FROM DEFORMATION THEORY TO TROPICAL GEOMETRY

KWOKWAI CHAN

ABSTRACT. This is a write-up of the author’s invited talk at the FEighth In-
ternational Congress of Chinese Mathematicians (ICCM) held at Beijing in
June 2019. We give a survey on the papers [0, [[] where the author and his
collaborators Naichung Conan Leung and Ziming Nikolas Ma study how trop-
ical objects arise from asymptotic analysis of the Maurer-Cartan equation for
deformation of complex structures on a semi-flat Calabi-Yau manifold.
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1. BACKGROUND

This note is about a deep relationship between two apparently very different
subjects: tropical geometry and deformation theory.

Recall that the complex structure J on a compact complex manifold M is an
endomorphism of the tangent bundle T, of M which squares to —Id. This induces
and is equivalent to an eigenspace decomposition of the complexified tangent bundle
Ty ®rC = Tj/l’o @T](\)/}l. According to Kodaira-Spencer’s classical theory [30, 3], we
deform J by almost complex structures defined by elements ¢ € Hom(T](\)/}l, T]b}o) =
Qo’l(TJtI’O). Such an almost complex structure is integrable if and only if (0 + ®)? =
0, which in turn is equivalent to the Maurer-Cartan equation

= 1
(1.1) 3<I>+§[<I>,<I>] =0
associated to the Kodaira-Spencer differential graded Lie algebra (DGLA)
(907.(M’ T]%/}OL 57 [" ])

It is a general philosophy that deformation problems are governed by DGLAs.
In the above case, the space of infinitestimal deformations is given by the first
cohomology group H'(M, T j/}o), while obstructions lie in the second cohomology
group H2(M, T,;").
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When M is Calabi-Yau (i.e. Kjp = Oypy), one can enhance the DGLA to the
extended Kodaira-Spencer complex

Q% (M, A*Ty;%), 0, A, A);

here A is the Batalin-Vilkovisky (BV) operator which corresponds to the operator
9 on QO (M, /\‘(TJ{/}O)*) = Q**(M) under the identification defined by contraction
with the holomorphic volume form €2 on M. The BV operator A is not a derivation,
but the discrepancy from being so is exactly measured by the Lie bracket:

o, 8] = A A B) = (Aa) A B = (<1)!*la A (AB)]
This yields a so-called differential graded Batalin—Vilkovisky (DGBYV) algebra, whose
Maurer-Cartan equation is always solvable — this is the famous unobstructed-
ness result of Bogomolov-Tian-Todorov [2] [39] 40].
On the other hand, tropical geometry is the study of algebraic geometry over
the tropical semi-field (T := RU{+o0}, ®, ®), where the operations are defined by:

r®y=min{z,y}, TRY=z+y.

Tropical subvarieties are piecewise-linear objects, typical examples of which arise
from tropical limits of classical subvarieties as follows: for ¢ > 0, consider the map

log, : (C*)" = R", (z1,...,2,) — (log; |z1],...,1log, |zn]).

Given an algebraic subvariety X C (C*)™, the image A; := log,(X) is called an
amoeba of X. The tropical limit (or tropicalization) of X is then given by T' =
limy_, o A¢, which is a tropical subvariety of T". See Figure [I] below.

t-e

A, —— T

FIGURE 1. Amoeba of a holomorphic curve.

Simplest examples of tropical varieties are tropical curves. For instance, a degree
2 polynomial in two variables is of the form

min{a+2x,b+m+y»c+2y,d+$ve+yaf}a

whose zero set is defined as the set of points where the minimum is achieved by at
least two entries, so it is given by an object as in the middle of Figure

The first major application of tropical geometry was due to Mikhalkin [35], who
proved that counting holomorphic curves in toric surfaces is the same as counting
tropical curves. This was later generalized to higher dimensions (using different
methods) by Nishinou-Siebert [37]. These results are proved by establishing a pre-
cise correspondence between holomorphic curves and tropical curves, from which
one can clearly see a close relationship between Gromov-Witten theory and enu-
merative tropical geometry. However, it may not be at all obvious that there is a
link between deformation theory and tropical geometry.

LThis is also known as the Bogomolov-Tian-Todorov Lemma.
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FI1GURE 2. Tropical curves of low degrees.

2. THE LINK — SYZ MIRROR SYMMETRY

The key lies in mirror symmetry. More precisely, it was suggested in a 20 year
old paper of Fukaya [14], where he launched a spectacular program, expanding
on the celebrated Strominger-Yau-Zaslow (SYZ) conjecture [38], which would give
the ultimate explanation of the mechanism and miraculous power behind mirror
symmetry. This section is a brief review of the story.

In 1996, Strominger, Yau and Zaslow [38] made a ground-breaking proposal to
explain mirror symmetry geometrically as a T-duality. In simple terms, what they
asserted was that a mirror pair of Calabi-Yau manifolds should admit fiberwise dual
(special) Lagrangian torus fibrations to the same base. In particular, this suggests
the following mirror construction: given a (symplectic) Calabi-Yau manifold X
equipped with a Lagrangian torus fibration 7 : X — B admitting a Lagrangian
section, the base manifold B acquires an integral affine structure, and Duistermaat’s
global action-angle coordinates [11] gives an identification

X =Tg/A;

here A is the natural lattice subbundle in T} generated by the coordinate 1-forms
dxy,...,dz,, where {z1,...,z,} is a set of affine coordinates on B. We can then
define the SYZ mirror of X as

X = TB/AV,

where AV C T is the lattice dual to A which is generated by the coordinate vector
fields 0/0x1,...,0/0x,. Since B is an integral affine manifold, the quotient X
is naturally a complex manifold whose coordinates are given by exponentiation
of complexification of the affine coordinates {z1,...,2,}. This demonstrates the
mirror symmetry between X and X as a T-duality:

X =T3/A T/ =X

St

B

In general, however, the fibration 7 : X — B would have singular fibrations (or
equivalently, the affine structure on the base B would admit singularities). Thus
the above construction can only be applied to the smooth locus By := B\ T,
where I" denotes the discriminant locus of the fibration w, which gives at best an
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approximation of the true picture:

(2.1) X D Xo="Tp,/A Tg,/AY = X,

S

By

Of course X is not the correct mirror because singular fibers of 7 have all been
removed from X and information is lost. We expect the correct mirror X to be
given by a (partial) compactification of Xo. But then a problem arises: the natural
complex structure Jy on X can never be extended to any partial compactification of
X, due to nontrivial monodromy of the affine structure on B around the discrminant
locus T'. This leads to the most crucial idea in the SYZ proposal [38]: one should
use quantum corrections coming from holomorphic disks in X with boundaries on
Lagrangian torus fibers of 7 to correct or deform Jy so that it becomes extendable.
This is the so-called reconstruction problem in mirror symmetry.

This problem was solved in the 2-dimensional case (over non-Archimedean fields)
by Kontsevich-Soibelman [33] and in general dimensions (over C) by Gross-Siebert
[27]. In these fundamental works, a class of tropical objects called scattering dia-
grams was used to describe the quantum corrections used to modify the coordinate
changes (or gluings) in X, along walls in the base (see Figure . In other words,
they tackled the reconstruction problem via a Cech approach. This is made possible
by the following key lemma due to Kontsevich-Soibelman:

Lemma 2.1 (Kontsevich-Soibelman [33]). Any scattering diagram Dg can be com-
pleted (by adding rays) to a consistent scattering diagram D, i.e.

S
0,:=[][o=1
v

for any loop v around any singular point of D; here [[ is the path-ordered product
of the automorphisms © associated to the rays of D which intersect .

(| : @:\-)‘ -T
99 4 .
“ DT
micor ofusd from these 4 precas micor glusd from these 5 plecas
& @Y% conat be compactified & @V% con be compactified
(To#w) (To-u)

FicUrE 3. Corrected gluing of the mirror using a consistent scat-
tering diagram.
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Both Kontsevich-Soibelman [33] and Gross-Siebert [27] were actually motivated
by Fukaya’s proposal DZI]H In his differential-geometric andf more transcendental
approach [14], Fukaya considered the Kodaira-Spencer DGLA

(QO’.(XW T)lg’(?)v 57 ['7 ])

on the semi-flat SYZ mirror X and the associated Maurer-Cartan equation (L.I).
He packaged the quantum corrections into a (0, 1)-form ® with values in the holo-
morphic tangent bundle TV which solves the Maurer-Cartan equation, or equiv-
alently, as a deformation in the classical Kodaira-Spencer theory. And then he
studied what happens when Maurer-Cartan solutions are expanded into Fourier
series along the Lagrangian torus fibers of 7 : Xy — By (the dual of 7 : Xy — By
as shown in the diagram (|2 ) In this way, Fukaya related holomorphic disks in X
with boundaries on Lagranglan torus fibers of 7 : X — B with deformations of the
complex structure Jy on the semi-flat SYZ mirror X, via Morse theory on the base
manifold B, and made a series of spectacular conjectures including the following:

Conjecture 2.2 (Fukaya [14]). Near a large complex structure limit, the Fourier
modes of the Maurer-Cartan solutions are supported near gradient flow trees of the
area functional (which is a multi-valued Morse function) on B, and these gradient
flow trees in B are adiabatic limits of holomorphic disks in X with boundaries on
Lagrangian torus fibers of m: X — B.

Holom

Aisks/curves

in X
It :\g
kaﬂyn et OL\

FIGURE 4

One can imagine that holomorphic disks can glue to produce holomorphic curves
in X, so Fukaya’s conjectures beautifully explain why Gromov-Witten theory of X
is encoded in the deformation theory of the mirror X and why mirror symmetry
can be applied to make enumerative predictions. This is a much more transparent
description of the picture depicted by the SYZ conjecture [38]. Unfortunately, the
arguments in [I4] were only heuristical and the analysis involved to make them
precise seemed intractable at that time.

To reduce the analytical difficulties, we observe that tropical objects, perhaps
because of their linear nature, are much easier to deal with than Morse-theoretical

2Similar ideas, but using rigid analytic geometry, instead of asymptotic analysis, appeared in
an even earlier work of Kontsevich-Soibelman [32].
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objectsE| Moreover, we lose no information by traveling to the tropical world be-
cause tropical geometry on B and Morse theory on B are equivalent via a Legendre
transform. For instance, gradient flow trees in B correspond to tropical trees in B.
In view of this, it seems conceivable to modify Fukaya’s proposal as a relationship
between deformation theory on X, and tropical geometry on B, as illustrated by
Figure [f] below.

'&\o\oN\e C
disks/curves
in X
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FIGURE 5

3. SCATTERING DIAGRAMS FROM MAURER-CARTAN ELEMENTS

In [6], Leung, Ma and the author made the first attempt to realize Fukaya’s
(modified) proposal. We established a precise relation between consistent scattering
diagrams in B and Maurer-Cartan solutions of the Kodaira-Spencer DGLA of the
semi-flat Calabi-Yau manifold X,. Since consistent scattering diagrams can be
thought geometrically as tropical limits of loci (in the SYZ base B) of Lagrangian
torus fibers of 7 : X — B which bound (Maslov index 0) holomorphic disks in X,
this describes a local model for how SYZ mirror symmetry works.

To explain our results, we first recall the definition of a scattering diagram. To
simplify the exposition, we restrict ourselves to the 2-dimensional case in the rest
of this note. While the 2d case is sufficient for illustrating the relationship between
deformation theory and tropical geometry, we shall emphasize that many of the
notions and results below actually work in higher dimensions as well. We will
mainly be following the notations and definitions in [20 23]; see also [35] 37, 36].

We fix, once and for all, a lattice M =2 Z? with basis e; = (1,0) and ez = (0,1).
Let N = Hom(M,Z) be the dual lattice, and Mg = M ®z R and Ng = N ®7 R be
the associated real vector spaces. For m = (a,b) € M, we denote by 2™ = 225 €
C[M] = C[z, 25] the corresponding monomial.

We take By = Mg = R and identify it with Ng using the flat metric on R?. We
also equip By with the positive orientation. Accordingly, we have X, 2 (C*)? and
the fibration 7 : Xy — By is nothing but the log map log : (C*)2 — R?, (21, 22) —
(log |21], log |22]).

3In retrospect, this was a lesson we learned from the Gross-Siebert program [24) 25| [26], [27].
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Consider g := (C[M]®cm) ®z N, where m is the maximal ideal (¢) in the power
series ring C[[t]], equipped with the Lie bracket

[Zman, Zm/an/] = Zm+m/a<m,7n>n,_<m7n/>n,

and the Lie subalgebra

b= P ((C-2")Bcm)@zm™.
meM\{0}

Via exponentiation, this defines the so-called tropical vertex group [23]

V :=exp(h).

Elements of V should be viewed as automorphisms of (formal families) of (C*)?,
which are used to correct the gluings in the reconstruction problem; see Figure
We always write an element © € V as © = exp(f9,,), where

f=Y a2t € (Clz™] - 2™)Bcm
Jk>1

and n € mt C N.

Definition 3.1. A wall is a triple (m, P,0), where

e m = (a,b) € M\ {0},

e P C My is either a line of the form P = p + Rm or a ray of the form
P =p+Rsom, and

o O =exp(f0,) €V such that n € m*\ {0} is the unique primitive vector so
that {m,n} defines the positive orientation on Mg = R? (after identifying
Nr with Mg using the flat metric on R?).

We call © the wall-crossing factor associated to the wall w.

Definition 3.2.
o A scattering diagram D is a set of walls {(Mq, Pa,©O4)},, such that there

(0%
are only finitely many a’s with O, # id (mod m™) for every N € Zy.

o We define the support of a scattering diagram D to be Supp(D) := Uy p Pw,
and the singular set of D to be Sing(D) := Jyecp OPw U, twy Powr N Povs s
where wy th wg means transversally intersecting walls.

o A scattering diagram D = {(mq, Pa,04)},, is said to be consistent if for
any loop v around a singular point of D, the path-ordered product along ~y
(i.e. product of elements ©,, associated to walls which intersect the loop ~

in the order determined by the orientation on vy) is the identity:
—
0, = [[On = Id.
¥

The simplest nontrivial example of a consistent scattering diagram is the penta-
gon diagram shown on the RHS of Figure [3] In general, the combinatorics of such
diagrams can be very complicated; Figure [6] shows a couple more examples.
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FIGURE 6. Examples of consistent scattering diagrams from com-
pleting inconsistent two-wall diagrams.

To see how these are related to deformation theory, we first take the Fourier
expansion of the Kodaira-Spencer DGLA (QO"(XO,T;(’UO)’& [,-]) along the La-

grangian torus fibers of 7 : Xy — By. This produces a DGLA

L= r'.0.[-

iGZzO

over the integral affine manifold By.

We start with the simplest (and trivial) consistent scattering diagram, namely,
the diagram consisting of just one wall w = (m, P,0), where P = p+ Rm is a
line. In [6], we showed that an explicit solution (or ansatz) of the Maurer-Cartan
equation associated to w can be written down. Moreover, asymptotic analysis
of the Fourier modes of this Maurer-Cartan solution can recover the wall-crossing
factor ©:

Proposition 3.3 (§4 in [6]). Let w = (m, P,©) be a wall supported on a line.
Then we have the following statements.

(1) There ezists a Maurer-Cartan solution of the form
Ew = —0m -log(©) € L,

where 0y, is the bump function (i.e. smoothing of a delta function) along
the direction orthogonal to m (see Figure[7 below).

(2) The Maurer-Cartan solution Ey, is gauge equivalent to 0, and after choosing
a suitable gauge fizing condition, there is a unique element oy € L° such
that e®w x 0 = E, .

(3) We have the asymptotic expansion

Pw = (pw)o + O(R)
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as h — 0; furthermore, the Fourier series of the leading term (ow)o s of
the form

Fiwi) ={ 5 o e

FIGURE 7. Ansatz for solving the MC equation in the one wall case.

Here, h measures the size of fibers of the fibration # : Xy — By, and h — 0 is a
large complex structure limit; Hy are half-spaces in By = Mpg defined by P.

Next we study the much more nontrivial and important case of two transversally
intersecting walls: wy = (mq, P1,01), wa = (ma, P2, 02), where P; = p+Rm; and
P, = p+ Rmsy are lines intersecting at the point p € By. Now the superposition

II:=Zw, + 2w, € L'

does not solve the Maurer-Cartan equation (1.1) around the intersection point p,
although each summand itself is a solution.

m,

FIGURE 8. Two walls intersecting.

To solve the Maurer-Cartan equation (1.1)) by correcting I1, we apply Kuranishi’s
method [34]. The key ingredient is a propagator (or gauge fixing) H : L®* — L°*, i.e.
a homotopy retract

H*(L*) ? L*OH
such that
Id—pot=0, Id—top=dH+ Hd.
A solution of is then given by the formula

(3.1) =11 — %H[cb, 3],

upon checking p[®, ®] = 0. An interesting and important fact is that the RHS of
Kuranishi’s formula (3.1) can be expressed as a sum over trivalent trees:

(3.2) P = > Wr,

T':trivalent trees
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where each summand Wy is computed by aligning the input IT at each of the leaves
of the tree T, taking the Lie bracket [-, -] of two incoming terms at a trivalent vertex,
and also acting by the propagator H on any internal edge; see Figure [0] below.

FIGURE 9. A trivalent tree which can appear in the summation
formula for ®.

Indeed, it is well-known that the Maurer-Cartan equation associated to any
DGLA can be solved by such sum-over-trees formulas. This is also a commonly
used technique in solving the classical or quantum master equation in quantum
field theory.

The upshot is that now the Maurer-Cartan solution admits a Fourier ex-
pansion which naturally gives rise to a consistent scattering diagram that completes
the two-wall diagram:

Theorem 3.4 (Theorem 1.5 in [6]). Let wy; = (mq, P1,01), wa = (ma, Py, 03)
be two walls intersecting transversally. Setting 11 := 2y, + Zw, € L' and ® :=
II — H[®, ®], then we have the following statements.

(1) The Fourier expansion of ® is of the form

=1+ > D,
mG(ZiO)
where each summand ®,, is a Maurer-Cartan solution supported near the
ray Py, :=p+ Rzomﬁ
(2) After choosing a suitable gauge fixing condition, there exists, for each m €
(Zio)p”m, a unique element p,, € L° such that
(a) e?™ x0 =D,
(b) ©m = (m)o + O(h) asymptotically as h — 0, and
(c) there exists an element ©,, € V so that the Fourier series of (¢m)o s
precisely given by

prim

log(©,,) on Hp, 1,
e

From these, we can associate a scattering diagram D(®) to the Maurer-
Cartan solution ®.
(8) The scattering diagram D(®P) is consistent.

A scattering diagram can be viewed as a number of tropical disks stacked together
(cf. the notion of standard scattering diagram in Definition 1.10 and the subsequent
discussion in [23] §1]). From the proof of Theorem [3.4]in [6], one can actually see
that each trivalent tree in gives rise to exactly one such tropical disk.

4To make precise the phrase “supported near”, we introduced the notion of asymptotic support
in [6 Definition 4.19].
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FicUre 10. Completion of the two-wall diagram by solving the
MC equation

4. TROPICAL COUNTING FROM MAURER-CARTAN ELEMENTS

An application of the ideas in the previous section can reveal further connections
between tropical geometry and deformation theory. In [7], Ma and the author
studied mirror symmetry for toric Fano surfaces via Fukaya’s program. Here we
briefly review what we have obtained.

Recall that the mirror of a toric Fano surface X = Xy is given by a Landau-
Ginzburg model (X, W) where X = Xy = (C*)? and W : X — C is a Laurent
polynomial called the Hori-Vafa superpotential [28]. In an important work [I0],
Cho-Oh showed that W coincides with the Lagrangian Floer superpotential of X,
defined via Lagrangian Floer theory by Fukaya-Oh-Ohta-Ono [15 16} 17, 18]. More
previsely, they showed that the coefficients of W are exactly counts of Maslov index
2 holomorphic disks in X with boundaries on Lagrangian torus fibers of the moment
map 7 : X — A, where A C Mg is the moment polytope.

A prototypical example is given by mirror symmetry of the projective plane
X = P?2. The mirror superpotential is explicitly given by the Laurent polynomial
W=zx+y+ xiy on X = (C*)2. One can directly see that the monomial terms in
W are in a one-to-one correspondence with Maslov index 2 disks in X bounded by
moment map Lagrangian torus fibers; see Figure [L1| for the tropicalization of such
disks.

3

FIGURE 11. Moment polytope of P? and the MI 2 tropical disks.

In the toric case, the simplest nontrivial mirror statement is the ring isomorphism
QH*(X) = Jac(W), where QH*(X) is the small quantum cohomology ring of X
and Jac(W) := Clz*,yT]/(x0W/0z,yOW/dy) is the Jacobian ring of W [I} [19]
(see also [3]). To extend this to the big quantum cohomology, we need to perturb
the superpotential W. There are two methods: one is by bulk deformations, due
to Fukaya-Oh-Ohta-Ono [I7]; another is by counts of tropical disks, due to Gross
[20], but only in the case of P2. We will recall the latter approach briefly below.

Following [20], we consider a graph I' without bivalent vertices but with some
unbounded edges. Denote by T'% and T'l!! the set of vertices and the set of edges
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of T" respectively; also denote by Fg c T'M the set of unbounded edges. Let Xy
be a toric Fano surface. Then a d-pointed marked tropical curve in X is a map
h : T — My together with a weight function w : I'%) — Z>p and a marking
{p1,...,pa} — Tl satisfying the following conditions:
o w(E) =0 if and only if E = E,,, for some 1.
e Fori=1,...,d, h|g,, is constant, while for each F € rMN\{E,,,...,E,,},
h|g is a line segment of rational slope.
o At each vertex V e Tl the balancing condition is satisfied, meaning that,
if E1,...,E, € T are the edges adjacent to V, and m; € M denotes the
primitive vector tangent to h(E;) and pointing away from V', then we have

14
i=1

e For each unbounded edge E € FL{J, h(E) is either a point or an affine

translate of some 1-dimensional cone p in the fan X.

To define tropical disks, we consider a graph of the form I = T' U {V, }, where
I' is as above and V, is a univalent vertex adjacent to a unique edge Eou;. Then
a d-pointed marked tropical disk in Xx, is a map h : I' — My satisfying the same
conditions as above, except there is no balancing condition at V.

Now we fix k points Pi, Ps,..., P, € Mr = R? in generic position. Then a
tropical disk in (Xs; Pi,...,Py) with boundary @ is a d-pointed marked tropical
disk in X5 is a map h : I — Mg as above such that h(Vou) = Q and h(E,;) = P;;
where 1 < 4; < -+ < ig < k. The Maslox index of such a disk h is deﬁned as
MI(h) := 2(N — d), where N is the number of unbounded edges of TV on which h
is non-constant (or number of unbounded edges in the image h(I")).

Taking the union of all Maslov index 0 tropical disks, one obtains a scattering
diagram D = D(X; Py, Ps, ..., P), where ¥ denotes the fan of P2.

Theorem 4.1 (Proposition 4.7 in [20]). The scattering diagram D is consistent
away from the points Py, Pa, ..., Py, i.e. for any P € Sing(D) \ {Py1, Pa,..., P},
we have ©, = Id where ©, is the path-ordered product along a loop v around P.

Figure E 12| below shows the cases k = 1 (left) and k = 2 (right).

- 7{/% /

(r\o \;c,g.‘ﬂ‘r_.n‘ag')

FIGURE 12. Scattering diagrams coming from loci of MI 0 tropical disks.

Now the scattering diagram D divides R? into different chambers (i.e. connected
components of the complement R? \ Supp(D)). Then Gross’ k-pointed perturbed
superpotential is defined using counts of Maslov index 2 tropical disks:

)= Z Mono(T)
r
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for Q in a fixed chamber in R? \ Supp(D), where the sum is over all Maslov index
2 tropical disks passing through some of the points P, Ps,..., P, and with stop
at @, and Mono(T") is a monomial in the variables z,y associated to I". See [20]
Example 2.9] for some explicit examples.

When we move the stop () from one chamber to another, Gross proved that his
perturbed superpotential displayed the following wall-crossing phenomenon:

Theorem 4.2 (Theorem 4.12 in [20]). For Q+,Q_ € R?\ Supp(D), we have

Wi(Q-) = 6,(Wi(Q+)),

where 7y is a path going from Q1 to Q_ and © is the path-ordered product along
v, i.e. ordered product of wall-crossing factors associated to walls intersecting .

/ / |/

~ Scaftering P o Suﬂuiutt i

Pt ® B P ot

o]

GZ
Ficure 13. Wall-crossing for counts of MI 2 tropical disks.

To see how such tropical phenomena emerge from deformation theory, we con-
sider the following DGBV algebra which controls (extended) deformations of the
mirror Landau-Ginzburg model (X, W):

(PV**(X) = (X, AT0), 0w o= 0+ (W, ], A, ),

where the total degree on PV"'(X) is taken to be deg PV% := j — i, and A is
the BV operator corresponding to d on Q”’(X' ) under contraction by the standard
holomorphic volume form € := dlogz A dlogy on X = (C*)2. Replacing 0 by the
twisted Dolbeault operator Oy, the Maurer-Cartan equation is written as

(4.1) 5W©+%@Aﬂ=&

In this case, Bogomolov-Tian-Todorov—type unobstructedness results have been
proved by Katzarkov-Kontsevich-Pantev [29] (via degeneracy of a Hodge-to-de
Rham spectral sequence as proved in Esnualt-Sabbah-Yu [12]).

To solve the Maurer-Cartan equation , we consider the input

T € PV*?(X),

which is a sum of polyvector fields valued bump forms at each of the points
Py, Py, ..., Py, as shown in Figure [[4]

After choosing a suitable propagator H, we can use Kuranishi’s method to solve
(4.1) as in namely, we can obtain a Maurer-Cartan solution by the formula:

@:HHOW®+;@@D

(upon checking p([W, ®] + 1[®,®]) = 0), which can in turn be expressed as a
sum-over-trees formula ® = % . . < Wr, but now the decoration of each
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FIGURE 14

trivalent tree is modified as in Figure namely, besides II, we also align W at
some of the leaves of the tree T"

FIGURE 15

Now the interesting part is that such a Maurer-Cartan solution gives rise to all
the tropical disks used by Gross:

Theorem 4.3 ([7]). Decomposing the Maurer-Cartan solution according to the
double degrees: ® = &2 + L1 4 90 we have 22 =11, and

(bLl = Z ar IOg(GF)7
I': MI 0 tropical disks
Y0 = Z BrMono(T),

T': MI 2 tropical disks

where ar € QX)) is a (0,1)-form supported near a wall in the scattering diagram
D =D(Z; P, Pa,...,P), and Br € Q°O(X) is a function such that limp_,0 Br|g =
1 for Q in a fized chamber in R? \ D.

In particular, this gives the following one-to-one correspondences:
{Maslov index 0 tropical disks} +— {leading order terms in ®"'},
{Maslov index 2 tropical disks} «+— {leading order terms in ®*°},

where the latter is concerning the fixed chamber in R? \ D.
Away from the points Pj, Py, ..., Py, the Maurer-Cartan equation (4.1)) splits
into the following two equations:

- 1
(4.2) oot + S[eht o] =0,
(4.3) 09%0 4 [@1 W 4 %0 = 0.

The results in §3| say that the solution ®'! of equation (4.2) gives rise to the
consistent scattering diagram D = D(X; Py, Ps, ..., P;). Also, Theorem says
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that, for Q in a chamber of R? \ D, Gross’ perturbed superpotential is given by
Wi(Q) = W(Q) + ®°°(Q). Now, the equation (4.3) can be rewritten as

(4.4) 0+ -H (W + 0%0) =0,

and since ®1! is gauge equivalent to 0, i.e. there exists (uniquely) ¢ € Q%9(X, T}(’O)
such that exp(yp) * 0 = ®1'1, the equation ([4.4) is precisely telling us that

e Wi(Q)
is a global holomorphic function (with respect to the original holomorphic structure
on X) away from Py, Ps, ..., Py. Furthermore, near a wall in D, the gauge ¢ is of

the form (see Figure [16| below):

_ lOg(C"‘)) on H+7
Y= 0 on H_.

Hence, this explains Gross’ wall-crossing formula:

Wi(Q-) = O(Wi(Q+))

across a single wall in D.

T (a woll in D)

FIGURE 16

5. EPILOGUE

Without questions, the study of quantum corrections is of utmost importance
in mirror symmetry. Scattering diagrams and tropical counting are descriptions of
quantum corrections using the language in the tropical world. So no doubt they
play important roles in mirror symmetry, and in particular, in the reconstruction
problem. Recently, such tropical objects have even found applications beyond mir-
ror symmetry — for example, in the study of cluster algebras and cluster varieties;
see e.g. [21] 22].

On the other hand, the lesson we learn from the results described in this note
is that consistent scattering diagrams and tropical counts are actually encoded in
Maurer-Cartan solutions of the Kodaira-Spencer DGLA. Thus, for the purpose of
proving mirror statements or even understanding mirror symmetry, one may bypass
the complicated combinatorics of these objects. This was the motivation behind
the recent works [4, 8, @], where we directly constructed the DGLA (or better,
DGBYV algebra) that governs smoothing of degenerate Calabi-Yau varieties and
prove existence of smoothing without using scattering diagrams.

Besides giving a unified proof and substantial extension of previous smoothing
results [13], the algebraic framework developed in [4] can actually be combined with
the techniques of asymptotic analysis in [6l, [7] to globalize the results reviewed in
this note, which are local in nature. In the forthcoming work [5], we will prove the
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original, global version of Fukaya’s conjecture [14, Conjecture 5.3] (reformulated as
discussed in this note) using this strategy. To speculate further, these methods will
yield a local-to-global approach for proving genus 0 mirror symmetry. We hope to
report on this in the near future.
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