A DIFFERENTIAL-GEOMETRIC APPROACH TO
DEFORMATIONS OF PAIRS (X, FE)

KWOKWAI CHAN AND YAT-HIN SUEN

ABSTRACT. This article gives an exposition of the deformation theory for pairs
(X, E), where X is a compact complex manifold and F is a holomorphic vector
bundle over X, adapting an analytic viewpoint & la Kodaira-Spencer. By intro-
ducing and exploiting an auxiliary differential operator, we derive the Maurer—
Cartan equation and differential graded Lie algebra (DGLA) governing the de-
formation problem, and express them in terms of differential-geometric notions
such as the connection and curvature of F, obtaining a chain level refinement of
the classical results that the tangent space and obstruction space of the moduli
problem are respectively given by the first and second cohomology groups of
the Atiyah extension of E over X. As an application, we give examples where
deformations of pairs are unobstructed.
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1. INTRODUCTION

The theory of deformations of pairs (X, E), where X is a compact complex man-
ifold and E is a holomorphic vector bundle over X, has been studied using both
algebraic [211,[16, 9] [15] and analytic [22][6] approaches and is well-understood among
experts. In this mostly expository paper, we revisit this problem from a viewpoint
a la Kodaira-Spencer [12), T3] [IT], emphasizing the use of differential-geometric no-
tions such as connections and curvatures of E and the induced differential operators.
What we obtain is a chain level refinement of the classical results.
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To illustrate our strategy, recall that a family of deformations {X;};ca of a
compact complex manifold X over a small ball A can be represented by elements
{pittien C Q%Y(Tx), where Tx is the holomorphic tangent bundle of the complex
manifold X. While the Dolbeault operator 0 : Qg(t — Qg(} on X; is not easy to
write down explicitly, one may consider the more convenient operator

54‘301548 : Qg( — Q())(’l

Although 0 + ;.0 is not the same as J;, their kernels coincide (see Proposition
, and hence 0+¢; 10 completely determines the local holomorphic functions with
respective to the complex structure J; on X;. In fact, we have Qg(tl = (id— 95;")(22(’1
and the commutative diagram

]
0 t 0,1
QX QXt

O+ 10

0,1
Qy

where m; is the inverse of the canonical projection P; : Qgél c Ok — Qg(tl (see the
proof of Proposition ; in this way we can compute everything in terms of the
holomorphic structure on X.

The same idea can be applied to deformations of pairs. First of all, given a family
of deformations {(X;, Fy) }ea of (X, E), we have a family of elements {¢;}iea C
Q01(Tx) since {X;} is in particular a family of deformations of X. Using a smooth
trivialization, we may further assume that Fy = E as smooth complex vector
bundles. By choosing a hermitian metric on E and considering the associated
Chern connection, we define a differential operator

Dy : QRYUE) — Q¥*TH(E),

which satisfies the Leibniz rule and D? = 0 (see Section for details). While D; is
certainly not the Dolbeault operator dg, on the holomorphic bundle E, its kernel
gives precisely the space of holomorphic sections of E; over X;, and similar to the
case when E = Oy (the trivial line bundle), we have a commutative diagram

0% (B) = 0% (B)
D, lm
2% (E)
relating the operators D; and dg,. Furthermore, D; determines a family of elements
Ay =Dy — 0 — 92V € QYHEnd(E));

conversely, given any family of pairs of elements A; € Q%Y (End(E)), ¢; € Q%Y (T),
we can set

Dt = 5E + oV + Aq.
The upshot is the following Newlander—Nirenberg-type theorem for deformations
of pairs:
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Theorem 1.1 (=Theorem [3.12)). Given ¢, € Q%' (Tx) and A, € Q¥ (End(E)), if
the induced differential operator Dy defined above satisfies D? = 0, then it defines
a holomorphic pair (X, Ey) (i.e. an integrable complex structure J; on X together
with a holomorphic bundle structure on E over (X, Jy)).

Applying this, we derive the Maurer—Cartan equation:

Theorem 1.2 (=Theorem [3.17). Given a holomorphic pair (X, E) and a smooth
family of elements {(A¢, 1) rea C QUL(A(E)). Then (A4, ¢:) defines a holomor-
phic pair (X, Ey) if and only if the Maurer—Cartan equation

_ 1
Oa(p)(At, 1) + 5[(At7 wt), (A, 04)] =0

is satisfied. Here, 1_4(E) is the Atiyah extension of E which is equipped with the
Dolbeault operator 04y, and the bracket [—, —] is defined in terms of connections
and curvatures on E in Proposition |3.14)

Moreover, the triple (Q°°(A(E)), da(p), [—, —]) forms a differential graded Lie
algebra (DGLA), which (as expected) is naturally isomorphic to the one obtained
by algebraic means [21], [16] (see Appendix. At this point, we should mention that
the relation between deformation theories and DGLAs was first recognized in [19]
by Nijenhuis and Richardson; later, it was suggested by Goldman and Millson [3] 4]
and many others that deformation problems should always be controlled by DGLAs
and solutions to the associated Maurer—Cartan equations form moduli spaces of the
deformation problems.

From the Maurer-Cartan equation, we deduce that the space of first order de-
formations of (X, F) is given by the first cohomology group Hg;l(E) ~ HY(X, A(E))

(see Section , and that the obstruction theory is captured by the Kuranishi map
Obx,p) : U C H' (X, A(E)) = H*(X, A(E)),

Zti(Ai, i) = H[(As, 1), (Ar, 00)],

i=1
whence obstructions lie inside the second cohomology group Hgf(E) ~ H%(X,A(E))

(see Section. Here, U is a small open neighborhood of the origin 0 € H*(X, A(E)).
We also give a proof of the existence of a locally complete (or versal) family (see
Theorem cf. [22]) using an analytic method originally due to Kuranishi [I4].

Next we apply this analytic approach to look for situations where deformations
of holomorphic pairs are unobstructed (Section . The main tool is the following
proposition relating deformations of the pair (X, F) to that of X and E, which first
appeared in [7, Appendix A] without proof:

Proposition 1.3 (=Proposition . Denote the Kuranishi obstruction maps of
the deformation theory of X, E and (X, E) by Obx, Obg and Ob x g respectively.
Then we have the following commutative diagram:

. — HY(X, End(E)) -~ H'(X, A(E)) = H'(X,Tx) > - -

ObEl Ob(X,E)i Obxl

.. — > H(X, End(E)) > H*(X, A(E)) *—> H*(X,Tx) >*— - --
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Here, the connecting homomorphism ¢ is given by contracting with the Atiyah class:
() = palFv].

Remark 1.4. The vertical maps (Kuranishi maps) in the above proposition are
understood to be defined on small neighborhoods around the origins of the corre-
sponding cohomology groups.

Applying this proposition, we obtain results which generalize some of those in
the recent work of X. Pan [20] (where only the case when E is a line bundle was
considered). We also prove that when X is a K3 surface and F is a good bundle over
X with ¢1(E) # 0 (Proposition [7.7), deformations of pairs (X, E) are unobstructed.

Remark 1.5. After we posted an earlier version of this article on the arXiv, Carl
Tipler informed us that the paper [0] of L. Huang already contained most of our
results, although we have more detailed expositions of first order deformations (Sec-
tion and the proof of existence of Kuranishi families (Section@ than Huang’s
paper and we have a comparison with the algebraic approach (Appendiac showing
in particular that the isomorphism class of the DGLA is independent of the choice
of hermitian metric on E. As a result, this article should be regarded as largely
expository.
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2. CONNECTIONS, CURVATURE AND THE ATIYAH CLASS

In this section, we review some basic notions in the theory of holomorphic vector
bundles over complex manifolds and fix our notations. Excellent references for these
materials include the textbooks [5] §].

Let F be a complex vector bundle over a smooth manifold X. For k > 0,
we denote by QF the sheaf of k-forms and by QF(E) the sheaf of E-valued k-
forms over X. Recall that a connection on E is a C-linear sheaf homomorphism
V: QYE) — QY(E) satisfying the Leibniz rule:

V(f-s)=df ® s+ f-Vs

for f € Q0 and s € Q°(F). We extend V naturally to V : QF(E) — QFF1(E) by
defining

Vie®s)=da®s+ (—1)Fa A Vs
for a € QF and any s € Q°(E). The curvature

Fg=VoV:Q%E) - Q*E)
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of V can then be regarded as a global End(FE)-valued 2-form. Also, V induces a
natural connection on End(FE) by

(VA)(s) = V(As) — A(Vs),
where A € Q°(End(E)) and s € Q°(E), and we have the Bianchi identity
VFy =0.

Now suppose that X is a complex manifold. For p,q > 0, we denote by QP4
the sheaf of (p,q)-forms and by QP?(E) the sheaf of E-valued (p,q)-forms over
X. Recall that a holomorphic structure on a complex vector bundle E over X is
uniquely determined by a C-linear operator dg : Q°(E) — Q%! (E) satisfying the
Leibniz rule and the integrability condition 5% = 0. If we further equip F with a
hermitian metric h, then there exists a unique connection V on E which is hermitian
(i.e. dh(s1,s2) = h(Vsi,s2) + h(s1, Vsz) for any s1, sy € Q°(E)) and compatible
with the holomorphic structure on E (i.e. V%! = 0g, where V%! = I1%! 0 V and
P4 : QPTI(E) — QP4(E) is the natural projection map). V is usually called the
Chern connection on (E,h). The curvature Fy of the Chern connection on (E, h)
is real and of type (1,1), so the Bianichi identity implies that 5End(E)FV =0, and
thus this defines a class

[Fy] € HYY(X,End(E)),

called the Atiyah class of E [I]. We have the following lemma.

Lemma 2.1 ([8], Proposition 4.3.10). The Atiyah class is independent of the choice
of the Hermitian metric.

Using the Atiyah class, one can define an extension of End(E) by Tx; indeed,
in the language of algebraic geometry, we can interpret the Atiyah class as an
element in the extension group Ext'(F ® Tx, F) = Ext'(Tx,End(F)). Consider
the smooth vector bundle A(E) := End(F) @ Tx and the differential operator
OaE)s : Q(A(E)) = Q1 (A(E)) on A(E) defined by

= Opna(ry B
0aB) = _ ;
0 on,
where B € Q%1 (Hom(Tx,End(E))) acts on Q°(Tx) by
BAg:=—(-1)*lpiFy.

To simplify notations, from this point on, we will denote the vector bundles End(E)
and Hom(T'x,End(F)) by Q and H respectively unless specified otherwise.

Proposition 2.2. B € Q%! (H) is Oy -closed.
Proof. This follows from the Bianchi identity dgFy = 0: For any v € T,
(0uB)(v) = 0g(Bv) + B(Oryv) = —0g(voFy) + OryvaFy = vi0g Fy = 0.
O

Proposition 2.3. (A(E),gA(E)B) defines a holomorphic vector bundle over X
whose holomorphic structure depends only on the class [B].
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Proof. Clearly (g, satisfies the Leibniz rule, so it suffices to prove that 9% By =
0. But 0%, = 0 if and only if 0y B = 0 which holds by Proposition ﬁ This
proves the first part of the proposition.

To see the second part, suppose that B’ — B = 0y f for some f € Hom(Tx, Q).
Define the smooth bundle isomorphism F': A(E) — A(E) by

F:(Av)— (A— fu,v),
and extend to A(FE)-valued p-forms. We compute

5A(E)B,F(A,v) = (0g(A — fv) + B'v,0rv) = (0gA — Og fv + Bv + Om fv, O, v)
= (0gA + Bv — fOr,v,0r,v) = Fisp),(A,v).

Hence F in fact defines a holomorphic bundle isomorphism between (A(E), 4(g),)
and (A(E),d4(p),,). Since the curvature Fy differs by an exact End(E)-valued 1-
form if another metric was used, this shows that the holomorphic structure of
A(FE)p only depends on the class [B] but not the metric. O

Remark 2.4. Under the Dolbeault isomorphism
H' (X, Hom(Tx., Q)) = H"' (X, Q),

the class [B] corresponds to the Atiyah class [Fy]. Hence the holomorphic structure
of A(E) depends only on the Atiyah class of E.

By abuse of notations, we will now write 5,4( E)p Simply as 5,4( E), keeping in
mind that a hermitian metric on E has been chosen.

Definition 2.5. The holomorphic vector bundle (A(E),éA(E)), which is an exten-
sion of Q@ = End(E) by Tx, is called the Atiyah extension of E.

3. MAURER—CARTAN EQUATIONS

In this section, we start our study of the deformation theory of pairs (X, E).
Our goal is to derive the DGLA and Maurer—Cartan equation which govern this
deformation problem.

3.1. Deformations of complex structures and holomorphic vector bun-
dles. We begin by a brief review of the classical theory of deformations of complex
structures and holomorphic vector bundles; the textbooks [II] and [I0] are classic
references for these theories respectively.

We first recall that a family of deformations 7 : X — A of a compact complex
manifold X can be represented by a family of sections ¢; € Q%1 (Tx ), where T is
the holomorphic tangent bundle of X (or the i-eigenbundle of the almost complex
structure defining X), satisfying the Maurer—Cartan equation

_ 1
(1) Ory 0t + 5[%%] =0.

An essential ingredient in the proof is the Newlander—Nirenberg Theorem [I8] which
states that any integrable almost complex structure comes from a complex struc-
ture.
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Proposition 3.1. Define an operator 0+ @10 : Q0 — QO by f = Of + p;2(0f),
where 1 denotes the contraction or interior product. Then a local smooth function
f is holomorphic on X; if and only if (8 + cth(‘?) =0, ie.

5tf20<:> (5+(th6)f:O,
where 0, is the O-operator of the complexr manifold X, .

Proof. Let z',...,2" be local holomorphic coordinates on X (where n is the com-
plex dimension of X). Then ¢, is of the formE|

, , b
=’ t diz .
pr = pi(2,1)d2" @ 5

Hence T )0(’3 is locally spanned by

o ;.0
CERROSRERS

The result follows. O

Next we recall the deformation theory of holomorphic vector bundles. Let £ —
X be a complex vector bundle over a complex manifold X. It is a standard fact in
complex geometry that E admits a holomorphic structure if and only if there exists
a linear operator Jg : Q%4(E) — Q%9+1(E) satisfying 0% = 0 and the Leibniz rule

Ip(a®s)=0a® s+ (—1)*a A dg(s),

for any o € Q%9(E) and smooth section s of E (we call this the linearized version
of the Newlander—Nirenberg Theorem; see e.g. [8, Theorem 2.6.26] or [17, Theorem
3.2]). Hence if we have a family of holomorphic vector bundles & — A (or {E;}ren)
on X, then we have a family of Dolbeault operators dg,, whose squares are zero
and all satisfy the Leibniz rule.

Proposition 3.2. Given a family of deformations {Et}ien of E, the element Ay :=
Op, — 0p € Q¥ (End(E)) satisfies the Maurer—Cartan equation

= 1
OEnd(e) At + i[At, A =0
for allt € A. Conversely, if we are given a family {At}ien C Q%Y (End(E)) which

satisfies the Maurer—Cartan equation for each t, then {(E,@E + At>}t€A defines a
family of deformations of E.

Proof. Note that
= = = = 1
(O + A4)* = Op Ay + A + Ay N Ay = Opna(m) Ar + 5[141:, Ayl

The result follows from the linearized version of the Newlander—Nirenberg Theorem.
d

LThe Einstein summation convention will be used throughout this article.
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3.2. Deformations of holomorphic pairs and the operator D,.

Definition 3.3. A holomorphic pair (X, E) consists of a compact complex manifold
X together with a holomorphic vector bundle E over X.

Definition 3.4. Let (X, E) be a holomorphic pair. A family of deformations of
(X,E) over a small ball A centered at the origin in C? consists of a proper and
submersive holomorphic map m : X — A (a family of deformations of X over A)
and a holomorphic vector bundle £ — X such that 71 (0) = X and &|-1() = E.
Fort € A, we denote by (Xy, Ey) the holomorphic pair parametrized by t.

By the theorem of Ehresmann, if A is chosen to be small enough, the family X
is smoothly trivial, i.e. one can find a diffeomorphism F': X — A x X. Restricting
to a fiber X} C X, one can push forward the complex structure on X; to define J;
on X; := {t} x X via F. One can also trivialize £ as A x F by a smooth bundle
isomorphism P and the holomorphic structure on E; := {t} x E is induced from
that on &|x, via the map P. Hence we can assume that our family is a smoothly
trivial family A x E — A x X over a small ball A in C? centered at the origin.

Now let {(X¢, Et)}ien be a family of deformations of (X, FE). By definition,
{Xi}ten is a family of deformations of X, so it can be represented by an analytic
family of sections ¢; € Q%! (T'x) satisfying the Maurer—Cartan equation . Define
the operator D; : Q¥4(E) — Q%4t1(E) by

Dy(sFer) = (0 + ¢120)s* @ ey,
where {eg} is a local holomorphic frame of E.

Proposition 3.5. The linear operator D, is well-defined, that is, independent of
the local holomorphic frame of Ey. Moreover, it satisfies the Leibniz rule

Di(a®s) = (8 + @a0)a® s+ (—1)%la A Dy(s)
for any s € Q°(E) and a € Q%*(X). Also, Dy(s) = 0 if and only if O, (s) = 0.
Proof. To prove well-definedness, we need to show that D, is independent of the

choice of a local holomorphic frame {ex} of E;. So suppose {f;} is another local

holomorphic frame of E;. Let Tf be local holomorphic functions on X; such that

k

fj = 7Fer. Then for a local section s = s*e;, = 57 f;, we have 3/ = s*7] and thus

Di(3f;) = (0 + ¢10)5 @ f; = (0 + 1 00)(s" ) ® f;
= (9 + p100)s" @ 1] f; = Dy(s*ey).
Hence D; is Well—deﬁnedJ -
The Leibniz rule for D; is clear since 9 and 0 both satisfy the usual Leibniz rule.

Finally, for a smooth section s of E, if we write s = s*e;, locally with {e;} a local
holomorphic frame of F;, then we have

Dy(5) = 0 <= (04 ¢120)s* =0 <= 95" = 0 <= 9, (s) = 0.
(Il

We claim that D? = 0. By our definition of Dy, for any smooth function f :
X — C and local nowhere vanishing holomorphic section e of E;, we have

D}(fe) = (0+ ¢p120)* f ®e.
To compute the right hand side, we need the following
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Lemma 3.6. For any ¢ € Q%P(Tx) and a € Q' (E), we have the Leibniz rule
0p(paa) = Oy pac — (—1)Pp_dpa.
Proof. Writing ¢ = ¢%dz’ ® %, we have

paa = hdz’ @ a (3821') :
) € Q°(E). Then
Op(paa) = (04 AN dz") @ a; + (—1)Pphdz! A dpa;
= Oy paa + (—1)Pp4dz? A dpay.

Let «; := a(

To compute the last term, first note that the contraction of % with « is taken
in the (1,0)-part, we can therefore assume o = a¥dz’ ® ey, where {e;} is a local
holomorphic frame of E. So we have

. _ . 9 _
©hdz’ A dpa; = —ohdz! A <azi48a§“ A dzl> ® ey,
o _
550 JaE(Oél dz' ® er,) = —p.dpa,

and hence the desired formula. O

= —ypydz’ ®

We can now compute D?.

Lemma 3.7. For any smooth function, f : X — C, we have the equality
_ = 1
(8 + QDtJa)Zf = (aTX Ot + 5[90,5, th]> Jaf

Proof. First, we have
(0 + ¢120)° f = 0(psa0f) + 1300 + 1 10(p 10 f).
By Lemma [3.6] the first term is given by
O(p1a0f) = Ory 01 20f + 1200 f.
Since 00 = —00, we have
(s 20f) + @1 100f = Ory 1 10f.
For the last term, by writing ¢; = ¢! dz™ ® % in local coordinates, we have

of

_ 1 =m
pr10f = %%ﬁdz
and so
8L)0m af =J =m il 82f 57 >m
0t 20(peadf) = i B 54l = dZ NdZ™ 4l EREW dz? Ndz
But ) e
i i
wjgpmaza ldzj/\dz —@mgp]a 9% -dz™ AdZ,
SO we obtain
; 0p,, 0 1
0120(pr0f) = (,;"m afld 7 NdZ" = <ot il 0.

The result follows. O
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As {X:}ien is an honest family of deformations of X, the Maurer—Cartan equa-
tion for ¢ holds. Hence we have
Proposition 3.8. D? = 0.

From the viewpoint of Proposition it is natural to compare the operator D,

Proposition 3.9. A, := D, — 0 — 0,0V € Q%Y (End(E)).

Proof. Let f be a smooth function and s a smooth section of E. Using the Leibniz
rules, and the fact that the contraction is only taken in the (1,0)-part, we have

Ar(fs) = (0 + ¢120)f @ s+ fDi(s) — 0f @ 5 — fOp(s) — praV(fs)
= (p120) f @ s+ fDy(s) — fOp(s) — pradf @ s — foraV(s) = fA(s).
O

In the other direction, suppose we are now given elements 4; € Q%!(End(E))
and ¢, € Q% (Tx), parameterized by t € A, we can then define an operator
D, : Q%E) — QY%L(E) by

D, = 0p + 0,1V + A,.
We extend D; to Q%4(E) in the obvious way, so that the Leibniz rule
Di(a®s) = (8 + ¢u0)a® s+ (—1)*a A Dys
holds. We want to show that if D? = 0, then (A, ;) defines a holomorphic pair
(Xt, Et). First of all, we have
Proposition 3.10. If D? =0, then X; is a complex manifold.

Proof. Using the Leibniz rule, we have for any smooth function and sections of £
that

0= D*(fs) = (0 + ¢120)*f ® 5.
Hence (0 + ¢;10)% = 0, which is equivalent to the Maurer-Cartan equation by
Lemmal[3.7 Therefore, the almost complex structure defined by ¢, is integrable. [

We now need to show that E also admits a holomorphic structure over X;. We
will follow the approach of [I7]. Let us first make the following assertion:
Any smooth sections of E can locally be written as sFey,,
where {e} C ker(D;). We can then define dg, by
Op, (s"er) = 0" @ ey,

To check that it is well-defined, suppose we have another local basis {f;} C ker(Dy),
then there exist (h?) such that f; = h?ek. Applying D;, we have

(0+ @ea0)hs @ ey, = 0.

Since {ex} is assumed to be a local basis, we have (9 + ¢;080)h% = 0, which is
equivalent to 5th§ = 0. Hence

Op, (3 1)) = 057 @ f; = 0 (s"h) @ f; = Ou(s?) ® hi,f; = O, (s*ey).

This proves well-definedness.
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Clearly, it satisfies the Leibniz rule
dp,(a®s) =da®s+ (1) ndg,s

and g%t = 0 since ¢; defines an integrable complex structure on X. Hence by

the linearized version of the Newlander—Nirenberg Theorem, E; = (E,Jg,) is a
holomorphic vector bundle over Xj.
It remains to prove that our assertion is correct:

Lemma 3.11. ker(D;) generates Q°(E) locally.

Proof. Let us first fix a smooth local frame {0} of E; over a coordinate neighbor-
hood U C X;. What we need are coordinate changes (f!(z,t)) € s (U, GL,(C))

such that f}oi € ker(Dy). Writing Dyo; = Tik ® o, with ’Tik € QY1(X), the existence
of (fi(z,t)) is equivalent to
0=Dy(fios) = (0f] + ¢e20f}) @ 0i + fitFoy.
This in turn is equivalent to the following system of PDEs
O+ @rad)f] + fi7f =0
subject to the condition:
D} =0 (0+ @a0)1) =T A Tf.

We will show that this system is solvable, following the line of proof in [I7, Theorem
9.2] (linearized version of the Newlander—Nirenberg Theorem).
First of all we set

N :=U x C", T := span{dz® — p;2dz", dw; — Fwy}.
We want to show that d(T") C QO(/\(IC N)AT. First we have

A(d= — pradz) = 2B 4zh p gz — 8 dz"
(dz — ppadz”) anZ/\Z Ty Pradz®.

0
.
EPm adz >

Then applying the Maurer—Cartan equation gives

a (o3
d(d= — ppad=®) = %dzﬁ A (sz —plds @

9p5
TP az8 Y v
507 dzP A (dz7 — ppad2?).

Secondly,
d(dw; — tlw;) = —07tw, — dtiwy + 7} A dwy
= —(0 — 1 20)TIw; — (O + 1 20)Tiwy + T} A duy
=—(0— <pt_|8)72-lwl — Tf A T,lcwl + Tl-l A dw;
= —(0 — @u0)Tiw; — T A (dwy — Thwy).

Hence by the Newlander—Nirenberg Theorem, we obtain holomorphic coordinates
(¢ uf) on N and smooth functions Fg ((;) = Fg(2,1), F} ¢y ut) = FH(z,u,t), and
FL (¢, us) = Fio(z,w, t) such that

{dgﬁ =F§(z,t)(d2" — ¢.d2"),
dul =F}(z,w,t)(dw; — 7Fwy) + Fio(z,w,t)(dz® — @;1dz®).
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Since {dz® — ¢;udz®, dw; — TFwy} and {d(f, dul} are basis of T, we see that the
(n+7) x (n+ r)-matrix
(Fg)  (Fia)
Orxn  (F])
is invertible for all (z,w,t). It follows that (F}) is also invertible for all (z,w,t).
Applying the exterior differential on N and evaluating at w = 0, we have
0 =dF} A dw; + Fi7F A dwy, + dFjo A dz® — dFjo A @pdz® — Fiod(ppadz®).
Comparing the dz Adw-component on both sides gives é?zFf/\dwi 4+ 0w FlaNdz® =0,
which implies, by contracting with ¢;, that
tthde A dw; + Oy Flo, N\ ppadz® = 0.
Then by comparing the dzZ A dw-component, we have
5Fli A O w; + Flin A dwy — OwFro N pradz® = 0.
Together with the formula we just obtained, we arrive at
(0 + 1 20)Fi(2,0) + Ff(2,0)7i = 0.
The result now follows by setting fij(z, t):= Ff(z, 0,t). O
In summary, we have proved the following

Theorem 3.12. Given A; € Q%Y(End(E)) and ¢, € Q%Y (Tx). If the induced
differential operator Dy : Q4(E) — QU4TY(E) satisfies D? = 0 and the Leibniz
rule

Di(a®s) = (8+ a0)a® s+ (—1)%a A Dy(s),
then E admits a holomorphic structure over the complex manifold X;, which we
will denote by Ey — X; or just Ey.

The operator D, gives a cochain complex
(Q04(B), Dy).

It is then natural to compare the cohomologies H*(Xy, E;) and H*(Q%*(E), D).
But D, captures only the holomorphicity of the pair (X4, Ey), so we would not
expect H*(Q"*(E), D;) to be something new.

Proposition 3.13. For any t € A, we have the isomorphism
HY(Xy, Ey) =2 HY(Q"(E), Dy)
for any g > 0.
Proof. We first prove the case when F = Ox and ¢ = 0. Let P; : Qg&l — Qg(tl

be the restriction of the projection Q% — ngf Since P; is an isomorphism for |t|
small, it suffices to prove that

5tPt = Pt(g + tha)

at every point x € X. So let us fix x € X and let {27} be local complex coordinates
around x. Let 7; := % + (p;?a%k and € be its dual vector. Then Maurer—Cartan
equation of y; implies

[ﬁjv Gk] =0.
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By the Newlander-Nirenberg theorem, we have complex coordinates {¢?} on X;
such that

i =7/ and d{/ =&

a¢I
at the point z. Then at z,

3 of . »90f i
We need to show that P;(dz7) = &. We write
Azl = cl&@ + dle*.

Then
j i i 0 0 i
., = dz (o) = dZ’ <(9z] + g);ﬁazk) =}

Hence P(dz’) = &. Therefore,
_ 9f .
PO+ 0:0)] = (0,00 = 5540 = . f
at x. Since z is arbitrary, the case ¢ = 0 is done.
For ¢ > 0. By abusing the notation, we still denote the induced projection
Q%7 — Q%7 by P,. Let a = aydz’. Then at the point =,
Pt(é + <pt46)a = Pt<5 + Ltha)(on) A Pt(dZJ) = 5,5PCYJ A EJ.
We need to show that 0;(¢/) = 0 for all j. Since {&’} is a local frame of (T)O(’tl)*,
del € Qﬁ(i ® Qg(f Hence, in order to prove 9;(€’) = 0, it suffices to show that
dé’ (v, ;) = 0 for all k,I. This follows from
dél (v, v,) = 0,.& () — 0@ (vy,) — & ([Or, 0]) = 0.
This completes the case E = Ox and ¢ > 0.
For a general holomorphic vector bundle E, D; is locally given by
Di(a? @ ej) = (0 + ¢100)a? ® e,
where {e;} are local holomorphic frame of E; over X;. In this case, P, is extended
by
o ®@ej = Pad) @e;.
The required relation follows immediately from the F = Ox case. O
3.3. DGLA and the Maurer—Cartan equation. We are now ready to derive
the Maurer-Cartan equation governing the deformations of pairs. Given A; €
Q%1 (End(E)), ¢, € Q%! (Tx) such that the induced differential operator D, satisfies
D? = 0, we have
(Op + @12V + Ay)? = Dt2 =0.
Let us expand the left hand side:
(5E + w2V + At)z :5E(g0tJV) + SDtngE + 012V (1 aV)
+0p Ay + Adp + iV A + Ay(0iaV) + Ay A Ay
:5E((thV) + QOtngE + gOtJV(QOt_IV)
+ éQAt + QOt_IvQAt + At A At.
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Applying Lemma [3.6)to the term dg(;0V), we get
(Op + @1V + A4)* =01, 010V + 1 (0pV + VOg) + 010V (9 1Y)
+ 09 A; + i oVOA, + Ap A Ay
Since V is the Chern connection, we have Fy = 05V + Vg, and so
(Op+@iaV+Ar)? = (Ory 1oV 4010V (010V)) +00 A+ 01 Py +p1 VO A+ AL A Ay
Note that the curvature Fy is given by
Fo(p, %) = 92V (V) = (-1) MgV (029) + [, 9]V
for ¢, € Q¥*(TeX). Hence
2012V (012V) = Fo (01, 01) + [ipr, 0] V.

However, ¢; € Q%1(Tx) and Fy is of type-(1,1), we must have Fy (¢, ;) = 0.
Therefore,

1
02V (praV) = 5[%, ]V,

As a whole we obtain
(Op+piaV+A)? = <8TX o1 + %[%, %]) N+5QAt+got4Fv+gotJvQAt+%[At, Ay).
But since X; is integrable, y; satisfies the Maurer—Cartan equation , and so
(Op + 010V + Ay)? = 3QAt + piaFy + 0 VOA, + = [At; Ayl
Hence we conclude that D? = 0 is equivalent to the following two equations

_ 1
OQA: + w1 aFy + 0 V9 A, + E[AuAt] =0
(2)

= 1
Ory vt + =lpt, i) = 0.

2 [
Recall that A(E) = Q & Tx as smooth vector bundle. Define a bracket [—, —] :
QOP(A(E)) x Q¥(A(E)) — QUPHI(A(E)) by
[(Aa 90)’ (Ba 110)] = (@JVQB - (71)pq¢JvQA + [Aa B]v [90’ QZJD
The following proposition can be proven by straightforward, but tedious, compu-

tations which we omit:

Proposition 3.14. The bracket [—, =] : QVP(A(E)) x Q(A(E)) — QUPTI(A(E))
defined by

[(4,9), (B.9)] := (9aVIB — (~1)P19. VA + [4, B], [p,4])

satisfies

(1) [(A, ), (B, )] = =(=1)P[(B, ), (4, ¢)],
(2) [(A, ), [(B, ), (C, )] = [[(A, ), (B, )], (C, )] +(=1)P[(B, ¥), [(4, ), (C,7)]],
for (A, ) € Q*P(A(E)), (B, v) € Q*I(A(E)) and (C,7) € Q" (A(E)).

We also recall the differential operator 0 A(p) defined in Section 2.
Again by direct computations, one can prove that the bracket [—, —] and the
Dolbeault operator d4(g) are compatible with each other:
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Proposition 3.15. We have

dam) (A, ), (B, Y)] = [0acm) (A, @), (B, )] + (—1)P[(A, ), Da(r) (B, V)]
for (A, p) € QVP(A(E)) and (B,v) € Q" (A(E)).

Propositions and together say that (Q%*(A(E)), 0a(g), [~ —]) defines
a differential graded Lie algebra (DGLA).

Remark 3.16. In the appendiz, we will prove that there exists a natural isomor-
phism between the complex (Q%*(A(E)),d(r)) and the one obtained using alge-
braic methods [21] [16] intertwining our bracket [—,—| with the algebraic one. This
gives alternative proofs of Propositions and [3.15, and shows that our DGLA
is naturally isomorphic to the one derived using algebraic methods. In particular,
the isomorphism class of our DGLA is independent of the choice of the hermitian
metric we used to define the Chern connection V.

Using the bracket [—, —] and the Dolbeault operator 5A( E), We can now rewrite
the two equations as the following Maurer—Cartan equation:

- 1
Oy (A, 1) + 5[(At, wt), (As, 1)) = 0,
which governs the deformation of pairs. We summarize our results by the following

Theorem 3.17. Given a holomorphic pair (X, E) and a smooth family of elements
{(As, ) }ien C QUL(A(E)). Then (As, 1) defines a holomorphic pair (X, Ey)
(namely, an integrable complex structure J; on X together with a holomorphic bun-
dle structure on E over (X, J)) if and only if the Maurer—Cartan equation

3) Daciy(Avs) + 5[40 00), (A, 9] = 0

is satisfied.

4. FIRST ORDER DEFORMATIONS

The Maurer—Cartan equation implies that a first order deformation (Ay, ¢1)
(the linear term of the Taylor series expansion of a family (A¢, ¢¢)) is 04(g)-closed:

dae) (A1, 1) =0,

and hence defines a cohomology class in the Dolbeault cohomology group Hg’Al(E) =

HY(X,A(E)). To determine the space of first order deformations of a holomorphic
pair (X, E), it remains to identify isomorphic deformations.

Definition 4.1. Two deformations € — X, & — X' of (X, E) are said to be
isomorphic if there exists a biholomorphism F : X — X' and a holomorphic bundle
isomorphism ® : £ — &' covering F such that F|x = idx and ®|g = idg.

Proposition 4.2. Suppose & — X and &' — X' are isomorphic 1-real parameter
family of deformations of (X, E). If we denote by (A¢, @) and (A}, ©}) the elements
that represent the families £ — X and & — X' respectively, then there exists
(©1,v) € Q°(A(E)) such that

(A}, ) = (Ar, 1) + t0a(r)(—O1,v) + R((A¢, ¢1), 1(O1,0)),
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where the error R depends smoothly on t, A(t), p(t),©1,v and first partial deriva-
tives of ©,v. Moreover, R is of order s* in the sense that

R(S(Av 410)7 5(67 ’U)) = SQRl((Aa (p)v (67 U)a S)a
for some map Ry which depends smoothly (with respect to the Sobolev norm; see Sec-
tion[6] for its precise definition) in s, (A, ) € QY (A(E)) and (©,v) € Q°(A(E)).

Proof. Asbefore, let v € Q°(Tx) be the vector field which generates the 1-parameter
family of diffeomorphisms F; : X — X of the underlying smooth manifold X. Since
dF;(Graph(p; : T)O(’1 — T)lgo)) = Graph(yp} : T;)(’l — T;(’O),

we already have -
i = 1 + 101 v + R(py, tv).
Hence it remains to show that
AL = A +t(0g(—0O1) — viFy) + R((Ar, 01),t(O1,v)),

for some ©; € Q°(Q).

We define an endomorphism of E as follows: Fix p € X and the fiber E, of
E. Let P, ) : Ep — Ep, () be the parallel transport along ¢t +—— ~,(t) := Fi(p).
Define 6, := P;it)q)t : B, — E,. Then O, defines a bundle endomorphism of E.
Let us write

0; = Og + 10, + O(t?),
A = Ay + A + O(t?),
Since ®¢ = idg, we have O = idg and Aj = 0. We need to compute Aj.

Now let e; be a local holomorphic section of E; C £. Since ®; is holomorphic,
®,(e;) is a holomorphic section of Ef C £, so that D,®;(e;) = 0, i.e.

aEq)t(@t) = —(pl(t)qu)t(et) — Aﬂ)t(et).

We want to compute the first derivatives of both sides of this equation with respec-
tive to t at t = 0.
First note that ®; = P, (;)©¢, so we have
0

0
&‘I)t(et”t:() = —viVe+ @1(6) + aeth:o,

where e = e¢y3. Hence

0 = - 0
&3E‘pt(6t)\t=0 =0g <atq)t(6t)|t=0>

= —gE(’UJVG) + 5}5(@1(6)) + gE (gtet|t_0) .

For the term, —¢}, 'V®;(e;), we have

0 _
(=@ aVPyi(er))t=0 = —¢12Ve — dp vaVe

ot
= —¢} Ve — Op(vaVe) — vidgVe.
Since e = ¢g is holomorphic with respective to £[;-1(y, we have
OrVe = Fy(e).
Moreover, since e; is holomorphic with respective to E;, we have D;e; = 0, that is,

5E€t = *QDtJvet — Atet.
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Differentiate with respective to t and set ¢t = 0, we obtain

= 0
*gﬁlJve = 8E <at6(t)t_o> + Ale.
Hence
0 , _ 0 _
&(_(thvq)t(et)”t:O =0g &etlt:o — 0g(vaVe) —viFye + Aje.
For the term —A;®;(e;), we have
0
a(—AQ‘I’t(etmt:O = —Ale.

As a whole we obtain the formula
0r(01(e)) = —vaFy(e) + (A — A})(e).
Since e is holomorphic with respective to £|-1(0), Op(01(e)) = (0gO1)(e), so that
Al = A1 +0o(—©1) —viFy.

Therefore we have

B _
57 (At = Ad)limo = A} — Ay = 0g(=61) — vy,

or in other words,
AQ =A; + t(gQ(—@l) —vliFy) + O(t2).
Since Aj is completely determined by (A¢, p¢) and ¢(01,v), we have
A} = A¢ + 1(9q(=61) — vaFy) + R((Ar, 1), 1(O1,0)),
where R is of order t> and depends smoothly on t, Ay, ¢, ©1,v. Moreover, since
the equation B
aE(I)t(Et) = —gngV‘I)t(et) - A;(I)t((it)
depends smoothly on first order partial derivatives of ©, and v, we see that the
error R also depends smoothly on first order partial derivatives of ©1 and v.
Finally, R satisfies
R(s(A, ), 5t(0,v)) = s°R1((4, ¢), (01,0), 5),
for some map R; which depends smoothly in s, (4,¢) € Q"1 (A(E)) and (0,v) €
Q°(A(E)). This follows from the fact that
R((A,¢),(©,v)) =0 as (0,v) — 0, and
R((A, ), (©,v)) = R((©,v)) as (A,¢) =0,
with R(s(0,v)) = s?R((©,v)). O
Corollary 4.3. If £ — X and & — X' are isomorphic deformations of (X, E),
then the first order terms (A1, p1) and (A}, ¢}) of the corresponding families (A¢, )

and (A}, ;) respectively differ by an 0a(g)-ezact form.
Proof. We have A} — A1 = 0g(—©1) —vuFy and ¢} — ¢1 = Ory v, whence
(AL, ¢1) — (A1, 1) = Oa(p)(—O1,0).
O

We conclude that the space of first order deformations of a holomorphic pair
(X, E) is precisely given by the Dolbeault cohomology group Hg’Al(E) ~ HY(X,A(E))
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5. OBSTRUCTIONS AND KURANISHI FAMILY

Now given a first order deformation [(A1,¢1)] € Hg;l(E) ~ HYX,A(R)), it

is standard in deformation theory to ask whether one can find a family (A, )
integrating (A1, 1) to give an actual family of deformations. To study this problem,
we use a method due to Kuranishi [I4].

We need to review several operators commonly used in Hodge theory. We first
choose a hermitian metric g on X and h on A(E), so that we can define a hermitian
product (-,-) on Q0*(A(E)). Define the formal adjoint of 04z With respective to

('v ) by
(9 B8) = (@ 04s)8) -
Then the Laplacian is defined by
Axp) = 5A(E)5Z(E) + 5Z(E)5A(E)~

This is an elliptic self-adjoint operator and thus has a finite dimensional kernel
HP (X, A(FE)), consisting of harmonic forms. We have the standard isomorphism
from Hodge theory:

HP(X, A(E)) = Hg? = =HP(X, A(E)).

Take a completion of Q%®(A(E)) with respective to (-,-) to get a Hilbert space
L*, and let H : L* — H*(X, A(F)) be the harmonic projection. The Green’s
operator G : L* — L* is defined by

I = H+AA(E)G: H+GAA(E)

It commutes with Oa(s) and 9.
Now let 1., nm € H' (X, A(E)) be abasis and € (t) := 37", t;m; € H'(X, A(E)).
Consider the equation

1 O*
e(t) = er(t) = 504(m) Gle(t), e(t)]-
We denote the Holder norm by || - ||g,o. The following estimates are obvious:
10% ()€l <Cillellk+1.a
I, 1llk.0 <Callellk+1,allollkt1,a-
In [2], Douglis and Nirenberg proved the following nontrivial a priori estimate:

ko < C3([|[Aam€llr—2,a + [|€]

Applying these and following the proof of [I1, Chapter 4, Proposition 2.3], one can
deduce an estimate for the Green’s operator G:

Gellk,a < Call€llk—2,as

el 0.0)-

where all C;’s are positive constants which depend only on k and a.

Then by the same argument as in [I1, Chapter 4, Proposition 2.4], or alterna-
tively using an implicit function theorem for Banach spaces [14], we obtain a unique
solution €(t) which satisfies the equation

€(t) = (1) ~ 3 Glelt), (1),
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and is analytic in the variable ¢. Note that the solution €(t) is always smooth.
Indeed, by applying the Laplacian to the above equation, we get

Aoaceye(t) + 50 [e(0) ()] = 0.
Also, the solution €(t) is holomorphic in ¢, so we have
D%e(t)
- Ot ;0t;

Now since the operator
82
A —
) T Zj:atjatj
is elliptic, we see that e(t) is smooth by elliptic regularity.
Following Kuranishi [14] (see also [11l Chapter 4]), we have the following
Proposition 5.1. The solution €(t) that satisfies

€(t) = e1(t) ~ 5 Glel?), (0]

solves the Maurer—Cartan equation if and only if He(t),e(t)] = 0, where H is the
harmonic projection.

Proof. Suppose the Maurer—Cartan equation holds. Then
Hle(t),e(t)] = 2HOa(p)e(t) = 0.
Conversely, suppose that H[e(t), e(t)] = 0. We must show that

5(t) = Bame(t) + %[e(m ()] = 0.

Recall that ¢(t) is a solution to

€(t) = a(t) ~ T Cle(t), ()]

and €;(t) is 5A(E)—closed. By applying 5A(E) to this equation, we get

Baciyelt) =~ Clelt), (1))
Hence
25(t) = D)y Gle(), (1)) = [e(t), (1)

Using the Hodge decomposition on forms, we can write

[e(t), e(t)] = HIe(t), e()] + Aam) Gle(t), e(t)] = Aacm) Gle(t), €(t)]-
Therefore, we have
20(t) = (Aap)G — 5A(E)5Z(E)G) [e(t),e(t)] = 5Z(E)5A(E)G[€(t)v e(t)] = 25:1(E)G[5A(E)E(t)a e(t)],
and hence
Nk a Ok ]- %
0(t) = O4(5)Gl0am)e(t), €(t)] = Ty () GlO(t) = Sle(t), e(t)], e(t)] = T ) G10(E), €(t)];
where we have used the Jacobi identity in the last equality. Using the estimate

||[§,77] Ik,a < Ck,a||€||k+1,a

1 k+1,05
we get

16@)lk,0 < Cr.all6@)[[5,0lle®)k,a-
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By choosing |t| to be small enough so that C, o ||€(t) k.o < 1, we must have 6(t) = 0
for all |¢| small enough. This finishes the proof. O

In the case when H [e(t), €(t)] vanishes identically (which always holds if H%(X, A(E))

0), we have the following

Corollary 5.2. If H[e(t),e(t)] = 0 for all t, then we have a complex analytic family
E— X.

Proof. If H[e(t),e(t)] = 0 for all £, then €(t) = (A, ¢¢) satisfies the Maurer—Cartan
equation and so (X3, Fy) is holomorphic for each ¢t. In particular, we obtain a
deformation X of X. Let £ := A x E. A smooth section ¢ : X — £ of £ on X can
be written as

o (t,x) — (t,s(z,t)),
for some smooth map s : X — E. We define a Dolbeault operator dg : Q%(£) —
Q% (&) on & by ) )

Ogo(t,x) = (t,0g,s(t,x)).
Note that g is well-defined for, if {e;(t,7)} are local holomorphic frame of E; —
X;, then we can write

dso(t,x) = (t, 0 (s" (t, v)er(t, 2)) = O™ (t,x) ® ex(t, 2)),

which is a smooth section of Qggl (€). Clearly, 9% = 0 and hence & is a holomorphic
vector bundle over X. O

In general, the condition H2(X, A(E)) = 0 may not be satisfied. But we can
define the (singular) analytic space

S:={teA: Hle(t),e(t)] = 0}

and form a family &€ — X over S, which is called the Kuranishi family of (X, E).
In particular, we see that the obstruction space is precisely given by the Dolbeault
cohomology group Hgf( ~ H?(X, A(E)), and the obstructions to deformations of

EB)
a holomorphic pair (X, F) is captured by the Kuranishi map
Ob(X,E) U C Hl(Xa A(E)) — HZ(XvA(E))v thﬁj = H[E(t)v E(t)]v
i=1

where U is a small open subset around the origin 0 € H(X, A(E)) whose diameter
is less than twice of the radius of convergence of €(¢).

6. A PROOF OF COMPLETENESS

The goal of this section is to give a proof of the local completeness of a Kuranishi
family for the deformation of the pair (X, F). Existence of a locally complete (or
versal) family for deformations of pairs was first proved by Siu-Trautmann [22)].
Here we give another proof using Kuranishi’s method.

Definition 6.1. A family € — X over an analytic space S is said to be locally
complete (or versal) if for any family &' — X' over a sufficiently small ball A, there
exists an analytic map f: A — S such that the family &' — X' is the pull-back of
E — X via f.
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Recall that for given €;(t) € H (X, A(F)), we have existence of solutions €(t) to

€(t) = e1(t) — 3 Glelt), (1)

and €(t) satisfies the Maurer—-Cartan equation if and only if H[e(t),e(t)] = 0. We
then obtain an analytic family & — X over

S:={te A: Hle(t),e(t)] = 0}.
The main theorem is as follows:
Theorem 6.2. The Kuranishi family € — X over S is locally complete.

Before going into the details of the proof, we first introduce the Sobolev norm:
One can endow A(F) a hermitian metric H, induced from that of E and X, and
define the inner product

(. Bk =Y / H(D'a, D),
1<k 7
a, 3 € Q¥*(A(E)). The Sobolev norm is defined by
laf = (a,a)?.

One has the estimate
|lev, Bk < Crlodkt1]Blrt1,
for some constant C}, > 0.
We take a completion of Q%®(A(E)) with respective to (-,-) to get a Hilbert
space Lj. The harmonic projection H : L; — H*(X, A(E)) and the Green’s oper-
ator G : Ly — L}, satisfy the estimates

|Hal < Crlal,

|04y Gl < Clalk-1.

The following lemma will be useful in the proof of the completeness theorem.

Lemma 6.3. For fized €;(t) € H'(X, A(E)), t € S, the equation

]' ax
e(t) = e1(t) = 504(m) Gle(t), e(?)]
has only one small solution.

Proof. Suppose ¢ is another solution. Let § := ¢ — ¢(¢). Then
1 *
0= —59m)Gle €] — [e(t), e(t)])
1 *
= =594 G5, €(t)] + [¢(t), 0] + 16, 9])

= 3T G205, €(0)] + [5,0)).

Hence
101k < Cr(I8]kle(®)]x +161%) < Crldlx(le(®)]x + 10]x)-

For |e(t)|r and |e| small, we can only have |d|; = 0. O

We are now ready to prove the local completeness theorem.
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Proof of Theorem[6.4 Let & — A’ be a deformation of (X, FE). Let ¢, be the
element representing this deformation. We first prove that if jjl( E)e’ = 0, then

there exists ¢ € S such that € = €(t).
Note that ¢ satisfies the Maurer—Cartan equation:

- 1
aA(E)e/ + 5[6/, €] =0.
Applying 52( ) we get
0% Y 1 0%
D) 0a(m)e + iaA(E) €, €]=0.
Since 5Z(E)e’ =0, we have
1 a3
Ay + iaA(E) [€,€'] = 0.
Then using I = H + GA 4(g), we get
1-
€ =He — §6Z(E)G[61,61].

Note that He' € H'(X, A(E)) and by the estimate |He'|,, < Ckl€’|, we see that
|He'|j is small if ||, is small. Hence He' = €;(t) for some ¢t € S. Therefore, if the
ball A is small enough, € is a solution to

1 ax
€ =e(t)— iaA(E)G[e/, €.

Therefore, € = €(t) for some ¢t € S by Lemma

Now we prove that for any given small deformation & — X’, one can find an
isomorphic deformation £’ — X" such that the element ¢” which represents the
family £&” — X" is 52( E)-closed. This will prove the local completeness. Indeed,

we will prove the following: Given a deformation €', there exists n € I m(@jj‘( E)) -
Q°(A(E)) such that the element ¢”, which represents the deformation £” — X", is
8Z(E)—closed.

Let n = (©,v) € Q°(A(E)), then the elements €', ¢”, which represent the defor-
mations £ — X’ and £” — X" respectively, satisfy

" =€+ 0amn+ R(e,n),
where the error term R satisfies R(se’, sn) = s*Ry(¢',1,s) as in Proposition
Hence 82(]5)6” = 0 if and only if
Ifne Im(éz(E)L then
A (n) + 52(;@)3(6/(3)’ n) + 5:1(E)6/ =0.
Applying G, we get

Let U; C L}, and V; C LY be neighborhoods around 0 such that R(€’,n) is defined.
Define F : Uy x Vi — LY by

F(e,n) :=n+ 52(E)GR(E/a n) + 5:&(E)G€/'
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By the order condition on the error term R, the derivative of F' with respective to

at (0,0) is the identity map. Hence by the implicit function theorem, there is a C*>°

function g such that F(¢/,n) = 0 if and only if 7 = g(¢’). By the error condition

again, the (second order) operator [0} g R(€', —)[k is small if [¢'[1 is small. Hence
Axg) + 52(15)3(6/7 )+ 52(15)6/

is still a quasi-linear elliptic operator. By elliptic regularity, n is smooth. This
completes our proof. O

7. UNOBSTRUCTED DEFORMATIONS

In this section, we investigate various circumstances under which deformations
of holomorphic pairs are unobstructed.

To begin with, note that we have an exact sequence of holomorphic vector bun-
dles

0 — End(F) — A(E) — Tx — 0

by the construction of A(F) (which shows that A(F) is an extension of Q = End(FE)
by Tx). This induces a long exact sequence in cohomology groups:

s — HY(X,Q) — HY (X, A(E)) — HY(X,Tx) —
— H*(X,Q) — H*(X,A(E)) — H*(X,Tx) — ---,

and the first order term (A, 1) defines a class [(A1, p1)] € H(X, A(E)).

The following proposition, which first appeared in [7, Appendix] without proof,
describes the relations between the deformations of a pair (X, E) and that of X
and E.

Proposition 7.1. Denote the Kuranishi obstruction maps of the deformation the-
ories of X, E and (X, E) by Obx, Obg and Ob(x g respectively. Then, wherever
the obstruction maps are defined, we have the following commutative diagram:

o —> HY(X,Q) —> HY(X, A(E)) == HY(X,Tx) *— - -
ObEl Ob(X,E)l Obx
> HY(X,Q) —> H*(X, A(E)) —— HX(X,Tx) *— - --
Here, the connecting homomorphism § is given by contracting with the Atiyah class:
5(p) = palFv].
Proof. By definition,
S(A]) = (4,0)], - 7 ([(A, 9)]) = [¢]-

The commutative diagram follows directly from the definitions of the maps Obx ,Obg
and Ob(X,E) . U

Remark 7.2. We remark that since tr[A, A] = 0 for any A € Q°1(Q), the ob-
struction of deforming E (with X fized) actually lies in H?(X, Endy(E)), where
Endy(E) C End(E) is the trace-free part of End(E).
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Remark 7.3. For any [(A,¢)] € H (X, A(E)) such that Obix gy(A,¢) = 0, we
have

0= Obx om*[(A, )] = Obx([¢]).
In this case, the map (A, ) — ¢ induces a map of Kuranishi slices, i.e. every
deformation of the pair (X, E) induces a deformation of the manifold X .

An immediate consequence of this proposition is the following slight generaliza-
tion of a result in [20]:

Proposition 7.4. Suppose that Obx o ™ = 0 and the connecting homomorphism
§: HY(X,Tx) — H*(X,Q) is surjective, then deformations of the pair (X, E) are
unobstructed.

Proof. Surjectivity of § implies that the map ¢* : H*(X,Q) — H*(X,A(E)) is a
zero map, and hence the map 7* : H?(X, A(E)) — H?*(X,Tx) is injective. But
70 Obx gy = Obx o™ = 0, so we have Ob(x gy = 0. ([

In the case when E = L is a line bundle, we recover the following

Corollary 7.5 ([20], Lemma 2.4). Let X be a compact complex manifold with
unobstructed deformations and L be a holomorphic line bundle over X such that
the map

Uei(L) : HY(X, Tx) — H*(X,0x)

is surjective. Then deformations of the pair (X, L) are unobstructed.

For example, if X is an n-dimensional compact Kéhler manifold with trivial
canonical line bundle, then X admits unobstructed deformations. If we further
assume that H%2(X) = 0 (e.g. when the holonomy of X is precisely SU(n)), then
deformations of (X, L) for any line bundle L are unobstructed.

Definition 7.6. A holomorphic vector bundle E over a compact complex manifold
X s said to be good if H*(X,Qo) = 0, where Qq is the trace-free part of Q =
End(E).

Proposition 7.7. Let X be a compact complex surface with trivial canonical line
bundle (e.g. a K3-surface), and let E be a good bundle over X with c¢i1(E) # 0.
Then deformations of the pair (X, E) are unobstructed.

Proof. By the theorem of Tian and Todorov [23] 24], we have Oby = 0. Hence the
condition Obx o 7w* = 0 is automatic.

On the other hand, note that Q* = (E* ® E)* = E* ® E = @ and similarly
Qi = Qo. By Serre duality and the fact that Kx = Ox, we have H(X, Q) =
(H?(X,Qo))* = 0 since E is good. This implies that H°(X,Q) = H°(X,Ox) = C.
Then applying Serre duality again gives

H*(X,Q) = (H(X,Q" ® Kx))" = (H°(X,Q))" = C.
In this case, the connecting homomorphism § : H(X,Tx) = HYY(X) — H*(X, Q) =
C is simply given by

5(@):/Xgou[tro]z—Zwi/X(pUcl(E).

When ¢;(F) # 0,  is a nonzero map and hence surjective. Proposition then
says that any deformation of (X, E) is unobstructed. O
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APPENDIX A. COMPARISON WITH THE ALGEBRAIC APPROACH

The aim of this appendix is to give an explicit comparison between the analytic
approach we adopt here and the classical algebraic approach (see the book [2] for
the case when E = L is a holomorphic line bundle on X, and the thesis [10] for the
general case).

We start with a definition

Definition A.1. A differential operator of order 1 on a vector bundle E is a linear
map P : QY(E) — Q°(E) such that locally,

(i) Zhua ot

with (gi;) be a matriz with entries in Ox (Uy) and hf; € Ox (Uy).
A differential operator of order 1 is said to be with scalar principle symbol if
hk =hEk. T
i

In the algebraic approach, the role of the Atiyah extension A(E) is replaced by
the sheaf D!(E) of scalar differential operators of order less than 1 on E, namely,
we have an exact sequence

0 — End(E) — DY(E) — Tx — 0,
where the surjective map o : D'(E) — Tx is locally defined by the symbol

% =2

There is an obvious identification of D(E) with A(E) as smooth vector bundles,
but we will see that in fact D!(E) can be given a holomorphic structure so that
DY(E) and A(E) are isomorphic as holomorphic vector bundles.

First of all, locally on an open set U,, we can write

P|Ua :ga+da-

Let e, be local sections of E, {f.3} be holomorphic transition functions of E and
P, := Ply_(es). To get a global differential operator, we must have

fapPs = Pufas-

Hence
9 = fBagoszzﬁ + fﬁa(dafﬂa), do = dﬁ'
Set
T i= o — daa(h, 'Ohy),
where h v, - Define a map

D:gy+dar— (Ta,da)-
Straightforward computations give the identities
fa[ﬂ'ﬁ :Tafaﬁa 5A(E)(Touda) =0.

It then follows that ® defines an isomorphism between D!(E) and A(E). So we can
give D!(E) a holomorphic structure by pulling back that on A(E) via ®. Hence
we obtain
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Proposition A.2. DY(E) carries a natural holomorphic structure so that it is iso-
morphic to the Atiyah extension A(E). In particular, HP(X, D'(E)) = HP(X, A(E))
for any p.

Together with the Lie bracket [16]
woPneQli=wAn@[P,Ql+wA Lypn®Q— (1) 1"y AL gue P,
the triple (Q%*(D'(E)), d, [—, —]) forms a DGLA. Note that the Lie derivative acts
by
Lxw = d(ixw) +ixdw = ixaw,
for any w € Q%*(X) and X € Q°(Ty).
Theorem A.3. The isomorphism ® : D'(E) — A(E)
D : g+ do — go — by doha

intertwines with the brackets [—, —] and [—, —|n, i.e.
Ple® Py Q]=[p®e(P),v®2(Q)h
Proof. We first prove that
[P, Q] = [2(P), ®(Q)]n-

Write P = g +d and Q = ¢’ + d’ locally in a coordinate neighborhood U C X.
Then

[P,Q]=[g,9'| +dg’ —d'g+[d,d]
and so
[P, Q] = (l9,9'| +dg — d'g— h™'[d,d')h,[d,d]).
On the other hand,
[@(P), 2(Q)]n = (Vi (g —h~'dh) =V (g=h~ dh)+[g—h~"d'h,g—h""d'R], [d, d)
Now, we compute
V(g — h'd'h) — V(g — h~"dh)
=d(g' — h=*d'h) + [h"Ydh,g' — h~'d'h] — d'(g + h~*dh) — [h"'d’'h,g — h ™ dh
=dg' —d'g+ [h~'dh,¢'] = [h'd'h,g] — dh " d'h+ d'h~ dh — 2[R~ dh, h ' d'h).

and
l[g—h~Ydh,g' — h='d'h] = [g,9'] — [g,h " 'd'h] — [h"*dh, g'] + [h"'dh, h " d'h)].
Therefore, their sum equals to
9,91 +dg —d'g—dh*d'h+dh *dh— [~ 'dh,h"*d'h).
Finally,
[h=tdh,h=*d'h] = h=*(dh)h= (d'h) — =" (d'h)h
= —(dh™")(d'h) + (d'h )( h)
= —d(h~'d'h) + h=*dd'h + d'(h~*dh) — h='d'dh
—d(h™*d'h) + d' (b~ dh) + L' [d, d']h.

~H(dh)
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Hence
V(g —h~'d'h) — V(g — h~'dh) +[g — h~'d'h,g — h~'d'h]
=lg,¢'| +dg' —d'g— h~'[d, d']h,

which is the required equality.
To prove the general case, we have, by linearity and the case that we have proved,
the End(FE)-part of ®lw ® P,n ® @] is equal to

wAN® [T(P), T(@)]n —wAn® [T(P),0(@Q)]n + wAn & [o(P), 7(Q)]n
+w A Lopyn @ 7(Q) — (=1)I1Mn A Ly & 7(P),

where 7(P) := pregnag) © ®(P). On the other hand, the End(E)-part of [®(w ®
P),®(n® Q)] is equal to

(w20 (P))aVe (ne7(Q))— (1) (n00(Q)) Ve (weT(P)+wAn@[r(P), (@)l
The Leibniz rule for connections implies that
(W@ a(P) VM@ T(Q) =wA Lopm @7(Q) +wAn@VEpT(Q)
=wALypyn@7(Q) +wAn®[0(P),7(Q)]
Similarly, we have
(1@ 0(Q))aVew e T(P)) = n A Logyw @ T(P) + (=1)IMw A n @ [0(Q), 7(P)].
Putting these back into [®(w ® P), ®(n ® Q)]n, we get
Pwe Pne Q] =[wa P),(ne Q).

This proves our theorem. [

Remark A.4. This theorem gives a proof of the required identities in Proposi-

tions and and the fact that the DGLA (Q%*(A(E)),dag), [—, —]n) is

independent of the choice of the hermitian metric h.
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