We take this function and translate it back to the
orginal Hamiltonian system to obtain %y () (Undoing the unwrapping process makes this
function time dependent). The first bullet and second bullets now follow from standard
Morse-Bott theory together with the fact that our Hamiltonian perturbations are chosen
so that new orbits cannot appear near the boundary and hence all critical points occur
when the flow is transversely non-degenerate. Finally the last point can be achieved by
choosing h to have a unique critical point of index 0 which furthermore lies in W({H) U

Remark 8.4. There is a variant construction of a perturbation hy () satisfying the
hypotheses of the lemma which proceeds in two steps but allows one to make partial
computations of the BV operator in symplectic cohomology. Namely, one may without
unwrapping consider a perturbation function ﬁeq on ]:fm which is the pull-back of a
Morse-function on ‘Ffm‘ /S satisfying the same properties near the boundary strata as ﬁeq

did above. Extend this function to the neighborhoods U, ; by the formula ¢}, ;(heg)-
Consider the Hamiltonians

(841) Hm,eq = Hm + ewﬁz,i(ﬁeq)'

For small €, we obtain a transversely non-degenerate S' family of Reeb orbits for every
crticial point on F}, ;/S'. Finally, we use a small time dependent Hamiltonian perturba-
tion in a neighborhood of the orbits to obtain non-degeneracy. This construction can be
done so that the third bullet point of the lemma is satisfied.

We set
(8.4.2) HY o= 3 o
(nvl)yfn,zec%/'(X7Hm)
For certain purposes, it makes sense to view

(8.4.3) HY = H"8 4 H

m,pert — m,pert m,pert’

where the first term is the sum over regular (n,7) and the other term is the sum over
irregular (n,7). We set

(8.4.4) H) = Hp, + el o
Similarly we can take a small (time-independent) perturbation of
(8.4.5) Hl = Hy +eH) o

(the perturbation can be chosen to be supported in W(Z i)), so that there is a Reeb chord
of HY for every suitable component of F) ;.

Lemma 8.5. The map
(8.5.1) CO: SH%(Yg) — HW*(Ly)
18 injective.
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Proof. Observe that an element of the kernel y must lie in some finite HF*(?R, Hipme).
Because the maps HF* (Lo, H,,.) — HW*(Ly) are injective, the map must further lie in
the kernel of a map

(8.5.2) COp: HF*(Yg, Hy o) — HF* (Lo, Hy, o)
This map depends only on the slope A, at infinity and is hence independent of ¢ on
homology. Let 04, ., denote the orientation space in CF*(Lg, Hy,) corresponding to

orbit a/(n ) Choosmg arbitrarily a generator for this space and giving it the same name
by abuse of notation, the statement will follow from the fact that for e small, on the
cochain level the coefﬁcient of O(nsy in COp(04, ) is £1.

To see this, a Gromov compactness argument ([McL12, proof of Lemma 2.3]) shows
that for sufficiently small € any curve contributing to this coefficient will necessarily lie

in W(:,CL 0 Observe that we may view the Hamiltonians H,, as being Hamiltonians on

Tr simply by replacing the Liouville coordinate ry with rr. We denote the resulting
Hamiltonians by H. = H,,(rr) for clarity. Similarly, we may construct perturbations

HI and HtTm . Wthh agree over W Wlth the previously constructed perturbations over
W(n 0 and so that for sufficiently small € the orbit corresponding under this equivalence
to Q(n,) is a unique Hamiltonian orbit of degree 0 in homotopy class (n,4). Again, for

sufficiently small €, all curves contributing to the

(8.5.3) COL, : HF*(Tw, H},, ) — HF* (Lo, HY )

t,m,e

lie in W(:f”) This map must be 1 along the diagonal by the well-known calculations of
SH*(Tg) and HW7. (Lo). The result follows. O

For any homotopy class n, let SH’(Yz),, and HW*(Ly),, denote the subvector space
generated by orbits in class n. We have a direct sum decomposition

(8.5.4) SH(V3) : @SHO Yi)n

and similarly for wrapped Floer theory. The map CO respects these direct sum decom-
positions.

Lemma 8.6. The map
(8.6.1) COp: SH°(YR)n — HW*(Lg)n

is an isomorphism for m # 0 reqular. Furthermore for any m regular, let oy ) be the
Hamiltonian orbit on the cylz'ndm’cal end of Hym. (as usual € is sufficiently small) of
index 0. Choose a generator, a(m of the corresponding orientation line. For Hpeyp

sufficiently close to zero, CO(a? Uniy) = En)

Proof. We may assume that the Hamiltonians H,, are actually unperturbed near ﬂ&éx (Z2)

(i.e. Hpert,n 1s sent to zero) so that the contribution to the differential is local. The result
then follows from a similar argument to Lemma 8.5. U

Remark 8.7. Using the fact that the open-closed map is a ring homomorphism, Lemma 8.6
implies that many other elements are hit by the map CO as well. To be more precise,
let o € SH be an element such that CO(a) = 6, ; and let 8 € SH® be an element such
that CO(8) = 60,,,» with both n and n' regular. Then

la(n,n
l ! ,
870 €0 g = 3 (M) b = (1 0

i=0 J
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is in the image. By choosing m and m/ appropriately, this implies that for any n”, the
element (1 + 601)%™") 0, ; is the image of CO for some d(n”) > 1 and all i.

We now prove the following lemma, which allows us to compute some differentials in
symplectic cohomology and which uses a technique in [Pas]. For the remainder of this
subsection, we use the perturbations of Remark 8.4 on the cylindrical end. We also assume
that our data is chosen so that the restriction Hy,, |y, is Morse and time-independent
with unique critical point of index 0.

Lemma 8.8. Let F,,; be the family of Hamiltonian orbits of H,, of highest action in the
homotopy class n. Let a3 be the Hamiltonian orbit on the cylindrical end of Hy o (as
usual € is sufficiently small) of index 0. Choose a generator, Oz(()m), of the corresponding
ortentation line. Then

(8.8.1) (ol ;) =0 € CF*(Yr, Hymye).

Proof. We focus on the more difficult case where n = 0 and we want to prove that the cor-
responding a?o’i), i # 0 is closed. Choose a generator of the orientation line corresponding
to the Morse critical point in the interior which we will denote by O‘?op)'

For suitable such H;,, . with € sufficiently small and complex structures J;, we use
the Morse-Floer correspondence to identify trajectories between orbits contained in Ujq ;)
with differentials of the Morse-complex of a time independent A for the restriction of an
almost-Kahler metric corresponding to a time-independent complex structure Jy. The
pair (hy, J;) and (h,Jy) are again related by unwrapping. Again, the only difference
between this case and the classical case is that we must ensure that Floer trajectories do
not escape to the boundary of F,, ;, which is easily arranged. The upshot is that we have

(8.8.2) 8(04(()071')) = ﬁ(lo,o)

where ﬁ(lo 0) is a sum of generators corresponding to critical points in the interior of Y.
Let A denote the BV operator on symplectic cohomology. Using the local analysis in
[Zha], we can see that there is a cochain 0‘%0 5 in CF'(Yr, Hy ) such that

(8.8.3) Alafp) = o) + ¢ o)
for some ¢ and such that
(8.8.4) a(a%o,@')) = 6(20,0)

where 5(2070) is a sum of generators corresponding to critical points in the interior of Y.
Now A is a chain map, so 0o A = Aod. The assumption that H; ,, . is time-independent
when restricted to the interior implies that A(ﬁ(Qo,o)) = 0 on the chain level. Combining
these statements implies the required result. O

We finally complete the proof of Theorem 8.2.

Proof of Theorem 8.2. We can assume that the contractible orbit of Lemma 8.8 is cv(g,+1).

Assume it is ayg1) as the other case is similar. Then this implies that 6, ; is in the image of

CO. It proves that 6y, is in the image of CO for ¢ > 0. Combining this with Remark 8.7

implies that the map CO|q is surjective. Applying Lemma 8.8, this implies that for any n,

there is an ¢y for which 60, ;, is in the image of CO,,. This combined with the surjectivity

of COyg implies that 6, ; is in the image of CO,, for any i. O
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8.9. Generation for the mirror of the complement of an anti-canonical divisor
in C3. Let Y be the conic bundle defined by the equation

(8.9.1) 1+ wy + wy = uv.

The mirror in this case is the affine space

(8.9.2) Y := Spec (Clz,y, 2] [(zyz — 1)7']) .

The identification between this ring and H°(Oy ) sends y to X(0,—1),0» T t0 X(=1,0,0 and z

to X(1,1,0- The goal of this section is to prove the following theorem:

Theorem 8.10. There is an equivalence of categories
(8.10.1) Y: D°W(YR) — D’coh Y
sending Ly to Oy.

It suffices to prove that the Lagrangian Lg split-generates the wrapped Fukaya category
of Yg. Then it follows that Ly generates D™W(YRg) without the need to pass to direct
summands. The proof of this theorem works by checking a generation criterion due
to Abouzaid [Abol0] (for an implementation with linear Hamiltonians, see [RS]). We
will now describe it in the setting that we need. Let HH3(HW™(Lg)) denote the third
Hochschild homology of the wrapped Floer algebra. This is of course isomorphic to
HH3(H°(Oy)), which in this case admits an explicit description via the HKR, theorem as

(8.10.2) HKR: HH; (H° (Oy)) = H° (Q) .

Since Y is equipped with a natural choice of holomorphic volume form
dr Ndy A dz

8.10.3 Qy = ——F——

( ) v pv—

the module H° (Q2) is free of rank one over H° (Oy) generated by Qy..

Assume that \,, = m for all m and that (4.21.1) holds. Then parallel to (4.22.2),
the construction of the symplectic cohomology may be promoted to a cochain complex
SC* (Yg) whose cohomology is SH* (Yz). Central to Abouzaid’s criterion is the map of
complexes

from the Hochschild chain complex of the A, -algebra. The induced map on cohomology
is denoted by

(8.10.5) OC: HH3(HW*(Ly)) — SH(YR).

Theorem 8.11 ([Abol0, Theorem 1.1]). Ly split-generates the wrapped Fukaya category
if the unit [1] is in the image of (8.10.5).

In fact, given our choice of data, the wrapped Floer complex is concentrated in degree
zero. This allows for a considerable simplification in the description of the map OC
essentially because u®P = 0 for d = 1,|F| = 0 and d > 2. The underlying domains used
for constructing this map will be Riemann surfaces Y, ; with four positive strip like ends

and one negative cylindrical end. Let R denote the moduli space of these structures.
As before, we consider perturbing functions of the form H;rt: S! x Y — R and

HE - }/}R — R. Along the positive ends, we consider Floer data H; = H,,, + e¢H=:

pert * pert
and setting m = ) .m;. Along the negative cylindrical end, we consider Floer data

Hy=Hpn —|—€H;;rt. As usual, we choose perturbation K and admissible surface-dependent

complex structure compatible with the Floer data along the ends over the moduli space
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and consistent with boundary strata. Given chords x; and a Hamiltonian orbit zy, we
let R (x) denote the moduli space of solutions. For generic data, these moduli spaces

have the expected dimension. In particular, for z; such that virt. dim(ﬁu(a})) = 0, every
rigid solution u gives rise to an isomorphism

(8.11.1) OCy: [04,| @+ @ |og,| = 0g,] .

As usual, the map OC is defined as the sum of OC,.
Since HW*(Ly) is concentrated in degree zero and hence formal, we may avoid the
telescope complex and realize the Hochschild chains as a direct limit

(8.11.2)  CC3(HW*(Lo)) = limy HF* (Lo, Hyp, + €Hpr) ® -+ @ HF (Lo, Hyn, + eH )
In particular, after writing any cycle €2 as a finite sum of simple tensors, we obtain a cycle
0C(Q) € SHY(YR). Standard arguments show that this is compatible with direct limits
and is independent of class [Q2] € HH3(HW™(Lg)). This map coincides with the map in
(8.10.5).

Crucial for us is the property that the map OC is a module map over SH"(Y3), where
the module structure on the left hand side is via the map (8.1.5). Since HH3(HW (L)) is
a free SH’(Y)-module of rank one, the image of (8.10.5) is necessarily a principal ideal
(f) € SH°(Yg). Theorem 8.10 therefore follows immediately from Theorem 8.11 if we
can show that there are a set of non-zero elements fi,---, f,, in the image of OC which
have no common divisors (other than units). More precisely, let & € A be one of the
three monomials in the defining equation for Y and m be a weight corresponding to a
monomial in the chamber C,,.

Definition 8.12. Let CC,(HW~(Ly)), be the subcomplex of CC,.(HW*(Ly)) of total
weight n;

(8.12.1) CCyHW* (Lo))n = €D HW*(Lo)n, ® - HW*(Lo)n,.
Sioni=n
The subspace of CC4(HW™(Ly))n generated by HW*(Lg)p,®- - - HW*(Lg)p, for (ng, ..., nq) €
N+ gatisfying
e all n; are in the chamber corresponding to o, and

e for any two neighboring n;, n; 1 with respect to the cyclic ordering, n; +n;, lies
in the chamber corresponding to a.

is denoted by CCY(HW™(Lg))n.
We have maps
(8.12.2) OC,,: HH3(HW*(Lo))pn — SH* (YR, G ).

Our approach to making partial computations of the open closed map is again via the
relationship with fibration-admissible Floer theory. We therefore temporarily assume
that when constructing our perturbations of Liouville-admissible Hamiltonians H,,, we
take all of the terms Hi;fpert to be zero. This is possible because we will only be making
computations in regular homotopy classes from now on. Notice that in particular the
map (8.12.2) can be defined with such Floer data. Let G be an admissible Hamiltonian
in the sense of Section 5, and n be a regular homotopy class satisfying the following

condition:

e There is no Hamiltonian orbit of G in the homotopy class n which intersects
-1
TNex (Uz).
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Then after making small time-dependent perturbations G; = G + G in the neigh-
borhood of the orbits in homotopy class n, we may define HF,,(Y, G;),, analogously to
Section 5 (In fact, for the G we need and since we never need to consider multiplicative
structures on HF, we can avoid altogether the use of the functions ¢*). Let G,, now be an
admissible family of such Hamiltonians and n a homotopy class such that 8.9 is satisfied
for all m. Then we may define the SH} (Y, G,,)n to be the direct limit of these Floer
groups.

Continue to fix a regular n. The argument of Theorem 7.17 shows that we can find an
admissible sequence of Hamiltonians G, together with an isomorphism

(8.12.3) dsa: SHY(YR)n = SHY(Y, G)n

for all such n. For any Q,q € HHS(HW,4(Lo))n, we may define an element OC,q . (2a4)
just as in the case of the ordinary (i.e., not adapted) theory. Moreover, given a cycle
Q € CC*(HW(Lg))n, applying the isomorphisms of Theorem 7.17 to each factor of the
tensors defining the Hochschild complex gives rise to a cycle ¢cc(2) € CC*(HW(Lg))n
(the use of CC* is again for simplicity so that we only multiply elements in the same
chamber and hence can avoid using the functions ¢* from Section 5).

Lemma 8.13. For any such ), we have

(8.13.1) OCadn(Qaa) = dsu 0 OC(Q).
Proof. We may assume that CF~'(Y,G,,) = 0 for all m. The result then follows by a
standard degeneration of domain argument. O

We are now in a position to make the final partial computation of the map OC.

Lemma 8.14. For some i > 0, the elements 0‘?(—5,—5),—41‘): a?(5’0)7_4i), and 0‘?(0,5),—41‘) are

in the image of OC,q, where here we are identifying SHY, and SH°.

Proof. The conclusion is invariant under suitable deformations of the functions G,,. We
may therefore assume this sequence satisfies G, = Hparm + Hy . We may assume that
Hy o =1/2p* for ¢po—0 > > ¢y with § > 0 and ¢,1 >> 0 >> € so that u = 1/2|ul?.
Assume that all of our complex structures respect the standard product structure for all
 in an open neighborhood of ¢,, o —d. We can assume that for some 7, m > 0, the chords
D(=1,—1),—i» P(=1,~2),—is P(—2,—1),— all lie in the region where ¢,, 0 — 90 > 1 > ¢p,1. Consider
the Hochschild cycle given by the anti-symmetrization

(8.14.1) Onrr = €3(P(-1,-1),—i @ P(=1,-1),—i @ D(—1,-2),—i @ D(=2,-1),—i)-
Under the HKR map, this corresponds to

(8142 e () () M (e 23y

> dxANdyANd
(8.14.3) _ . (wy) dendyndz
(xyz — 1)¥  ayz—1
(8.14.4) — —ip(s_5) i - Oy
By homotopy class restrictions, the output of {ykr must be a non-trivial multiple of
Oé?(_g, _5),—47)- We assume that this orbit lies in the region where ¢, 0 — 90 > 1 > ¢p,1 as

well. A barrier argument (see e.g. [McL, Appendix B]) then shows that solutions for the
map OC,q(Qnukr) lie in the region where p > ¢, 0 — ¢ and hence must agree with the OC

map defined on (C*)3. The fact that &?(_5’_5)7_ 40) is in the image of OC,q4 follows directly

from this. The other cases are symmetric and hence the lemma is proved. U
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Now we return to considering the map OC and we assume for the following proposition
that €H e, 1s chosen sufficiently small so that the conclusion of Lemma 8.6 holds.

Lemma 8.15. Identify SH(YR) with H°(Oy) via the map CO. Then 0((-5.-5),0)5 0((5,0,)0) -
((0,5),0) are all in the image of (8.10.5).

Proof. The previous lemma implies that 0(_s _5) —4i), 0((5,0),-4i), 0(05),—4i) are in the
imafge of OC. Because OC is a module homomorphism, the result follows. O

Notice that under the isomorphism described at the beginning of this section, these
elements correspond to the polynomials (zy)®, (y2)®, (rz)® and hence have no common
divisors (other than units). This completes the proof of Theorem 8.10.

8.16. Finite covers and applications. Theorem 8.10 has interesting applications to
the symplectic topology of Y. For example, we have the following:

Proposition 8.17. Let L be a compact oriented Maslov zero exact Lagrangian subman-
ifold in' Y. Then L has the cohomology group of a torus;

(8.17.1) H*(L;C) = H*(T%C).

Proof. The mirror of L is an object ¢)(L) of D®coh(Y) satisfying
(8.17.2) Ext®(y)(L), ¢ (L)) = C

and

(8.17.3) Ext’ (¢ (L), (L)) =0 for any i < 0.

Let m denote the annihilator of Ext®(¢/(L), (L)) as amodule over I'(Oy). It is a maximal
ideal of I'(Oy) since Ext’(¢(L), (L)) = C is a field. Let y be the corresponding closed
point of Y. It follows from [TU05, Lemma 4.8] that all cohomology sheaves H’(1(L))
are Oy -modules. As a consequence, we have an isomorphism of all cohomology sheaves
Hi(Y(L)) =2 (0,)%" as Op-modules.

It suffices to prove that (L) has cohomology in a single degree, since this implies that
(L) is isomorphic to a sheaf, which by the previous paragraph must be O,. Assume for
contradiction that

(8.17.4) l'=max{i € Z|H(¢Y(L)) #0}

is greater than

(8.17.5) k=min{i € Z | H'(Y(L)) #0},

and consider the cohomological spectral sequence with second page
(8.17.6) B — @) Bxt? (1 (L), M1 (6(1)))

and converging to Ext?*?(y)(L),(L)). Then one has
(8.17.7) EY* ' = Home, (O, O1%) # 0,

which would survive the spectral sequence and lead to a non-vanishing Ext*~!. This
contradicts (8.17.3), and the conclusion follows. O

We conclude with the observation that the generation criterion is easily seen to be
compatible with passage to finite covers (this is a very easy special case of [RS, Corollary
1.4]). To be more precise, let Ny C N be a finite index subgroup of the fundamental
group of Y. Denote the quotient group by G = N/Ny. Let Yy, be the corresponding

finite cover and Yy y, the corresponding Liouville domain. There is a canonical lift of L
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to this finite cover and hence we may parameterize all possible lifts as L, with g € G.
Observe that there is a natural action of G := Hom(G,U(1)) on Y coming from the SYZ
construction. In local coordinates, these correspond to diagonal linear symmetries on
Y which preserve the holomorphic volume form. As a result, we obtain a Calabi-Yau
orbifold [Y / G’} Now we prove Corollaries 1.7 and Corollary 1.8:

Proof of Corollary 1.7. The generation criterion shows that the Lagrangians L, generated
the wrapped Fukaya category of Ygn,. The objects Oy ® V, generate the category
Db coh(Y / @) The endomorphism algebras of these objects are easily seen to agree with
the crossed product algebra Oy G. O

Proof of Corollary 1.8. Given any Lagrangian sphere S, consider the object ¥y, (S) and
suppose it is not supported at the origin. The object ¥y, (S) viewed as a module over
I'(Oy)% must then be supported at a single, regular, point. A variant of the argument
from Proposition 8.17 then shows that Ext* (¢, (S), ¥n,(S)) must be H*(T?), which is
impossible. O

Proposition 8.18 below is a slight strengthening of Proposition 1.9:

Proposition 8.18. Let Sy,---, S, be a collection of Lagrangian spheres in Yy, which are
pairwise disjoint. Then r is less than or equal to the mazimal dimension of an isotropic
subspace of the Grothendieck group of cohy [Y/G] with respect to the Mukai pairing.

Proof. We follow the ideas of [Sei, Section 15]. Any one-dimensional subtorus acting on
C3 which acts with weight one on the holomorphic volume form induces a dilating G,,-
action on the category D®cohyY /G in the sense of [Sei, Definition 15.4]. The result then
follows via the same technique as [Sei, Proposition 15.8], replacing Hochschild homology
with K-theory as in [Sei, Remark 15.16]. O

9. APPENDIX

9.1. A priori energy bounds. The geometric energy and the topological energy of
solutions to Floer’s equation (4.13.1) are respectively defined by

(9.1.1) E"P(u) = /Eu*w —d(u*K)
and
(9.1.2) EEeom (1) = %/Z ldu — Xk|| -

Using w(X, X) = 0 and dH = txw, a standard calculation in local holomorphic coordi-
nates z = s + /—1¢ on X yields

(9.1.3) FEeom () = E'P(y) + /E Qx

where the curvature Qx of a perturbation datum K is the exterior derivative of K in the
> direction.

Definition 9.2. We say that a perturbation datum K is monotone if Qx < 0.

In practice, the most typical monotone perturbation data are of the form H ® v for
H:Y — R=2% and 7 a sub-closed one form on ¥. Whenever the perturbation datum is
chosen to be monotone, we have

(9.2.1) EEeom () < E'P(u).
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Note that the topological energy is determined by the action

(9.2.2) A (z) = /0 (— 20 + Hy(z(t))dt) + h(z(1)) — h(z(0))
(9.2.3) E*P(u) = Ap, (o) — > Ap, (),

where h: L — R is defined by 0|, = dh. Throughout this paper, all Floer data K
are chosen to be monotone outside of a compact set in ¥ x Y. This gives an a priori
bound for the geometric energy of a solution to Floer’s equation (4.13.1) of the form
Egem(y) < E™P(u) + C for some constant C' which is independent of the given solution
u.

9.3. Maximum principle. Let u: Q — R=% be a smooth function on a connected open
set 2 C R" satisfying Lu > 0 for an elliptic second order differential operator

(9.3.1) L= ai(2)0:0; + > bi(x)0;
ij=1 i=1
such that
e the matrix-valued function (a;;(z)); ,_, is locally uniformly positive-definite, and
e the functions b;(x) are locally bounded for i = 1,... n.
The strong mazximum principle states that if u attains a maximum in €2, then it must be
constant. Hopf’s lemma states that if
e 1 extends smoothly to the boundary, and
e there exists zp € I that u(xg) > u(z) for any x € Q,
then one has du(v) > 0, where v is the unit outward normal vector to d2 at xy. Proofs of

the strong maximum principle and Hopf’s lemma can be found, e.g., in [Eval0, Section
6.4.2].
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