HOMOLOGICAL MIRROR SYMMETRY
FOR A,-RESOLUTIONS AS A T-DUALITY

KWOKWAI CHAN

ABSTRACT. We study Homological Mirror Symmetry (HMS) for A, -resolutions
from the SYZ viewpoint. Let X — C2/Zy41 be the crepant resolution of the
Ap-singularity. The mirror of X is given by a smoothing X of C2 /Zn+1. Using
SYZ transformations, we construct a geometric functor from a derived Fukaya
category of X to the derived category of coherent sheaves on X. We show
that this is an equivalence of triangulated categories onto a full triangulated
subcategory of D?(X), thus realizing Kontsevich’s HMS conjecture by SYZ.
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1. INTRODUCTION

In his 1994 ICM address [22], Kontsevich proposed a beautiful categorical frame-
work to understand mirror symmetry. He conjectured that for a mirror pair of
Calabi-Yau manifolds Y and Y, there exists an equivalence of triangulated cate-
gories between the derived Fukaya category D’Fuk(Y) of Y and the derived cate-
gory of coherent sheaves D®(Y") of Y (and vice versa). This is Kontsevich’s famous
Homological Mirror Symmetry (HMS) conjecture. This was later extended, again
by Kontsevich [23], to the non-Calabi-Yau setting as well.

The HMS conjecture has been verified for elliptic curves [31], abelian varieties
[16, 24], quartic K3 surfaces [36], Calabi-Yau hypersurfaces in projective spaces
[29, 39], del Pezzo surfaces [6] and projective toric manifolds [34, 41, 7, 1, 14,
15]. However, the verification was usually done by computing both sides and then
either equating them to a third category (e.g. category of quiver representations)
or applying deformation arguments [35]. In particular, there is often no explicit
construction of the functor implementing the HMS equivalence.
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In 1996, Strominger, Yau and Zaslow [40] proposed the celebrated SYZ conjecture
asserting that mirror manifolds should admit dual Lagrangian torus fibrations, and
the interchange of A-branes (Lagrangian cycles) on Y and B-branes (holomorphic
cycles) on Y should be carried out by Fourier-Mukai type transformations (which
we call SYZ transformations). This suggests a way to construct a canonical and
geometric functor

F : D’Fuk(Y) — D*(Y)
implementing the HMS equivalence when a mirror pair Y and Y are realized as
dual Lagrangian torus fibrations.

In the case of dual Lagrangian torus bundles, the construction of such a func-
tor was done by Arinkin-Polishchuk [3] and Leung-Yau-Zaslow [28]. It is a real
version of the Fourier-Mukai transform on families of real tori and it transforms
a Lagrangian section into a holomorphic line bundle. This construction has then
been applied, implicitly or explicitly, to the study of HMS for elliptic curves [3] and
projective toric manifolds [1, 14, 15, 8].

It is desirable to generalize the constructions of [3, 28] to more general cases. A
serious obstacle in doing so is the presence of singular fibers in Lagrangian torus
fibrations. In this case the mirror manifold cannot be obtained by fiberwise dual-
ization (T-duality) alone. As shown by Kontsevich-Soibelman [25], Gross-Siebert
[19] and Auroux [4, 5], one needs to incorporate instanton corrections and modify
the gluing of the complex structure on the mirror space accordingly. From this per-
spective, in order to construct a geometric functor realizing the HMS equivalence in
general, we must take instanton corrections into account. The goal of this paper is
to construct an instanton-corrected geometric functor (using SYZ transformations)
which realizes the HMS equivalence for A, -resolutions.

Let Y be the affine hypersurface

Y = {(u,0,2) € C2 x C | wv = f(2)},
where f(z) € C[z] is a degree n + 1 polynomial with distinct zeros. We equip Y
with the symplectic structure

w:f—VQ_l <duAda+dvAdz‘;+

We will show that the mirror of (Y,w) is given by the complement Y of a hypersur-
face in the crepant resolution X — C2/Z, 1 of the A,-singularity. Then our main
result is the following (see Theorem 4.1 and Corollary 4.1)

Main Theorem. The SYZ transformations give an equivalence of triangulated
categories

F : D Fuky(Y,w) — DY(Y).
Here, D Fuko(Y,w) is the derived Fukaya category generated by an A,-configuration

of graded Lagrangian spheres in'Y and DS(Y) s a full triangulated subcategory of
the derived category of coherent sheaves on'Y supported at the exceptional divisor.

To define the geometric functor F and prove this theorem, we first need to
construct the instanton-corrected mirror of (Y,w) using SYZ. Following [17, 18],
we construct a Lagrangian torus fibration on Y. This fibration has singular fibers,
but the discriminant locus and the structure of the singular fibers can be described
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explicitly. According to the general philosophy of the SYZ proposal [40], the mirror
Y should be constructed using a T-duality (i.e. fiberwise dualization) modified
by suitable instanton corrections (counting of holomorphic disks bounded by the
Lagrangian torus fibers), as have been done in [4, 5, 9, 10, 26]. We demonstrate
this construction in details in Section 3.

The upshot here is that the constructions of [3, 28] is compatible with instanton
corrections and hence can naturally be generalized in this situation. We are thus
able to construct the desired explicit geometric functor F using SYZ transforma-
tions. To show that this realizes the HMS equivalence, we have to compute the SYZ
transformations of certain Lagrangian submanifolds. The key observation is that
although the connection over the mirror cycle is difficult to compute, the holomor-
phic structure of the underlying line bundle can be determined rather explicitly.
See Section 4 for the precise constructions and statements.

Section 2 contains a review and a slight generalization of the constructions of
SYZ transformations in [3, 28]. In Section 5, we comment on the higher dimensional
generalizations of our constructions.

During the final stage of the preparation of this paper, we learned of a recent
preprint by Pascaleff [30] working on a similar problem for the complement of a bin-
odal cubic curve in P?. However, we shall point out that the approach and methods
of that paper are quite different from ours; in particular, SYZ transformations were
not explicitly used there.
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2. SYZ TRANSFORMATIONS

In this section, we review the constructions of SYZ transformations by Arinkin-
Polishchuk [3] and Leung-Yau-Zaslow [28]. We will mainly follow [28]. For a much
more detailed description of mirror symmetry without instanton corrections, see
Leung [27].

Let B be an n-dimensional integral affine manifold. This means that the transi-
tion maps lie inside the group of affine linear transformations Aff(Z") := GL,,(Z)
Z". Let A C TB be the family of lattices locally generated by 9/0x1,...,0/0x,,

where z1,...,x, are local affine coordinates on B. Dually, let AV C T*B be the
family of lattices locally generated by dz1,...,dx,. Consider the manifolds

X(B) := TB/A,

X(B) = T*B/AY.

Observe that X (B) is naturally a complex manifold: Let yi,...,y, be the fiber
coordinates on T'B, ie. (z1,...,Zn,Y1,-.-,Yn) € TB denotes the tangent vector



4 K. CHAN

Z;;l y;0/0x; at the point (x1,...,2,) € B. Then the complex coordinates on
X (B) are given by
zj =exp2n(z; +vV-1y;), j=1,...,n
On the other hand, X (B) is naturally a symplectic manifold: Let &i,...,&,

be the fiber coordinates on T*B, i.e. (x1,...,2Zn,&1,...,&) € T*B denotes the
cotangent vector Z;;l &;dz; at the point (z1,...,2,) € B. Then the canonical

symplectic structure on X (B) is given by

W = id.’bj AN dgj

j=1
The projection map
p:X(B)— B
is a Lagrangian torus fibration on X (B). The torus bundle
p:X(B)— B

is the fiberwise dualization of p. The SYZ proposal [40] suggests that we should
view X (B) and X (B) as a mirror pair. This is mirror symmetry without quantum
corrections.

In Leung-Yau-Zaslow [28] (see also Arinkin-Polishchuk [3]), a Fourier-Mukai-
type transformation F carrying A-branes (i.e. Lagrangian cycles) on X(B) to
B-branes (i.e. holomorphic cycles) on X(B) is constructed. F is an example of
SYZ transformations [11, 12]. Let us briefly review their construction.

The key idea is to view the dual T™ of a torus T as the moduli space of flat
U(1)-connections on the trivial line bundle C := C x T over T'. This is indeed the
basis underlying the SYZ proposal [40]. Now, if we have a section L = {(z,{(x)) €
X(B) | # € B} of the fibration p : X(B) — B. Then each point (z,£(z)) € L
corresponds to a flat U (1)-connection Ve, over the dual fiber p~*(2) C X(B). The
family of connections {V¢(,) | 2 € B} patch together to give a U(1)-connection over
X (B). By a straightforward calculation, one can show that the connection defines
a holomorphic structure on a holomorphic line bundle over X(B) (i.e. the (0, 2)-
part of the curvature two-form is trivial) if and only if the section L ¢ X (B) is
Lagrangian. See [28, Section 3.1] for a detailed explanation.

For the purpose of this paper, we need a generalization of this construction.
Consider a submanifold S C B locally defined by z; = ¢; for j = k+1,...,n,
where ¢; € R, j =k +1,...,n, are constants. Consider a subspace in X(B) of the
form

L = {(x1,...,2n,&1,...,&) € X(B) |
(1’1,...,13") €S and gj :gj(l‘l,...,dik) fOI‘j = 1,...7143},
where §; = &(x1,...,2), j = 1,...,k, are C* functions on S. Geometrically, L

is a translate of the conormal bundle of the integral affine linear subspace S C B.

Proposition 2.1. L is Lagrangian in X (B) with respect to w if and only if
98 _ 0%

or; Ox;

1We can also equip X (B) with a compatible complex structure and X (B) with a compatible
symplectic structure making both X (B) and X (B) Kahler manifolds; see [27, 12].
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forany j,l=1,... k.
Proof. The restriction of w to L is given by
o5;  0G
= = — —= | dx; Ndzy.
wle Z (83&; O0x; T3 1o
>l
O

Restricting the projection map p to L gives a T"*-fibration py, : L — S. Denote
by L, := pzl(x) the fiber of py, over a point (z1,...,2,0,...,0) € S.
We would like to equip L with a flat U(1)-connection. Consider

k n
Vi=d+2nv-1 Zajdxj—i— Z bid&; |,
j=1

l=k+1

where a; = aj(z1,...,2%), j = 1,...,k, are C* functions on S and b, € R,
l=k+1,...,n, are constants.

Proposition 2.2. The connection V over L is flat if and only if

Oa;  Oa )
— = — l=1,... k.
Proof. The curvature of V is given by
Oa; Oq
V? =2mrv-1 L — — | day A da;.
' Jz>:l (3@7 3%‘) Hae

O

The SYZ transformation of the A-brane (L, V) on X (B) should be given by a
B-brane (C,V) on X (B) where C C X(B) is a complex submanifold and V is a
U (1)-connection over C.

We start with the construction of C. Recall that a point (z,y) € X (B) defines a
flat U(1)-connection on the trivial line bundle C over the torus fiber p=!(x). More
precisely, y = (y1,...,Yn) € p~1(x) corresponds to the connection

Vyi=d+2rv-1 Z y;dE;
j=1

over p~1(z). We define C C X(B) to be the set of points (x,y) € X(B) such that
x € S and the connection V twisted by V,, is trivial when it is restricted to L,. In
terms of coordinates, this means

n

V+27T\/jlzyjd€j =d+2mv/-1 Z (bj +y;)d¢;

j=1 Le j=k+1

is trivial, i.e. y; = —b; for j = k+1,...,n. Hence C is the complex submanifold
C C X(B) defined by the equations

zj=Ajforj=k+1,...,n,
where A; = exp27(c; —+/—1b;j) € C*.
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Restricting the projection map p to C gives a T*-fibration pc : C — S, which
is exactly the fiberwise dualization of py : L — S. Indeed, for x € S, we have an
exact sequence

0—1T,8—T,B— N, S—0,

where N, S denotes the fiber at x of the normal bundle to S. Taking the dual gives
0—N;S—T;B—1T,S—0.
The fiber of the map pr, over z € S is given by the torus
Ly = pz'(x) = N;S/(N;S N A)),
whose dual is given by
T,5/(T.S N A,),

which is precisely the fiber C, := p5' () of jc over x € S.
It remains to construct the connection V. This is done by reversing the con-
struction of C. Namely, we define V to be a connection of the form

k k
v:d-FQﬂ'\/—l Zajdl‘j—FZﬂjdyj 5

j=1 j=1

where a; = aj(z1,...,2%), j = 1,...,k, are the functions appearing in V while
B = pj(x1,...,xk), j =1,...,k are some other C° functions on S, such that v
twisted by V¢ is trivial when it is restricted to C, for any (z,§) € L. Here, V¢ is
the flat U(1)-connection

Vei=d—2mv/=1)  &dy;
j=1

over ~'(z) corresponding to a point (z,£) € X(B). So we are requiring the
connection

n k
V-ory/=1Y gdy; | | =d+2nv=1 | (8 - &)dy;
j=1

J=1 Cy

to be trivial for any « € S. In other words, we must have §; = §&; for j =1,... k.
Hence the connection V is given by

k k
V=dt2ry=1 > ajde; + > &dy; |,
j=1 j=1
where & = &(z1,...,21), 7 = 1,...,k, are the functions defining L C X(B).
Notice that we do not transform the base directions. §
The (0, 2)-part F(©2) of the curvature two-form F of V is given by

r02) -l Z<aaj 3al>dz_j/\dél

2 o, dxj) z; |z

3>l

+2 Z(@azl &vj Zj A Z1

3>l
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Since L is a Lagrangian submanifold and the connection V is flat, we have the
following

Proposition 2.3. The (0,2)-part F©2) of the curvature two-form F of V is trivial,
so the U(1)-connection V defines a holomorphic line bundle £ over C.

Proof. This follows from Propositions 2.1 and 2.2. ([l

It is easy to see that the triviality of F(®?) is in fact equivalent to requiring
L to be Lagrangian and V to be flat. And in this case, the (2,0)-part F(>0) of
the curvature two-form is also trivial, so F' is the Chern connection of a certain
hermitian metric on £.

Definition 2.1. We define the SYZ transformation of the A-brane (L, V) on X (B)
to be the B-brane (C,V) on X (B), i.e.
F(L,V):=(C,V).

We also define the SYZ transformation of the isomorphism class (L up to Hamil-
tonian isotopy and V up to gauge equivalence) of (L, V) to be (C,L).

3. CONSTRUCTING MIRRORS BY SYZ

Consider the affine hypersurface
Y = {(u,v,2) € C2 x C* | wo = f(2)},

where f(z) € C[z] is a polynomial of degree n 4+ 1 with distinct zeros. We equip Y
with the Kahler structure

v—1
w:—? (du/\du+dv/\dv+

|22

dz/\dz) ‘

In this section, we will construct the instanton-corrected mirror of (Y,w) by
carrying out the SYZ proposal [40]. This procedure is well-known among experts,
and was first carried out by Auroux [4, 5] and later generalized by Chan-Lau-Leung
[10] (see also Chan [9] and Lau-Leung-Wu [26]).

We start by constructing a Lagrangian torus fibration on Y, following Goldstein
[17] and Gross [18]. Consider the following Hamiltonian S!-action on Y.

ezw\/flt . (Uﬂh z) _ (eQWmtu,e—QﬂJ?ltv7 z)

The associated moment map p: Y — R is given by

1
pl,v,2) = 5 (luf? = o).
For A € u(Y) =R, let
Yy = put(N)/St
be the reduced space. Y) is smooth and diffeomorphic to C* for any A € R. The
reduced symplectic structure on Yy is given by (cf. [18, Section 4]):

by ! df Ndf dz Ndz
’ 2 ey +P P

/_1 /2 1
2 \2yN+f7
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The reduced symplectic manifold (Y, wy) is symplectomorphic to (C*,wp), where
wo = f@% is the standard Ké&hler structure on C*. Pulling back the log
map

Log:C* = R, z — log|z|
by the symplectomorphism gives a Lagrangian S'-fibration on Yy. Then by taking

the preimages of the fibers in p~!()\), we obtain a Lagrangian torus fibration p :
Y — R? on Y defined by

plu0.) = (1og 2] 3l = o))

The fact that this is a Lagrangian fibration can also be checked by direct com-
putations. Denote by T; » the Lagrangian torus fiber of p in Y over the point
(s,\) € R2

The map p is not regular precisely at the fixed points of the S'-action on Y
{(u,v,2) € C2 x C* |u=0,v=0,f(z) =0}. Let A :={ag,a1,...,a,} C C* be
the set of zeros of f(z). Then a fiber T , is singular (with nodal singularities) if
and only if A = 0 and s = s; := log |a;| for some ¢ = 0,1,...,n. We assume that
So < 81 < ... < 8, so that each singular fiber of p contains only one nodal singular
point.

The instanton corrections are contributions from holomorphic disks bounded by
the Lagrangian torus fibers of p. By the maximum principle, the image of any
nonconstant holomorphic map ¢ : D?> — Y from the unit disk D? to Y with
boundary on a torus fiber of p must be contained in a fiber of the projection map

7:Y = C*, (u,v,2) — 2,

and the fiber must be singular because a smooth fiber of 7, which is a smooth conic
in C2, does not contain any nonconstant holomorphic disk. Therefore, a Lagrangian
torus fiber T x, which is a family of circles over the circle {z € C* | |z| = e*} C C*,
bounds a holomorphic disk if and only if s = s; for some i =0,1,...,n.

We summarize our discussion by the following proposition.

Proposition 3.1. Let B:=R2%. The map p:Y — B defined by

plu0,2) = (102 3l = o))

is a Lagrangian torus fibration on Y. The discriminant locus of the fibration is
given by the finite set
F:={(s,\) €B|A=0, s=s; for somei=0,1,...,n}.

Let B*™ := B\T. The fiber T5 x over a point (s,\) € I is singular with one nodal
singularity, and the fiber Ts x over a point (s, \) € B®™ is a smooth Lagrangian torus
i Y. The locus of Lagrangian torus fibers which bound nonconstant holomorphic
disks is given by the union of vertical lines:

H:={(s,\) € B|s=s; for somei=0,1,...,n}.
We call H the wall in B.

The SYZ proposal [40] suggests that the mirror should be given by the moduli
space of Lagrangian torus fibers equipped with flat U (1)-connections. More precise-
ly, let Y; be the moduli space of pairs (Ts,x, V) where (s,\) € B*™ and V is a flat
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U (1)-connection (up to gauge equivalence) on the trivial line bundle C := C x Tj
over the smooth Lagrangian torus T ». We call Yy the semi-flat mirror of (Y, w).

The Lagrangian torus fibration p : Y — B induces an integral affine structure
on B*". This is usually called the symplectic affine structure. Recall that the
affine structure being integral means that the transition maps on B*™ lie inside
the integral affine linear group Aff(Z?) := GLy(Z) x Z2. As in Section 2, denote by
A C TB*™ the family of lattices locally generated by 0/9x1,0/0x2, where x1, xo are
local affine coordinates on B*™. A is well-defined because of integrality of the affine
structure. Then Yj is topologically the quotient TB*™ /A of TB*™ by A, and hence
admits a naturally defined complex structure, where the local complex coordinates
are given by exponentiations of complexifications of local affine coordinates on B*™.

When there are no singular fibers, the complex structure on Yy is globally de-
fined and it gives the genuine mirror manifold. However, in our example, the
complex structure is not globally defined on Y, due to nontrivial monodromy of
the affine structure around each point (s;,0) in the discriminant locus I'. This
can be described more explicitly as follows. For ¢ = 0,1,...,n, consider the strip
B; := (8i—1,8i+1) X R (where we set s_1 := —o0 and $,,4+1 := +00). A covering of
B®™ is given by the open sets

U, .= B; \ [Si, Si+1) X {O}, V,:=B; \ (si_l, Sl] X {0}
i = 0,1,...,n. The intersection U; N V; consists of two components: U; NV; =

B,iJr U B; where B;r (resp. B; ) corresponds to the component in which A > 0
(resp. A <0).

w

w
U; <—T L’”H—l

0 Si—1 S Si+1 Si+2

FIGURE 1. The base affine manifold B.

On U; (resp. V;), denote by wu; (resp. v;11) the exponentiation of the complex-
ification? of the left-pointing (resp. right-pointing) affine coordinate. Also, denote

20ur convention is: For a real number x € R, its complexification is given by —z + v/—1y.
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by w the exponentiation of the complexification of the upward-pointing affine co-
ordinate. See Figure 1.

The coordinate w is globally defined. Indeed if we regard Y; as the moduli space
of pairs (Ts,x, V) and denote by a € m2(Y, T, ») the class of a holomorphic disk in
Y bounded by T, » for some i = 0,1,...,n, then the function w can be written as

exp(— [, w)holy (da) for A > 0,
w(Ts, V) = { exg(— f_a w)h(zv(a(—a)) for A <0,

where holy (0« ) is the holonomy of the flat U(1)-connection V around the boundary
da € (T, ), so that |w| = e~ and [ w = |A|. Note that the class a changes to
—a when one moves from positive A to negative A and d(—«a) = —0a € w1 (T, ))
(cf. Auroux [4, 5]).

Since the monodromy of the affine structure going counter-clockwise around
(s4,0) € T is given by the matrix

11
(01),

we glue the coordinates (u;, w) and (v;11,w) on U; N'V; accordingly by
U; = v;}l on Bj' ,
Uy = vijrllw on B, .

Hence, the monodromy of the complex coordinates going counter-clockwise around
the point (s;,0) is given by

-1 -1
Ui > UW, VL U W,

In particular, the complex coordinates on the components 7'B;/A do not glue to-
gether to form a globally defined complex structure on Yj. Notice that the gluing of
the coordinates (v;11,w) and (u;41,w) is given by v;_ll = wu;41 in the intersection
ViNUis1 = (si, 8i+1) X R, and this does not give rise to nontrivial monodromy.

Now we need to modify the gluing of the complex charts on Yj by incorporating
instanton corrections. Following the construction in [4, 5, 9, 10, 26] (which in
turn are special cases of the general construction in [25, 19]), the gluing should be
modified as:

(3.1) u; = Ui_-s-11 + v;}lw = ’u;_ll(l +w) on B,
(3.2) U; = vi__&lw + ”1‘_4-11 = vi__:lw(l +w™!)  on Bj.

Geometrically, the term v;llw in the first formula (3.1) should be regarded as
multiplying v;_ll by w where w corresponds to the unique nonconstant holomorphic
disk bounded by the Lagrangian torus Ty » whose area is given by

A = —log|w| > 0.

This means that we are correcting the term v;_ll by adding the contribution from
the holomorphic disk bounded by Ty » when we cross the upper half of the wall

{si} x R C H. Similarly, the term Ui_—i-ll in the second formula (3.2) should be read

as multiplying v;_i_llw by w™! where w~! corresponds to the unique nonconstant

holomorphic disk bounded by the Lagrangian torus 75 » whose area is given by

—\ =log|w| = —log|w™| > 0.
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So we are correcting v;llw again by the disk bounded by 7p » when we cross the
lower half of the wall {s;} x R C H.
Alternatively, one may partially compactify Y by allowing z € C* to be zero
and replacing p by the map

(u,v,2) = (2], ([uf® = v[*)/2).

Then the base becomes an affine manifold with both singularities and boundary;
more precisely, it is given by a right half-space B in R? and the boundary 0B
corresponds to the divisor in Y defined by z = 0. In this setting, the formulas
(3.1), (3.2) can be viewed as wall-crossing formulas for the counting of Maslov
index two holomorphic disks in Y bounded by Lagrangian torus fibers and each of
the terms u;, U;+11 and vijrllw can be expressed as

exp (— /ﬂ w) holy (95),

for a suitable relative homotopy class 8 € ma(Y,Ts ») of Maslov index two (cf.
Auroux [4, 5]).

In any case, the key consequence of this modification of gluing is that it can-
cels the monodromy and defines global complex coordinates wu;,v;,w on TB;/A
(topologically, TB;/A = (C*)?) related by

-1 —1
(3.3) i =v; , U1 = U and uvi = 14 w.

The instanton-corrected mirror Y is obtained by gluing together T'B; /A, i =
0,1,...,n, according to (3.3) and analytic continuation.> On the intersection
(TBlfl/A) n (TBZ/A), we have

—1
U; = V; , UVl = 1+w=wu;_1v;.

We observe that the above equations give precisely the gluing of complex charts
in the toric resolution of the A,-singularity. Let us recall the construction of the
Ay -resolution as a toric surface. Let N = Z% and M := Hom(N,Z) = Z2. Let
Ngr := N ®z R and Mg := M ®z R for any Z-module R and denote by (-,-) :
Mg x Ng — R the natural pairing. Consider the 2-dimensional fan ¥ € Ny = R?
generated by {a; :== (i,1) € N |i=0,1,...,n+ 1}. The toric surface X5 defined
by this fan is Calabi-Yau (i.e. the canonical line bundle Kx,, is trivial) and it gives
a crepant resolution

g: Xy — C2/2n+1

of the A,-singularity C2/Z, 1. Fori=0,1,...,n, let 0; € ¥ be the cone generated
by a; and a;41. To each cone o; we associate an affine toric variety X,,.

A lattice point b € M corresponds to a function x” on Ngx; in particular,
the generators b;y1 := (—1,4 + 1),b; := (1,—i) € M of the dual cone 7 gives
coordinates on the affine toric variety Xo,:

b o bi
Ui = XF, Vg = X

3By our definition, the mirror manifold Y will have “gaps” because for instance u,v,w are
C*-valued. A natural way to “complete” the mirror manifold and fill out its gaps is by rescaling
the symplectic structure of Y and analytic continuation. See [4, Section 4.2] for a discussion of
this “renormalization” process.
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The toric variety Xy, is obtained by gluing the affine toric varieties X,, according
to:

u; = vi_l,uiv,;+1 = X(O’l)
This is precisely the gluing of complex charts in the mirror manifold Y. However,
in Y, the function u;v;41 = 1+ w is never equal to 1 since w is C*-valued. This

corresponds to removing the hypersurface D = {h := O = 1} in Xy.

= Uj+1Y;.

Theorem 3.1. By carrying out the procedure outlined in [10, Section 2.3], we obtain
the complex manifold

Y =Xy \ D,
where D is the hypersurface in Xs defined by h = 1. We call Y the instanton-
corrected mirror of (Y,w).

Fori=1,...,n, denote by S; the interval (s;_1, s;) x {0} C B. Then (the closure
of) the quotient T'S;/T'S; N A in Y is one of the n exceptional divisors (each is a
(—2)-curve) in X5. We denote this exceptional divisor by E; C Y.

4. HMS FOR A,,-RESOLUTIONS

In this section, we introduce a class of Lagrangian submanifolds which are Lef-
schetz thimbles in (Y,w) following Khovanov-Seidel [21].# We then compute the
SYZ transformations of these Lagrangian submanifolds and show that this defines
a triangulated equivalence between a derived Fukaya category of (Y, w) and a full
triangulated subcategory of the derived category of coherent sheaves on the mirror
Y.

Consider the projection map

7Y =5 C*, (u,v,2) = 2.

Each fiber is a conic in C? which becomes singular when z is a zero of f(z). Denote
by A = {ag,a1,...,a,} C C* the set of zeros of f(z). For any path v : [0,1] — C*
which is either an embedding or a loop (i.e. v(0) = (1)), let

L“/ = {(’U/7’U7’7(t)) : |u| = ‘U|7 te [07 1]}
Lemma 4.1. L, is Lagrangian.

This can be checked by direct computations or by observing that L., is invari-
ant under parallel transport with respect to the horizontal distribution (given by
symplectic orthogonal to the fiber) induced by the symplectic fibration 7 : Y — C*.

When 7, is the circle {exp(s + 2m/—1t) € C* |t € [0,1]} in C* with radius e*
centered at the origin, L., is nothing but the fiber T} o of the fibration p: Y — B
over the point (s,0) € B. Suppose that s;_1 < s < s; for some ¢ = 1,...,n. Then
L., = T, is a smooth Lagrangian torus in Y. Let V be a flat U(1)-connection
on the trivial line bundle C over L.,. Then the SYZ transformation of (L-,, V) is
given by the skyscraper sheaf O, over a point p in the exceptional divisor E; C Y.

On the other hand, let v : [0, 1] — C* be an embedded path such that v(0), (1) €
A and (t) ¢ A for 0 < t < 1. We call such a path admissible ([21]; see also [20]).
In this case, L, is the Lefschetz thimble, i.e. the family of vanishing cycles over ~.
Since L., is diffeomorphic to a sphere S?, it is an exact Lagrangian submanifold (i.e.

4The construction of these Lagrangian submanifolds was originally due to Donaldson [13], and
has since been extensively used in e.g. [21, 34, 37, 30].
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when we write w = da for some 1-form «, the restriction «fz is exact). For two
isotopic admissible paths v and 4/, the Lagrangians L., and L., are Hamiltonian
isotopic [20, Section 5.3].
Definition 4.1. Giveni € {1,...,n} and an admissible path ~ : [0,1] — C* going
from a;—1 to a;. We call v strongly admissible if

[Im(y) N{z € C* | |z| =€} =1
for any s;_1 < s<s;.

In other words, an admissible path ~ from a;_1 to a; is strongly admissible if it
intersects each circle in the annulus {z € C* | e®i-* < |z| < e®} centered at the
origin at one point.

Given such a path v, the Lagrangian submanifold L., intersects the Lagrangian
torus fiber T ¢ over each point in the interval S; = (s;_1,s;) X {0} C B in a circle.
So L5 = Ly \ {(0,0,ai-1),(0,0,a;)} is of the type we consider in Section 2, i.e.
L7 is a translate of the conormal bundle of S; C B. We equip L. with the flat
U(1)-connection Vo = d + @du.f‘

According to Definition 2.1, the SYZ transformation of (L., Vo) is given by a
B-brane (C, V) where C is a complex submanifold in Y and V is a U(1)-connection
on a holomorphic line bundle £ over C'. The main goal of this section is to compute
C and L.

Consider the strip W, := (s;_1,s;) X R in B. Using the notations in Section 3,
we have W; = V,_1 NU;. Let

Qi : T*W,;/T*W; N AY — p~1(W;)
be a fiber-preserving symplectomorphism, so that
0 (w) = dx1 A déy + day A dés,

where (21, 29) € W; are the (symplectic) affine coordinates on W; and (&1, &s) are
fiber coordinates on T*W;. One of the affine coordinates, say x5, on W; is given by
the original coordinate —\ (where ) is the moment map of the S*-action on Y). In
terms of the dual coordinates (x1,x2,y1,y2) on TW;/TW; N A C Y, we have

v; = exp2n(x1 +vV—1y1),
u; = exp2n(—xz; —vV—1y1),
w = exp2n(xe2 + vV —1ya).

Since L7 is a translate of the conormal bundle of 5; = {(z1,22) € W; | 2o =
0} C W, it follows from the constructions in Section 2 that C' is defined by w =

(0 — @) = —1, or 1 + w = 0. Hence, the closure C of the submanifold
mirror to (L3, Vo) is precisely the exceptional divisor £; = P'inY.

exp 2w

To compute the connection V mirror to (L5, Vo) and hence determine the holo-
morphic structure of £, consider the Lagrangian submanifold Ly C T*W; JT*W; N
AV defined by 25 = 0 and &; = 0. The closure of the image ©;(Lg) is a Lagrangian
sphere L., which corresponds to a strongly admissible path v : [0,1] — C* from
a;—1 to a;. Fix a lift 7o : [0,1] — R of the map vo/|7] : [0,1] — S!. For any other
admissible path v : [0,1] = C* from a;_1 to a; such that v(¢) € A for 0 < t < 1,
there exists a unique lift 7 : [0, 1] — R of v/|y| : [0, 1] — S such that (0) = (0).

5Since L. is a sphere, Vo is in fact gauge-equivalent to the trivial connection d.
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Definition 4.2. The winding number of v relative to vy is the integer
w() = (1) = 30(1) € Z.
Note that the integer w(y) depends only on the isotopic class of v. In fact, define
a loop yU#p : [0,1] = C* by

_ @) for 0 <t <1,
VU%(t){ (2 —1t) for1<t<2.

Then the class of v U7 in 71 (C*) = Z is precisely given by the integer w(7y). See
Figure 2 below.

FIGURE 2. The path 7y and a strongly admissible path v with
winding number w(y) = 1 relative to g in the plane C*.

Now the pullback of L. under ©; can be written as L, = {(x1(s),0,& (s),&) :
s € (81, ;) } for some functions z1(s) and & (s) of s € (s;—1,5;). Since (a lift of)
the function &;(s) is bounded, we can extend it to [s;_1, s;].

Lemma 4.2. &(s;) — &1(si—1) = w(7).

Proof. Since w(y) depends only on the isotopic class of v, we can deform v to 7/
which is the concatenation of vy with a loop winding around the image of the circle
s, for, say, k times. Then w(y) = k.

Restricting the symplectomorphism ©; to the preimage of S; := (s;-1, ;) x{0} C
W;. Under this restriction, deforming 7 corresponds to deforming the graph of &;(s)
fixing the endpoints &;(s;—1) and £(s;). Along o, the coordinate &;(s) is always
equal to &;(s;—1) (which is equal to 0). Along the loop winding around 7s,, the
difference &;(s;) —&1(si—1) is precisely k because winding once around the circle v,
corresponds to increasing &;(s) by one in the Lagrangian torus fiber T o.

The result follows. O

Now the connection V mirror to (L5, Vo) can be extended over C' and is given
by
V = d+ 21V —1&1(s)dy
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with curvature two-form
F =27v/—1d&(s) A dy;.
Hence, the degree of the holomorphic line bundle £ — C' defined by V is

\/jl 5=8;
@)= [ P == dals) = ~(@(s) - &lsi) = ().
C ™ S=8;_1
Summarizing these results, we have the

Theorem 4.1. Given a strongly admissible path v : [0,1] — C* from a;_1 to a;,
the SYZ transformation of the A-brane (L.,Vo) onY is the B-brane (C,L) on'Y
where C' = P! is the exceptional divisor E; and £ = Og,(—w(y)), i.e. we have

F(Ly, Vo) = (Ei, Op,(—w(7)))-

For each ¢ = 1,...,n, we choose a strongly admissible path 7; : [0,1] — C*
going from a;_; to a; such that w(vy;) = 1. Denote by L; the Lagrangian sphere
L., C Y. By the above theorem, the SYZ transformation of (L;, V) is given by
&= (LMVO) = (E170E7(71))

We have

2 ifi=j,
IL;NLjl=¢ 1 ifj=i+lorj=1i—1,
0 otherwise
Equip Y with the grading given by the 2nd tensor power of the holomorphic volume
form

Then there exists a suitable grading (in the sense of Kontsevich [22] and Seidel
[33]) for each L; so that the n graded Lagrangian spheres {L;}7_, in Y form
an A,-configuration of spherical objects [32, 38] in the derived Fukaya category
DPFuky(Y,w) generated by {L;}?_,. This means that the Floer cohomology groups
are given by

= = C-p; if j=14+1,
bompu v (L L) = ¢, fj=i—1,
0 otherwise,

where r;, 8;,p;,q; are intersection points such that deg(r;) = 0, deg(s;) = 2 and
deg(pi) = deg(q;) = 1.

Moreover, by the maximum principle, the Lagrangian submanifold does not
bound any nonconstant holomorphic disks in Y. Hence, the A.-operations are
all trivial except for msy, which can also be computed explicitly. See [20, Section
5.3] for more details.

Now, let £ = FE1 U FEyU...U E, be the union of exceptional divisors in Y.
Consider the bounded derived category D% (Y) of coherent sheaves on Y supported
at E. Let D§(Y) be the full triangulated subcategory of D% (Y") consisting of objects
€ such that Rg,.E = 0. Then DS(Y) is generated by &1,...,E&,. These generators
also form an A,,-configuration of spherical objects in D§(Y) [38].

Combining with the above discussion, we have the equality between morphism
spaces:

homFuko(Y,w) (LZ‘, Lj) = hong(Y) (517 EJ)
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We conclude that

Corollary 4.1. The SYZ transformation F induces an equivalence of triangulated
categories

F : D Fuky(Y,w) — D3(Y).

Proof. This follows from the intrinsic formality of Seidel-Thomas [38, Lemma 4.21]
as in the proofs of Theorem 28 and Lemma 40 in Ishii-Ueda-Uehara [20]. g

Remark 4.1. We have defined using SYZ transformations the functor F on ob-
jects only, and the proof that this gives an equivalence of triangulated categories is
by computing morphisms on both sides. It would be desirable if we can use SYZ
transformations to define the functor on morphisms as well. We plan to address
this in the future.

Remark 4.2. In [38, Section 1.3, Seidel and Thomas mentioned that the braid
group Byy1-action on the derived Fukaya category of a symplectic manifold Y de-
fined by an A, -configuration of Lagrangian spheres Li,..., Ly, is mirror to the
B, +1-action on the derived category of coherent sheaves of the mirror manifold
Y defined by the A,-configuration of spherical objects 1, ... ,E, which are mirror
to Li,...,L,. To prove such a statement, we need to find a functor implement-
ing the HMS equivalence D®Fuk(Y') S DY(Y) which is equivariant with respect to
the braid group actions on both sides. We conjecture that the geometric functor

F : DY Fuky(Y,w) = D5(Y) we construct here satisfies this property.

5. HIGHER DIMENSIONAL CASES

Most of the constructions in Sections 3 and 4 can be generalized to higher di-
mensions. But they are not as explicit as in the 2-dimensional case. In this section,
we give a brief sketch, leaving the details to a future paper.

Let N = Z"™ and N’ = Z"~! x {0} € N. Let P be a lattice polytope lying
inside the hyperplane N} x {1} C Ng. Let o be the cone over P with vertex at
the origin 0 € Ng. Then the affine toric variety X, associated to ¢ is an isolated
Gorenstein toric singularity. A resolution of singularities of X, can be constructed
by choosing a triangulation P of P. The fan X consisting of cones over cells in P
defines a smooth toric variety Xy, which yields a crepant resolution Xy, — X,. X5
is a toric Calabi-Yau n-fold, meaning that the canonical line bundle K x, is trivial.
A 3-dimensional example is given by X5, = Kp2.

Let wg, w1, ..., w, € N’ be the vertices of P. Without loss of generality, we can
assume that wg = 0. Then the primitive generators of the rays of ¥ are given by

v := (wy, 1) €N, i =0,1,...,m.
Consider the affine variety
Y = {(u,v,21,...,2n-1) € C* x (C*)" ' |uv = f(21,...,2n-1)},

where

n—1

m
1
f(z1,e 00y 2n-1) = Zaiz}ul .. .z;fl_l
=0
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is a Laurent polynomial on (C*)"~!. This is a noncompact Calabi-Yau n-fold
(again meaning that Ky is trivial). We equip Y with the Kéhler structure

n—1
1 dz: A dzs
w:—T du/\dﬁ—l—dv/\dﬁ—kjglw y

Similar to Section 3, we can construct a Lagrangian torus fibration on (Y,w)
using the method of [17, 18]. So we consider the Hamiltonian S'-action

eV10 . (U, 0,21, .y 2n-1) = (e‘/_iwu7 e_‘/jwv, ZlyeneyZn—1)
on Y whose moment map is given by
1
pY =R (u,v,21,. .., 2n-1) — §(|u|2 — |[v]?).

Fix A € R, the reduced symplectic structure on Yy := u~1(\)/S! can be explicitly
computed to be

7 n—1 _
\/—1 df A\ df + Z de AN de

2 \2y+fP o lmP

Observe that the symplectic manifold (Y, wy ) is symplectomorphic to ((C*)" 1, wy)
where wy is the standard symplectic form

nil dz; A dZ;

wn —

0 |25
Jj=1

on (C)"~1 Let &y : Yy — (C*)""! be a symplectomorphism and let my :
p~t(A) = Yy be the quotient map. Also denote by Log the map

Log: (C)" 1 5 R™™ (21,...,2,_1) = (log|z1],...,log |z, 1]).
Then the map p: Y — B := R"” defined by
p(u,v, 21, ...y 2p—1) = (Log o @y o mx) (U, v, 21, ., 2n—1)
for (u,v, 21,...,2n_1) € u~(\) is a Lagrangian torus fibration. The appearance of

@, here makes the mirror construction much less explicit.

We proceed with a description of the discriminant locus of p. First of all, as
in the 2-dimensional case, the singularities of p is given by the fixed points of the
Sl-action:

A= {(0,0,21,...,2,1) €C* x (C)" 1| f(z1,...,2n_1) = O}

Its image under p, which is the discriminant locus I' of p, is an amoeba-shaped
subset

r=Ax{0}cB
lying inside the hyperplane R"~! x {0} in B. Notice that I is of real codimension
one in B; this is in sharp contrast with the 2-dimensional situation. The locus over
which the Lagrangian torus fibers bound holomorphic disks is given by

H:=AxRCB.

This is an open set (real codimension zero) in B, but we will continue to call it
the wall in B. Notice that the components of the wall H are all invariant under
vertical translations.
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To construct the mirror, we follow the SYZ proposal. So we first take the fiber-
wise dual fibration over B*™ := B\ I". This gives the semi-flat mirror

Yy = TB*™ /A,
whose complex structure is not globally defined since the affine structure on B
is singular. We need to modify the gluing of complex charts by incorporating
instanton corrections. Now, by considering the projection map

7:Y = (C)" Y (u,v,21, ..., 2n-1) = (21,00, Zn_1)

and the maximum principle, we see that a Lagrangian torus fiber of p bounds a
nonconstant holomorphic disk if and only if it is a fiber over a point in H. Any such
fiber bounds one (family of) holomorphic disks in Y. Therefore, the corrected gluing
formula looks the same as in the 2-dimensional case. The combinatorics of the
triangulation P of P then determines the geometry of the instanton-corrected mirror
Y. The result is given by the complement Y of the hypersurface D = {X(O’l)zl} in
the toric Calabi-Yau n-fold Xy. See Auroux [5, Section 3.3] and the recent work
Abouzaid-Auroux-Katzarkov [2] for more details.

The projection map 7 : Y — (C*)"~! is a conic bundle with singular fibers over

A= {(21, ceey Zn—l) S ((CX)Q | f(Zl, ceey Zn—l) = O}
Consider an embedding
o Bn—l N (CX)n—l

such that v(0B" 1) C A and y(B" '\ dB" )N A = (), where B"~! is the closed
unit ball in R"~1. Let

L, = {(wv,21,...,2n-1) €Y |
[ul = o], (®o0m0)(21,-- ., 2n—1) € (B 1)}

Then L, is a Lagrangian in (Y, w).

If the image of L, under p is the closure of a bounded component S in the
complement of the discriminant locus I' = A x {0} in the hyperplane R"~1 x {0} C
B, then L, is diffeomorphic to a sphere S™. In this case, the restriction of p to the
closure S of S in R"~! x {0} gives a circle fibration

pr:L,y—hg

which collapses along the boundary 05. Let L be the preimage of S under p. Then
L7 is of the form we considered in Section 2, i.e. it is a translate of the conormal
bundle of S C B. Equip L, with a flat U(1)-connection V. We get an A-brane
(L, V). §

The SYZ transformation F(L.,V) will be given by a B-brane (C,V) where C
is a compact toric divisor in Y = X5 \ D and V is a U(1)-connection which defines

a holomorphic line bundle £ over C. More precisely, if (z1,...,%,_1,%,) are the
affine coordinates on S and (¢1,...,§,) are the fiber coordinates on TS, then L.,
is defined by z, = A = 0 and &; = &(z1,...,2,-1) for j = 1,...,n — 1. Here,
&i(x1,...,xp—1) are C™ functions satisfying

9% _ 9a

= ,l=1,...,n—1.
a.’I;l axj7.]7 ) 7n
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By our definition in Section 2, the connection V is then given by

n—1
V =d + 2’/T\/ -1 Z fj(:cl, e ,I'nfl)dyj,
j=1
where (y1,...,Yyn) are the fiber coordinates on T'S. The first Chern class of £ is
the class represented by

\/ 1F%
j,l=1

Similar to the 2-dimensional case, the holomorphic structure of £ are determined
by certain winding numbers of v relative to a reference ~y. This defines a functor
(on the object level)

F : D’Fuko(Y,w) — D°(Y)
from the derived Fukaya category generated by graded Lagrangian spheres of the
form L. to the derived category of coherent sheaves of the mirror Y, which we
expect to be an embedding of triangulated categories.
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