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Abstract. A convex non-convex variational model is proposed for multiphase image segmen-
tation. We consider a specially designed non-convex regularization term which adapts spatially to
the image structures for a better control of the segmentation boundary and an easy handling of the
intensity inhomogeneities. The nonlinear optimization problem is efficiently solved by an Alternat-
ing Directions Methods of Multipliers procedure. We provide a convergence analysis and perform
numerical experiments on several images, showing the effectiveness of this procedure.
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1. Introduction. The fundamental task of image segmentation is the partition-
ing of an image into regions that are homogeneous according to a certain feature, such
as intensity or texture, and to identify more meaningful high level information in the
image. This process plays a fundamental role in many important application fields
like computer vision, e.g. object detection, recognition, measurement and tracking.
Many successful methods for image segmentation are based on variational models
where the regions of the desired partition, or their edges, are obtained by minimizing
suitable energy functions. The most popular region-based segmentation model, the
Mumford-Shah model, is a non-convex variational model which pursues a piecewise
constant /smooth approximation of the given image where the boundaries are the tran-
sition between adjacent patches of the approximation [26]. Many convex relaxation
models have been proposed in the literature to overcome the numerical difficulties
of the non-convex problem [4, 5, 6, 22] at the same time accepting a compromise in
terms of segmentation quality.

In this work we propose the following Convex Non-Convex (CNC) variational
segmentation model given by the sum of a smooth convex (quadratic) fidelity term
and a non-smooth non-convex regularization term:

. A R
min J(w; A Toa), (A Ta):= 3 llu—bl; + ;qﬁ(l\(VU)illz;T, a), (L1)

where A > 0 is the regularization parameter, b € R™ is the (vectorized) observed image,
(Vu); € R? represents the discrete gradient of the image u € R™ at pixels i, || - |2 de-
notes the ¢3 norm and ¢(-;7T,a) : [0,4+00) — R is a parameterized, piecewise-defined
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non-convex penalty function with parameters 7" > 0,a > 0 and with properties that
will be outlined in Section 2. In particular, the parameter a allows to tune the degree
of non-convexity of the regularizer, while the parameter T is devised to represent a
given gradient magnitude threshold above which the boundaries surrounding the fea-
tures in the image are considered salient in a given context. This parameter plays a
fundamental role in selecting which pixels do not have to be considered as boundaries
of segmented regions in the image. The role of the penalty function ¢ in the regu-
larization term of functional J in (1.1) is twofold. When the gradient magnitudes
fall within the first interval [0,7"), ¢ smooths the image values, since the correspond-
ing pixels belong to the inner parts of the regions to be segmented. In the interval
[T, +00), ¢ is non-convex and then flat and hence it penalizes, in approximately the
same way, all the possible gradient magnitudes.

The functional J in (1.1) is non-smooth and can be convex or non-convex de-
pending on the parameters A and a. In fact, the quadratic fidelity term is strongly
convex and its positive second-order derivatives hold the potential for compensating
the negative second-order derivatives in the regularization term.

The idea of constructing and then optimizing convex functionals containing non-
convex (sparsity-promoting) terms, referred to as CNC strategy, was first introduced
by Blake and Zisserman in [2], then proposed by Nikolova in [27] for the denoising
of binary images and was studied very recently by Selesnik and others for different
purposes, see [36], [9], [37], [31], [17], [20], [21] for more details. The attractiveness of
such CNC approach resides in its ability to promote sparsity more strongly than it
is possible by using only convex terms while at the same time maintaining convexity
of the total optimization problem, so that well-known reliable convex minimization
approaches can be used to compute the (unique) solution.

In this paper, we propose a two-stage variational segmentation method inspired
by the piecewise smoothing proposal in [5] which is a convex variant of the classical
Mumford-Shah model. In the first stage of our method an approximate solution u*
of the optimization problem (1.1) is computed. Once u* is obtained, then in the
second stage the segmentation is carried out by thresholding u* into different phases.
The thresholds can be set by the user or can be obtained automatically using any
clustering method, such as the K-means algorithm. As discussed in [5], this allows for
a K-phase segmentation (K > 2) by choosing (K — 1) thresholds after u* is computed
in the first stage. In contrast, many multiphase segmentation methods such as those
in [44],[15],[23],[24] require K to be set in advance which implies that if K changes,
the minimization problem has to be solved again.

The main contributions of this paper are summarized as follows.

e A new variational CNC model for multiphase segmentation of images is pro-
posed, where a unique non-convex regularization term allows for simultane-
ously penalizing both the non-smoothness of the inner segmented parts and
the length of the boundaries;

e Sufficient conditions for convexity are derived for the proposed model;

e A specially designed ADMM-based numerical algorithm is introduced to-
gether with a specific multivariate proximal map;

e The proof of convergence of the minimization algorithm is provided which
paves the way to analogous proofs for similar CNC algorithms.

1.1. Related work. Image segmentation is a relevant problem in the under-
standing of high level information from image vision. There exist many different ways
to define the task of segmentation ranging from template matching, component la-
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belling, thresholding, boundary detection, texture segmentation just to mention a few,
and there is no universally accepted best segmentation procedure. The proposed work
belongs to the class of region-based (rather than edge-based) variational models for
multiphase segmentation without supervision constraints. Many variational models
have been studied for image segmentation since the Mumford-Shah functional was in-
troduced in [26]. A prototypical example is the Chan-Vese [7] model, which seeks the
desired segmentation as the best piecewise constant approximation to a given image
via a level set formulation. A variety of methods have been developed to generalize
it and overcome the problem to solve nonconvex optimization problems. Specifically,
n [22], the piecewise constant Mumford-Shah model was convexified by using fuzzy
membership functions. In [35], a new regularization term was introduced which allows
to choose the number of phases automatically. In [44], [43], efficient methods based
on the fast continuous max-flow method were proposed. The segmentation method
recently proposed by Cai, Chan and Zeng in [5] aims to minimize a convex version of
the Mumford-Shah functional [26] by finding an optimal approximation of the image
based on a piecewise smooth function. The main difference between our method and
the approach in [5] is the regularization term: in [5], it consists of the sum of a smooth-
ing term and a total variation term, where the latter replaces the non-convex term
measuring the boundary length in the original Mumford-Shah model. However, it is
well known that using non-convex penalties instead of the total variation regularizer
holds the potential for more accurate penalizations [18], [16], [19]. In our variational
model (1.1) we devise a unique regularization function which forces at the same time
the smoothing of the approximate solution in the inner parts and the preservation
of the features (corners, edges,..) along the boundaries of the segmented parts. This
latter property is achieved by means of a non-convex regularizer. However, the CNC
strategy applied to the solution of the optimization problem allows us to overcome the
well-known numerical problems for the solution of the non-convex piecewise smooth
Mumford-Shah original model.

This work is organized as follows. In Section 2 we characterize the non-convex
penalty functions ¢( -; T, a) considered in the proposed model. In Section 3 we provide
a sufficient condition for strict convexity of the cost functional in (1.1) and in Sec-
tion 4 we illustrate in detail the ADMM-based numerical algorithm used to compute
approximate solutions of (1.1). A proof of convergence of the numerical algorithm is
given in Section 5. Some segmentation results are illustrated in Section 6. Conclusions
are drawn in Section 7.

2. Design of the non-convex penalty functions. In the rest of the paper, we
denote the sets of non-negative and positive real numbers by Ry :={t € R: ¢t > 0}
and R% :={t € R: t > 0}, respectively, and we indicate by I; the d x d identity
matrix.

In this section, we design a penalty function ¢ : Ry — R suitable for our purposes.
In particular, the regularization term in the proposed model (1.1) has a twofold aim:
in the first interval [0,7") it has to behave like a smoothing regularizer, namely a
quadratic penalty, and in the second interval [T, 00) it serves to control the length of
the region boundaries, and is realized by a concave penalty function prolonged with
a horizontal line.

To fulfill the above requirements we used a piecewise polynomial function defined
over three subdomains [0,7T), [T,Tz) and [T, 00), with the following properties:

e ¢ continuously differentiable for ¢t € R
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¢ twice continuously differentiable for t € Ry \ {T, 1>}
¢ convex and monotonically increasing for t € [0,T)
¢ concave and monotonically non-decreasing for t € [T, T3)
¢ constant for t € [T5, 00)
inf ¢ = —a.
1R\ {T,T5}

Recalling that the independent variable ¢ of ¢(t;T,a) represents the gradient
magnitude, the free parameter T allows us to control the segmentation, in particular
it defines the lower slope considered as acceptable boundary for the segmentation
process. The parameter a is used to make the entire functional 7 in (1.1) convex,
as will be detailed in Section 3. Finally, the parameter T5 is defined to allow for a
good balancing between the two terms in the functional. In particular, the graph
of the penalty function ¢ must be pushed down when a increases. Towards this
aim, we set Ty as Th(a) in such a way that the slope in T given by ¢'(T;T,a) =
(Ty — T)a is a monotonically decreasing function of the parameter a. In this work we
set ¢ (T;T,a) = 1/a so that T, is set to be To = T + 2. Therefore, in the following
we restrict the number of free parameters to a and T only.

The minimal degree polynomial function fulfilling the above requirements, turns
out to be the following piecewise quadratic penalty function:

$1(t;Tya) = LTy teo0,T)
o(t;T,a) == ¢o(t;T,a) = —22+alpt— LR te[I\T) (2.1)
G3(t; Tya) = T22T) t € [Ty, 00)

which has been obtained by imposing the following constraints:
o $1(0;T,a)=¢1(0;T,a) =0

o 01(T;T,a)=¢2(T;T,a)

o N(T5T,a) = ¢5(TT,a)

o Wh(Ty;T,a)=0

o ¢Y(t;T,a)=—-a  Vte[T,Tz)
e 3 constant Yt € [Ts, 00)

In Figure 2.1 we show the plots of the penalty functions ¢(¢; T, a) for three different
values of a € {3,5,7} with fixed T' = 0.2. The solid dots in the graphs represent the
points (T, ¢(T'; T, a)) which separate the convex segment ¢; from the non-convex ones
¢2 and ¢3.

This choice of a simple second-order piecewise polynomial as penalty function is
motivated by computational efficiency issues as detailed in Section 4.

3. Convexity Analysis. In this section, we analyze convexity of the optimiza-
tion problem in (1.1). More precisely, we seek for sufficient conditions on the param-
eters A\, T, a € RY such that the objective functional J(-;\,T,a) in (1.1) is strictly
convex. In the previous section we designed the penalty function ¢(-;7,a) in (2.1)
in such a way that it is continuously differentiable but not everywhere twice con-
tinuously differentiable. This choice, that was motivated by the higher achievable
flexibility in the shape of the function, prevents us from using only arguments based
on second-order differential quantities for the following analysis of convexity.
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Fia. 2.1. Plots of the penalty function ¢ defined in (2.1) for different values of the concavity
parameter a. The solid dots indicate the point which separates the subdomains [0,T) and [T, o).

We rewrite J(-;A,T,a) in (1.1) in explicit double-indexed form:
A 2
J(u; /\,T, a) = Z 5 (um — bi’j)
(i,5)€Q

+ D ¢<\/(Ui+1,j — i)+ (i —uiy)’; T, a) , (31)

(1,7)€Q

where 2 represents the image lattice defined by
Q:={(Gj)€ez®: i=1,....m, j=1,...,n2}, (3.2)

with n; and ny denoting the image height and width, respectively. In (3.1) we used a
standard first-order forward finite difference scheme for discretization of the first-order
horizontal and vertical partial derivatives. We notice that convexity conditions for the
functional J depend on the particular finite difference scheme used for discretization
of the gradient. Nevertheless, the procedure used below for deriving such conditions
can be adapted to other discretization choices.

In the following, we give four lemmas which allow us to reduce convexity anal-
ysis from the original functional J(-;\,T,a) of n variables to simpler functions
fCsNTya), g(-;A,T,a) and h(-;\,T,a) of three, two and one variables, respec-
tively. Then in Theorem 3.5 we finally state conditions for strict convexity of our
functional J(-; A\, T,a) in (1.1).

LEMMA 3.1. The function J(-;X,T,a) : R® — R defined in (3.1) is strictly
convez if the function f(-;\,T,a) : R® — R defined by

A
f((El,.’EQ,(L'g;)\,T,G) = 6 (:c?—f—:c%—l—xg)

+ ¢<\/(x2x1)2+ (asgacl)z;T,a) (3.3)
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is strictly conver.
Proof. First, we notice that the functional 7 in (3.1) can be rewritten as

A
JwATa) = Aw) + Y Jui,
(i,9)€Q2

+ D ¢<\/(ui+1,j —uig)’ + (g1 —uiy)*; T, a) ;o (34)

(i.5)€Q

where A(u) is an affine function of u. Then, we remark that each term of the last
sum in (3.4) involves three different pixel locations and that, globally, the last sum
involves each pixel location three times. Hence, we can clearly write

A
Jw; A T,a) = A(u) + Y 5 (ui; +uipy; +ui )

(3,7)€Q
+ Z ¢(\/(U¢+1,j - ui,j)Q + (W41 — um)Q; T, a>
(1,5)€Q

= A(u) + Z f(ui,j,ui+17j,ui7j+1;)\,T7a). (35)
(i,5)€

Since the affine function A(u) does not affect convexity, we can conclude that the
functional J in (3.5) is strictly convex if the function f is strictly convex. O

LEMMA 3.2. The function f(-;\,T,a) : R® — R defined in (3.8) is strictly
convez if the function g(-; A\, T,a) : R? — R defined by

A /

is strictly conver.
The proof is provided in the Appendix.

LEMMA 3.3. Let v:R? — R be a radially symmetric function defined as
P(x) = 2(zll2), 2 Ry =R, z€C'(Ry) . (3.7)
Then, 1 is strictly convex in x if and only if the function z: R — R defined by
Z(t) = =2(Jt]) (3.8)

is strictly conver in t.
The proof is provided in the Appendix.

LEMMA 3.4. The function g(-;\, T,a) : R? — R defined in (3.6) is strictly convex
if and only if the function h(-;\,T,a) : R = R defined by

A
WA Tra) = 2 t° + ([t T, a) (3.9)
is strictly convex.

The proof is immediate by applying Lemma 3.3 to the function g in (3.6).
6



THEOREM 3.5. Let ¢(-;T,a): Ry — R be the penalty function defined in (2.1).
Then, a sufficient condition for the functional J(-;\,T,a) in (1.1) to be strictly
convex is that the pair of parameters (A, a) € R x RY satisfies:

A>9a <= \=179a, 7.€(1,400). (3.10)

Proof. Tt follows from Lemmas 3.1, 3.2 and 3.4 that a sufficient condition for the
functional J(-;A,T,a) in (1.1) to be strictly convex is that the function h(-; A, T, a)
in (3.9) is strictly convex. Recalling the definition of the penalty function ¢(-;T,a)
in (2.1), h(-; A\, T,a) in (3.9) can be rewritten in the following explicit form:

hi(t; N, T,a) == ({5 — % +ad2)t? |t| € [0,T)
Wt A T,a) = { ha(tAToa) = (35 = §)8 +aloft| — 452 [t € [T, 1) (3.11)
ha(t; A Tya) = 2 2 4 “22T) It| € [Ty, +00)

Clearly, the function h above is even and piecewise quadratic; and, as far as regularity
is concerned, it is immediate to verify that h € C°(R\ {+T, £T2}) N C1(R). In par-
ticular, the first-order derivative function A’ : R — R and the second-order derivative
function A" : R\ {£T, £7>} — R are as follows:

Wit A,Tya) = (5 —a+a%)t | € 0,T)
W(t; A\, T,a) = { By(t; N\ T,a) = (5 —a)t+alysign(t) [t|€[T,T2) (3.12)
Ry(t; A\, T,a) = 5t |t] € [Ta, +00)

h{(:A\T,a) = § —a+ar  [t|€[0,T)

9
R'(t; A\, T,a) = Byt A, T,a) = 5 —a [t| € (T,T2) . (3.13)
Ryt N\ T,a) = % |t| € (Ty,400)

We notice that the functions h in (3.11) and A’ in (3.12) are both continuous at points
t € {£T,+T5}, whereas for the function h” in (3.13) we have at points t € {T, Tz}
(analogously at points t € {—T, —T5}):

T : %%I;lh&l(t;A,T,a): S—a+alz %—azltigplh'z’(t;)\,T,a)
Ty : tl%% Wyt \Toa) = 3 —a 3 = t% he(t: N Ta) (3.14)
After recalling that A\,T,a > 0 and T, > T, we notice that
h’l’(t;A,T,a):g+%(TrT)>o, hg’(t;)\,T,a):g>0, (3.15)

hence the function h is strictly convex for |t| € [0,T) and || € (T, 00). A sufficient
condition (it is also a necessary condition since the function is quadratic) for h to be
strictly convex in |t| € (T, T5) is that the second-order derivative b (¢; A, T, a) defined
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in (3.13) is positive. This clearly leads to condition (3.10) in the theorem statement.
We have thus demonstrated that if (3.10) is satisfied then A is strictly convex for
t e R\ {+T,+Tr}.

It remains to handle the points £7, =75 where the function A does not admit
second-order derivatives. Since h is even and continuously differentiable, it is sufficient
to demonstrate that if condition (3.10) is satisfied then the first-order derivative h’ is
monotonically increasing at points ¢t € {T,T5}. In particular, we aim to prove:

R (t1;\T,a) < W(T;\T,a) Vi€ (0,T) (3.16)
B (to; N\, T,a) > h(T;\,T,a) Vta€ (T,Ty) '
e h/(tQ;)‘7T7 CL) < hl(T2;>\7T7a) VtQE (T TQ) (3 17)
2\ Wt ATa) > W(Ty\Toa) Vis€ (Tp,+o0) '
Recalling the definition of A in (3.12), we obtain:

- (§—a+aB)t1 < (§—a)T+aly Vi€ (0,T) (3.18)
. (§ )t2+aT2 > (%*(Z)T‘FGTQ thG (T TQ) .
. (% CL) to +als < %TQ Vitse (T,T3) (3.19)
2! .

Sty > 3Ty Vtz€ (Ty, +o0)
and, after simple algebraic manipulations:
(3—a+a2)(t1—-T) < 0 Vte (0,7)
—— v ——
T >0 R >0 <0 (320)
(§—a)(t2—T) > 0 Vire (T,Tz)
N—— ——
>0 >0
(% — a) (tQ — TQ) < 0 Yty € (T, TQ)
—_—— ——
T B (3.21)
3 (t3 7T2) > 0 Vize (T2,+OO)
~
>0 >0

Since A,T,a > 0 and we are assuming A > 9a and 0 < t; < T < ty < Tp < i3,
inequalities in (3.20) and (3.21) are clearly satisfied, hence the proof is completed. O

We conclude this section by highlighting some important properties of the func-
tional J(-; A, T,a) in (1.1).

DEFINITION 3.6. Let Z : R™ — R be a (not necessarily smooth) function. Then,
Z is said to be p-strongly convex if and only if there exists a constant p > 0, called the
modulus of strong convezity of Z, such that the function Z(x) — & ||z||3 is convez.

PROPOSITION 3.7. Let ¢(-;T,a) : Ry — R be the penalty function defined
in (2.1) and let the pair of parameters (X, a) € R x R satisfy condition (3.10).
Then, the functional J(-;\,T,a) in (1.1) is proper*, continuous (hence, lower semi-
continuous), bounded from below by zero, coercive and p-strongly convex with modulus

LA convex function is proper if it nowhere takes the value —co and is not identically equal to
—+oo0.
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of strong convexity (at least) equal to
p=XA—9a=9a(r.—1) . (3.22)

The proof is provided in the Appendix.

4. Applying ADMM to the proposed CNC model. In this section, we
illustrate in detail the ADMM-based [3] iterative algorithm used to numerically solve
the proposed model (1.1) in case that the pair of parameters (A, a) € R* x R satisfies
condition (3.10), so that the objective functional J(u;A,T,a) in (1.1) is strongly
convex with modulus of strong convexity given in (3.22). Towards this aim, first
we resort to the variable splitting technique [1] and introduce the auxiliary variable
t € R?" such that model (1.1) is rewritten in the following linearly constrained
equivalent form:

{u,t"} < arg min { 3 lu = blI3 + ;¢(||EH2;T, a) } (4.1)
subject to: t = Du, (4.2)

where the matrix D € R?"*" is defined by
D := (Dy, D))", (4.3)

with Dy, D, € R™*"™ the unscaled finite difference operators approximating the first-
order horizontal and vertical partial derivatives of an nj x ny image (with nine = n)
in vectorized column-major form, respectively, according to the unscaled first-order
forward scheme considered in the previous section. More precisely, matrices Dy, D,
are defined by

Dh = an & Inl s Dv = ITL2 & Ln1 5 (44)

where ® is the Kronecker product operator and L, € R**# denotes the unscaled for-
ward finite difference operator approximating the first-order derivative of a z-samples
1D signal. In particular, we assume periodic boundary conditions for the unknown
image u, such that matrix L, takes the form

-1 1 0
0 -1 1
0 -1 1
1 0 ... 0 -1 |

In (4.1) we defined as t; := ((Dhu)i, (Dvu)i)T € R? the discrete gradient of the
image u at pixel ¢, obtained by selecting from the vector ¢ the i—th and (i + n)—th
entries. We remark that the auxiliary variable ¢ has been introduced in (4.1)—(4.2)
to transfer the discrete gradient operators (Vu); in (1.1) out of the non-convex non-
smooth regularization term ¢(|| - ||2; T, a).
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To solve problem (4.1)—(4.2), we define the augmented Lagrangian functional

)\ n
L(u,t;p) = §||U—b|\§+ > o(lltill2: T, a)

i=1

B
~(p.t=Du)+ =t~ Dul} . (46)

where 8 > 0 is a scalar penalty parameter and p € R?" is the vector of Lagrange
multipliers associated with the system of linear constraints in (4.2). We then consider
the following saddle-point problem:

Find (u*,t*;p*) € R"x R*"x R*"
sit. L(u*,t%5p) < L(u",t550") < L(u,t;p")
Y (u,t;p) € R"x R*™x R*™, (4.7

with the augmented Lagrangian functional £ defined in (4.6).

Given the previously computed (or initialized for k = 1) vectors t(*~1 and p(¥),
the k-th iteration of the proposed ADMM-based scheme applied to the solution of the
saddle-point problem (4.6)—(4.7) reads as follows:

u(k) < arg m%@n E(u,t(kfl);p(k)), (48)
u€R”

t® « arg min Lu®,t;p®), (4.9)
tER2"

P ) g (t(k) _ Du(k)) ) (4.10)

In Section 5 we will show that, under mild conditions on the penalty parameter 3, the
iterative scheme in (4.8)—(4.10) converges to a solution of the saddle-point problem
(4.7), that is to a saddle point (u*,t*; p*) of the augmented Lagrangian functional in
(4.6), with u* representing the unique solution of the strongly convex minimization
problem (1.1).

In the following subsections we show in detail how to solve the two minimization
sub-problems (4.8) and (4.9) for the primal variables u and ¢, respectively, then we
present the overall iterative ADMM-based minimization algorithm.

4.1. Solving the sub-problem for u. Given t*~1) and p*) and recalling the
definition of the augmented Lagrangian functional in (4.6), the minimization sub-
problem for u in (4.8) can be rewritten as follows:

. A B _ 2
u® arg min { 3 lu — 0|2 + <p(k),Du> + 5 ||t(k H_ Du”2 } , (4.11)

where constant terms have been omitted. The quadratic minimization problem (4.11)
has first-order optimality conditions which lead to the following linear system:

(In 48 DTD)u —p 4 Zpr (t(kl) _1 p(k)) . (4.12)

A A Ié]

We remark that from the definition (4.3) of matrix D € R?"*" it follows that
DTD € R™ ™ in (4.12) can be written as DgDthDZDU, with Dy, D, € R™*™ defined
in (4.4)—(4.5). Hence, DT D represents a 5-point stencil finite difference discretization
of the negative 2D Laplace operator. Since, moreover, 3/ > 0, the coefficient matrix
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of the linear system (4.12) is symmetric, positive definite and highly sparse, there-
fore (4.12) can be solved very efficiently by the iterative (preconditioned) conjugate
gradient method.

However, under appropriate assumptions about the solution u near the image
boundary, the linear system can be solved even more efficiently by a direct method.

In particular, since we are assuming periodic boundary conditions for u, the ma-
trix DTD is block circulant with circulant blocks, so that the coefficient matrix
I+ %DTD) in (4.12) can be completely diagonalized by the 2D discrete Fourier
transform (FFT). It follows that at any ADMM iteration the u-subproblem, i.e. the
linear system (4.12), can be solved explicitly by one forward and one inverse 2D FFT,
each at a cost of O(nlogn) operations.

We remark that the same computational cost can be achieved by using reflective
or anti-reflective boundary conditions, see [?, 7, ?].

4.2. Solving the sub-problem for t. Given u®) and p*), and recalling the
definition of thepr augmented Lagrangian functional in (4.6), after some simple alge-
braic manipulations the minimization sub-problem for ¢ in (4.9) can be rewritten in
the following component-wise (or pixel-wise) form:

RS B 2
t8  arg min ; <¢(||ti||2§T7 a) + 5 ti - rgk)l\z) 7 (4.13)

where the n vectors rgk) € R%, i =1,...,n, which are constant with respect to the

optimization variable ¢, are defined by:

) = (Du®). + L (,®)

i i)

(4.14)

with (Du(k))l., (p(k))i € R? denoting the discrete gradient and the associated pair of
Lagrange multipliers at pixel i, respectively. The minimization problem in (4.13) is
thus equivalent to the following n independent 2-dimensional problems:

. B 2 .
tgk)<— argt{_rélﬂgz {Gi(ti) = ¢(||ti”2;Tv a) + 5” ti — Tz(k)Hz} , i=1..n, (415

where, for future reference, we introduced the cost functions §; : R2 - R, i=1,...,n.

Since we are imposing that condition (3.10) is satisfied, such that the original
functional J(u; A, T,a) in (1.1) is strictly convex, we clearly aim at avoiding non-
convexity of the ADMM sub-problems (4.15). In the first part of Proposition 4.1
below, whose proof is provided in the Appendix, we give a necessary and sufficient
condition for strict convexity of the cost functions in (4.15).

ProposITION 4.1. Let T,a,8 € R and r € R? be given constants, and let
o(-;T,a) : Ry — R be the penalty function defined in (2.1). Then:

1) The function
9 ._ T é — |2 R2 4.1
(@) = ¢zl Tra) + 5 llz—rllz, 2 €R”, (4.16)

is strictly convex (convex) if and only if the following condition holds:

B>a (B=a) (4.17)
11



2) In case that (4.17) holds, the strictly convex minimization problem

in 0 4.18
arg min 6(x) (4.18)

admits the unique solution x*€ R? given by the following shrinkage operator:

ot = &7, with €€ (0,1] (4.19)
equal to
a) &= K if |r[l2 € [0,k0)
b) &= ra—nz/|rl2 it |rll2 € [Ko,T2) (4.20)
¢) &=1 if ||r|l2 € [T2,+00)
and with
ﬁ0:T+%(T2—T), m:%, ”2:ﬂ€a’ ;@3:%. (4.21)

Based on (4.16)—(4.17) in Proposition 4.1, we can state that all the problems in
(4.15) are strictly convex if and only if

B>a. (4.22)

In case that (4.22) is satisfied, the unique solutions of the strictly convex problems
(4.15) can be obtained based on (4.19) in Proposition 4.1, that is:

1) = W ® i1, (4.23)
where the shrinkage coefficients EZ-(k)e (0, 1] are computed according to (4.20). We no-
tice that coefficients kg, K1, K2, k3 in (4.21) are constant during the ADMM iterations,
hence they can be precomputed once and for all at the beginning. The solutions of
problems (4.15) can thus be determined very efficiently by the closed forms given in
(4.20), with computational cost O(n).

4.3. ADMM-based minimization algorithm. To summarize previous re-
sults, in Algorithm 1 we report the main steps of the proposed ADMM-based iterative
scheme used to solve the saddle-point problem (4.6)—(4.7) or, equivalently (as it will
be proven in the next section), the minimization problem (1.1). We remark that the
constraint on the ADMM penalty parameter 8 in Algorithm 1 is more stringent than
that in (4.22) which guarantees the convexity of the ADMM subproblem for the pri-
mal variable t. Indeed, the more stringent requirement is needed for the analysis of
convergence that will be carried out in Section 5.

5. Convergence analysis. In this section, we analyze convergence of the pro-
posed ADMM-based minimization approach, whose main computational steps are
reported in Algorithm 1. In particular, we prove convergence of Algorithm 1 in case
that conditions (3.10) and (5.16) are satisfied.

To simplify the notations in the subsequent discussion, we give the following
definitions concerning the objective functional in the (u, t)-split problem (4.1)—(4.2):

A n
Glu,t) = 3 lu—=bl5 + D o(Iltll2; T, a) (5.1)

i=1

F(u) RO

12



Algorithm 1 ADMM-based scheme for the solution of CNC problem (1.1)

input: observed image b€ R"

output: approximate solution u*€ R™ of (1.1)
parameters: MODEL: T >0 and A >0
1. initialization: ¢ = Db, p) =0

set a s.t. A > 9a according to (3.10),

set > 0s.t. B> max{2a, a 2} according to (5.16)

2. for k=1,2 3 ... until convergence do:

3. - update primal variables:

4. - compute u®) by solving (4.12)

5. - compute t(*) by (4.14), (4.20) and (4.23)
6. - update dual variable:

7. - compute pF+1) by (4.10)

8. end for

9. wu* =uk

where the parametric dependencies of the fidelity term F'(u) on A and of the regular-
ization term R(t) on T and a are dropped for brevity. The augmented Lagrangian
functional in (4.6) can thus be rewritten more concisely as

L(u,t;p) = F(u) + R(t) = (p,t — Du) + g It = Dull3, (5.2)

and the regularization term in the original proposed model (1.1), referred to as R(u),
reads

R(u) = R(Du). (5.3)

To prove convergence, we follow the same methodology used, e.g., in [41], for
convex optimization problems, based on optimality conditions of the augmented La-
grangian functional with respect to the pair of primal variables (u,t) and on the
subsequent construction of suitable Fejér-monotone sequences. However, in [41] and
other works using the same abstract framework for proving convergence, such as [42]
where convex non-quadratic fidelity terms are considered, the regularization term of
the convex objective functional is also convex (Total Variation semi-norm in [41, 42]).
In contrast, in our CNC model (1.1) the total objective functional J is convex but the
regularizer is non-convex. This calls for a suitable adaptation of the above mentioned
proofs, in particular of the proof in [41], where the same ¢y fidelity term as in our
model (1.1) is considered.

Our proof will be articulated into the following parts:

1. derivation of optimality conditions for problem (1.1);
2. derivation of convexity conditions for the augmented Lagrangian in (5.2);

13



3. demonstration of equivalence (in terms of solutions) between the split problem
(4.1)—(4.2) and the saddle-point problem (4.6)—(4.7);

4. demonstration of convergence of Algorithm 1 to a solution of the saddle-point
problem (4.6)—(4.7), hence to the unique solution of (1.1).

5.1. Optimality conditions for problem (1.1). Since the regularization term
in our model (1.1) is non-smooth non-convex, unlike in [41] we need to resort also to
concepts from calculus for non-smooth non-convex functions, namely the generalized
(or Clarke) gradients [10]. In the following we will denote by 0] f](z*) and by
02| f](z*) the subdifferential (in the sense of convex analysis [32, 33]) and the Clarke
generalized gradient [10], respectively, with respect to x of the function f calculated
at z*.

In Lemma 5.1 below we give some results on locally Lipschitz continuity for the
functions involved in the subsequent demonstrations, which are necessary for the
generalized gradients being defined. Then, in Proposition 5.2, whose proof is given in
[20], we give the first-order optimality conditions for problem (1.1).

LEMMA 5.1. For any pair of parameters (\,a) satisfying condition (3.10), the
functional J in (1.1) and, separately, the reqularization term R in (5.3) and the
quadratic fidelity term, are locally Lipschitz continuous functions.

Proof. The proof is immediate by considering that the quadratic fidelity term
and, under condition (3.10), the total functional 7 in (1.1), are both convex functions,
hence locally Lipschitz, and that the regularization term R in (5.3) is the composition
of locally Lipschitz functions (note that the penalty function ¢(-; T, a) defined in (2.1)
is globally L-Lipschitz continuous with L = a(T5 — T')), hence locally Lipschitz. O

PROPOSITION 5.2. For any pair of parameters (X, a) satisfying condition (3.10),
the functional J : R™ — R in (1.1) has a unique (global) minimizer u* which satisfies

0 € 0u[T](u), (5.4)

where 0 denotes the null vector in R™ and 6u[j](u*) C R™ represents the subdif-
ferential (with respect to u, calculated at uw*) of functional J. Moreover, it follows
that

0 € DTO,[R](Du*) + A(u* —b), (5.5)

where 0, [R] (Du*) C R?" denotes the Clarke generalized gradient (with respect to t,
calculated at Du*) of the non-convex non-smooth regularization function R defined in
(5.1).

5.2. Convexity conditions for the augmented Lagrangian in (5.2). Sub-
sequent parts 3. and 4. of our convergence analysis require that the augmented
Lagrangian functional in (5.2) is jointly convex with respect to the pair of primal
variables (u,t). In [41, 42], where the regularization term is convex, such property
is clearly satisfied for any positive value of the penalty parameter 5. In our case,
where the regularization term is non-convex, this is not trivially true and needs some
investigation, which is the subject of Lemma 5.3 and Proposition 5.4 below.

LEMMA 5.3. Let F': R® — R be the fidelity function defined in (5.1), D € R?"*"
the finite difference matriz defined in (4.8)-(4.5), b € R*, v € R®" given constant
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vectors and A € R* | v € R free parameters. Then, the function Z : R™ — R defined
by

Y A v
Z(w; A7) = Fu) = 5 [Du=vl3 = 5 lu=bl3 - 5 [Du=0l5  (56)

is conver in u if and only if

A
< =, 5.7
TS g (5.7)
Moreover, if the parameter X satisfies condition (3.10), (5.7) becomes
9
"YS Tcgaa TCE (1,+OO) (58)

Proof. The function Z in (5.6) is quadratic in w, hence it is convex in u if and
only if its Hessian Hy € R™*™ is at least positive semidefinite, that is if and only if

Hy =M\, —yvDT'D >0, (5.9)

where, for a given real symmetric matrix M, the notation M = 0 indicates that M
is positive semidefinite. Since the matrix DTD € R™ " is symmetric and positive
semidefinite, it admits the eigenvalue decomposition

DD =VEVT, E=diage, es,...,e,), VIV=VVT=T, (5.10)

with e; € Ry, = 1,...,n, indicating the real non-negative eigenvalues of DT D.
Replacing (5.10) into (5.9), we obtain:

Hy =X —yVTEV =VT (M -~yE)V
=VTdiag(A —yer, A\ —vea, ..., A— ve,) V = 0. (5.11)

Condition (5.11) is equivalent to

A—ve; >0 Vie{l,....,n} <= A —ymaxe; >0 <= 7 < (5.12)

max; €;

As previously highlighted, the matrix D7D € R™*" represents a 5-point stencil
unscaled finite difference approximation of the negative Laplace operator applied to
an ni X ng vectorized image, with n = nins. In order to obtain an upper bound for
the maximum eigenvalue max; e; of DT D, first we recall definitions (4.3)-(4.4) and
rewrite DT D as

DD = D{Dy+ DID,
= (Lng & In1>T(Ln2 ® Inl) + (Ing & Lnl)T(Ing ® Ln1)
= (Lf,Ln,) ® I, + I, ® (LL Ly,) (5.13)
= (L], Ly,) ® (L] Ly,) (5.14)

where (5.13) follows from properties of the Kronecker product operator and @ in (5.14)
denotes the Kronecker sum operator. It thus follows from (5.14) and from the proper-
ties of the eigenvalues of the Kronecker sum of two matrices that the maximum eigen-
value of DT D is equal to the sum of the maximum eigenvalues of LI L, € R™*™
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and LT L,,€ R"2*"2 with the prototypical matrix L, € R**# defined in (4.5). From

(4.5), we have that matrix LT L, € R**# takes the form

2 -1 0 0 —1
-1 2 -1 0

L'L, = 0 -1 (5.15)
Lol 0
0 -1 2 -1
-1 0 ... 0 -1 2|

By using Gershgorin’s theorem [46], we can state that all the real eigenvalues of the
matrix LT L, in (5.15) belong to the interval [0, 4] independently of the order z. It
follows that the eigenvalues of both matrices L! L,, and L] L, are bounded from
above by 4 and, hence, the maximum eigenvalue max; e; of DT D is bounded from
above by 8. Substituting 8 for max; e; in (5.12), condition (5.7) and condition (5.8)
follow. O

PROPOSITION 5.4. For any given vector of Lagrange multipliers p € R?", the
augmented Lagrangian functional L(u,t; p) in (5.2) is proper, continuous and coercive
jointly in the pair of primal variables (u,t). Moreover, in case that condition (3.10)
is satisfied, L(u,t;p) is jointly convex in (u,t) if the penalty parameter B satisfies

(5.16)

or, equivalently

52 gaL

. Tee(1,400).
o, —g» Te€lFoo)

(5.17)

Proof. Functional L(u,t; p) in (5.2) is clearly proper and continuous in (u,t). For
what concerns coercivity, we rewrite L(u,t; p) as follows:

Ll tip) = Flu) + R(0) + 5 [t Dull3 ~ (o, — Du) (5.18)
8 (VR G
= F(uw) + R(t) + 5 Ht—Du— BpH2 ~ 5513 (5.19)

We notice that the second term in (5.19) is bounded and the last term does not
depend on (u,t), hence they do not affect coercivity of L(u, t; p) with respect to (u,t).
Then, the first and third terms in (5.19) are jointly coercive in u and the third term
is coercive in ¢, hence L(u,t; p) is coercive in (u,t).
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Starting from (5.18), we have:
M 72
Llut;p) = Flu) - - [Dull3 + R(t) + 5 [1£113
71 V2 B
+t5 [ Dull3 — ) 1#13 + 5 lIt= Dull3 — (p,t — Du)

— — (p,t— Du) + F(u) — 2| Dul? + R(t) + 2 |¢|3
Nt/ 2 2

Frln £2(u) £3(1)
B+m B—
+ P pugz — 4Du,ty + 2272 3, (5:20)
[,4(u,t)
where ;1 and 9 are scalars satisfying
M < Tcgaa Y22 a, (5.21)

such that, according to condition (5.8) in Lemma 5.3 and condition (4.17) in Proposi-
tion 4.1, the terms Lo(u) and L3(¢) in (5.20) are convex in u and ¢ (hence also in (u, t)),
respectively. The term £ (u,t) is affine in (u,t), hence convex. For what concerns
L4(u,t), it is jointly convex in (u,t) if it can be reduced to the form +|| ¢; Du — C2t||§
with e1, o > 0. We thus impose that the coefficients of the terms || Dul|3 and ||¢||3 in
(5.20) are positive and that twice the product of the square roots of these coefficients
is equal to the coefficient of the term —(Du,t) in (5.20), that is:

B> —m, B> v, By —72) =772 (5.22)

Simple calculations prove that conditions in (5.21)—(5.22) are equivalent to the fol-
lowing:

= 2 (g, m)eT:= {(71,72)€R21 V1> 72, NS Tcg% V2 = a}- (5.23)

72 8
We notice that the set ' in (5.23) is not empty and contains only strictly positive
pairs (71, v2). Hence, there exist triplets (5,71, y2) such that (5.23) is satisfied and the
augmented Lagrangian functional in (5.20) is convex. By simple analysis, we can see
that the range of the function S(v1,7v2) = v172/(71 — Y2) with (71,72) € T’ coincides
with (5.17) and, after recalling that A\ = 7.9a, with (5.16). This completes the proof.
O

5.3. Equivalence between problems (4.1)—(4.2) and (4.6)—(4.7). The op-
timality conditions derived in subsection 5.1, together with the convexity conditions in
subsection 5.2 and the results in the following Lemmas 5.5-5.6 allow us to demonstrate
in Theorem 5.7 that the saddle-point problem in (4.6)—(4.7) is equivalent (in terms of
solutions) to the minimization problem in (4.1)—(4.2). In particular, we prove that,
for any pair (), a) satisfying (3.10) and any § satisfying (5.17), the saddle-point prob-
lem (4.6)—(4.7) has at least one solution and, very importantly, all its solutions will
provide pairs of primal variables (u*, t*) with t* = Du*, which solve the split problem
(4.1)—(4.2), and thus u* represents the unique global minimizer of the strongly convex
functional J in (1.1).
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LEMMA 5.5. Assume that Z = Q + S, Q and S being lower semi-continuous
conver functions from R™ into R, S being Gateauz-differentiable with differential
S’. Then, if p* € R™, the following two conditions are equivalent to each other:

1) p* € arginf,ern Z(p) ;
2) Qlp) = Q")+ (S (p*),p—p*) 20 VpeR"
Moreover, in case that the function @ has a (separable) structure of the type

Q(p) = Q(p1,p2) = Q1(p1) + Q2(p2) with p1 € R™ and p; € R" (and ny + ny =n)
being two disjoint subsets of independent variables, then conditions 1) and 2) above
are also both equivalent to the following condition:

p; € arginfy, ermi {Z1(p1) == Z(p1,p3) }
ps € arginfy,cpna { Za(p2) == Z(p,p2) }

*

3) with (pi,p3) =p"

Proof. Equivalence of conditions 1) and 2) is demonstrated in [13, Proposition
2.2]. If condition 1) is true, that is p* is a global minimizer of the function Z over its
domain R™, then clearly p* is also a global minimizer of the restriction of Z to any
subset of R™ containing p*. Hence, condition 1) implies condition 3). To demonstrate
that condition 3) implies condition 2), which completes the proof, first we rewrite in
explicit form the two objective functions Z; and Zs defined in condition 3):

Z1(p1) = Q1(p1) + Q2(p3) + Si(p1),  Si(p1) := S(p1,p5) (5.24)
Zay(p2) = Q1(py) + Q2(p2) + S2(p2), S2(p2) := S(pi,p2)- (5.25)

Assume now that condition 3) holds. Then, by applying the equivalence of conditions
1) and 2), condition 3) can be rewritten as follows:

Q1(p1) + Qetps) — Qu(p7) — QewsT + (S1(p7),p1 —pi) >0 Vp € R™ (5.26)
QikrtT + Q2(p2) — QekrtT — Q2(p5) + (S5(p3),p2 —p5) >0 Vpy e R™
By summing up the two inequalities in (5.26), we obtain:
Q1(p1) + Q2(p2) — Q1(pT) — Q2(p3)
+ ((51(p1), S5(p3)), (pr — PTop2 — p3) ) =0 V(p1,p2) € R™ x R"™
= Q(p1,p2) — Qp1,15)
+ < (Si(p’{)»Sé(pE)), (Pl,m) - (p‘{,pé) > >0 V(p1,p2) € R™ x R"™
= Q) —-Q@)+(S®)p—p") 20 VpeR", (5.27)

which coincides with condition 2), thus completing the proof. O

LEMMA 5.6. For any pair of parameters (A, a) satisfying condition (3.10), any
penalty parameter B fulfilling condition (5.17) and any vector of Lagrange multipliers p,
the augmented Lagrangian functional L in (5.2) satisfies the following:

u* € argmin L (u,t™; p)
(u,t*) € argmin L (u,t;p) < “ . (5.28)
w,t t* € arg rntin L (u*,t;p)
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Proof. According to the results in Proposition 5.4, in case that the parameters
(A, a) and S satisfy conditions (3.10) and (5.17), respectively, the augmented La-
grangian L(u,t; p) in (5.2) is proper, continuous, coercive and convex jointly in the
pair of primal variables (u,t). In particular, within the proof of Proposition 5.4 we
highlighted how for any g satisfying (5.17) there exist at least one pair of scalar coef-
ficients (1, v2) such that the augmented Lagrangian functional can be written in the
form

Llutip) = = {pt=Du) + Fu) = T [|Dul} + R(t) + 2 |13
b Du)
£1(wt) Lo (u) Ls(t)
+ |t Du — eot||3, (5.29)
La(u,t)

with functions L1, £, L3, L4 being convex in (u,t). In order to apply Lemma 5.5, we
rewrite (5.29) in the following equivalent form:

Q1(u) Q2(t)
71 V2
Llust;p) = Flu) = 5 |1Dull3 + (p, Du) + R(t) + 5 1415 = (pit)

Q(u,t)
+ |letDu — cot||3 . (5.30)
N— ————
S(u,t)

From the convexity of functions Lo and L3 in (5.29), it clearly follows that @1 and
Q2, and hence @, in (5.30) are convex as well. Moreover, function S in (5.30) is
clearly convex and Gateaux-differentiable. Hence, by simply applying the property of
equivalence of conditions 1) and 3) in Lemma 5.5, statement (5.28) follows and the
proof is completed. O

THEOREM 5.7. For any pair of parameters (\ a) satisfying condition (3.10)
and any parameter B fulfilling condition (5.17), the saddle-point problem (4.6)—(4.7)
admits at least one solution and all the solutions have the form (u*, Du*; p*), with u*
denoting the unique global minimizer of functional J in (1.1).

The proof is postponed to the appendix.

5.4. Convergence of Algorithm 1 towards a solution of (4.6)—(4.7).
Given the existence and the good properties of the saddle points of the augmented
Lagrangian functional in (5.2), highlighted in Theorem 5.7, it remains to demonstrate
that the ADMM iterative scheme outlined in Algorithm 1 converges towards one of
these saddle points, that is towards a solution of the saddle-point problem (4.6)—(4.7).
This is the goal of Theorem 5.8 below.

THEOREM 5.8. Assume that (u*,t*;p*) is a solution of the saddle-point problem

(4.6)-(4.7). Then, for any pair of parameters (A, a) satisfying condition (3.10) and
any parameter B fulfilling condition

B> 3= max{2a, 9a 9776_8}’ (5.31)
C
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the sequence {(u(k),t(k);p(k))}zz generated by Algorithm 1 satisfies:

lim u® = u*, (5.32)
k——+oo

lim t® = ¢ = Du*. (5.33)
k—+oo

The proof is postponed to the appendix.

We conclude this analysis with the following final theorem, whose proof is imme-
diate given Theorem 5.7 and Theorem 5.8 above.

THEOREM 5.9. Let the pair of parameters (X, a) satisfy condition (3.10) and let
the parameter 8 satisfy condition (5.31). Then, for any initial guess, the sequence
{u(k)};fl generated by Algorithm 1 satisfies:

lim u® = u*, (5.34)

k—+oo
with u* denoting the unique solution of problem (1.1).

6. Experimental Results. In this section, we investigate experimentally the
performance of the proposed CNC segmentation approach, named CNCS, on 2D syn-
thetic and real images. In particular, in the first two examples we compare CNCS
with the most relevant alternative approach, namely the two-step convex segmenta-
tion method presented in [5]. Then, in the third example we extend the comparison to
some other recent state-of-the-art multiphase segmentation approaches. In the visual
results of all the presented experiments, the boundaries of the segmented regions are
superimposed on the original images.

We recall that the proposed CNCS method consists of two steps. In the first step
an approximate solution of the minimization problem (1.1) is computed by means
of the ADMM-based iterative procedure illustrated in Algorithm 1; iterations are
stopped as soon as two successive iterates satisfy ||u*) — u*=D||y/|[uF=D]y < 1074
In the second step the segmented regions are obtained by means ofF a thresholding
procedure.

For what concerns the parameters of the CNCS approach, first we used in all
the experiments a fixed value 7, = 1.01 of the convexity coefficient in (3.10), so
as to always use an almost maximally non-convex regularizer with the constraint
that the total functional is convex. Then, the regularization parameter A has been
hand-tuned in each experiment - as usually done in most of the variational methods
in image processing - so as to produce the best possible results. We remark that,
once 7. and A have been set, the parameter ¢ and, then, the lower bound § of the
ADMM penalty parameter 8 are automatically obtained based on (3.10) and (5.31),
respectively. Moreover, we noticed from the experiments that using § = 1.1 3 always
yields a satisfactory convergence behavior of the ADMM-based algorithm.

For what finally concerns the model parameter T', it has been devised exactly
to let the user control the salient parts to be segmented. More precisely, as already
pointed out, 7" should be selected as the maximum expected magnitude of the gradient
in the inner segmented part. However, users which are not expert in the field can be
easily assisted by automatic procedures based on image gradient estimation, provided
in MATLAB and in public image processing software packages such as GIMP.
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Fic. 6.1. Segmentation of the geometric image.
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F1G. 6.2. Segmentation of the geometric image by CNCS for different T values.

Example 1.

In this example we demonstrate the performance of the proposed CNCS approach
in comparison with the convex two-phase model proposed by Cai, Chan and Zeng in
[5], referred to as CCZ in the following. For all the experiments, the two parameters A
and n of the CCZ approach have been hand-tuned so as to produce the best possible
results. In order to highlight the benefits of using a non-convex penalty function,
we applied both methods to the segmentation of a noisy synthetic image, named
geometric, containing four basic shapes, with three different gray intensities, on a
white background.

In the first row of Fig. 6.1, from left to right, we show the given image corrupted
by additive Gaussian noise with noise level 0.02, the approximate solution u* obtained
by Algorithm 1 (CNCS) in 7 iterations and by the convex two-phase algorithm (CCZ)
in 31 iterations, and the difference between the u*’s obtained by CNCS and CCZ
algorithms. For the second thresholding step in both algorithms the thresholds were
fixed to be p; = 0.85, po = 0.90 and p3 = 0.99.

The four different regions segmented by the CCZ and CNCS methods are shown
in the second and third rows of Fig. 6.1, respectively. The boundaries of the segmented
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regions are shown with red color and superimposed on the given images. CCZ fails to
detect region 3 (light gray shapes) and it smooths out the boundaries. This behavior
is justified from the fact that the well-known TV regularizer used in [5] is defined
as the f1-norm, which inevitably curtails originally salient boundaries to penalize
their magnitudes. In particular, as discussed in [39], the TV of a feature is directly
proportional to its boundary size, so that one way of minimizing the TV of that feature
would be to reduce its boundary size, in particular by smoothing corners. Moreover,
the change in intensity due to TV regularization is inversely proportional to the scale
of the feature, so that very small-scale features are removed, thus causing failures in
the segmentation procedure.

By exploiting the penalty term ¢ introduced in our model, the pixels whose
gradient is above the threshold T' are identified by the function pieces ¢o and ¢3
defined in (2.1) that represent a very good approximation of the perimeter function
introduced in the Mumford-Shah original model. Therefore our model well preserves
the sharp boundary shapes as illustrated in Fig. 6.1 (third row).

In Fig. 6.2 we highlight the effects of the parameter 7" on the segmentations
obtained by CNCS. In particular, we depict in blue the pixels treated by the functions
¢ and ¢3 for different values of the parameter T: T = 0.1 first column, 7" = 0.05
second column, and 7' = 8 x 10~* third column. The largest T allows one to detect
clearly only the boundary of the darkest rectangle, with the other T values we can
distinguish the two gray darker rectangles, Fig. 6.2 (middle), and with the smallest
T we can easily detect the four simple shapes.

Example 2.

In this example we demonstrate the benefit of the penalty function introduced in
the proposed model to allow for segmentations that reproduce sharp boundaries and
detect inhomogeneous regions.

Fig. 6.3(a) shows the image rectangles of dimension 400 x 400, that we want to
segment into K = 2 parts: vertical rectangles and background, where the rectangles
are characterized by magnitude inhomogeneity. The segmentation results obtained
by the proposed method are shown in Fig. 6.3(b) using yellow-colored boundaries.
The penalty function used in our model allows for preserving the sharp features of
the boundaries (e.g., corners) even in the darker regions where the intensity gradient
characterizing the boundary is very small.

This is a simple example belonging to the class of piecewise smooth segmentation
problems for which the model CCZ in [5] has been devised. The segmentation results
obtained by CCZ are shown in Figs. 6.3(c)-(d) using, in the second phase, a manually
tuned optimal threshold value p = 0.19 and a K-means algorithm, respectively. The
former can better reproduce the segmented boundaries, however both the results
present rounded corners. This effect is again motivated by the approximation of the
perimeter with the ¢1-norm regularization term in the CCZ model.

A set of state-of-the-art two-phase segmentation methods, including the unsuper-
vised model by Sandberg et al. [35], the max-flow model by Yuan et al. [44], the
Chan-Vese [7] and the frame-based variational framework by Dong. et al. [12] are
evaluated and compared with our model. The codes we used are provided by the au-
thors, and the parameters in the codes were chosen by trial and error to produce the
best results of each method. In Figs. 6.3(e)-(h) the resulting segmentations are su-
perimposed on the original image by using yellow-colored boundaries. We can observe
that all the methods fail in segmenting the darker upper part of the two rectangles
in the synthetic image, the method CCZ (Fig. 6.3(d)) fails only when the automatic
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K-means post-processing is applied, while our method achieves extremely accurate

results.

Example 3.

(a) Given image

(b) CNCS

(©) CCZ (p=0.19) (d)

CCZ and K-means

(e) Sandberg et al. [35]

(f) Bae et al. [44]

(g) Chan-Vese [7]

(h) Dong et al. [12]

F1G. 6.3. Segmentation of the rectangles image.
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(a) original

(d) Sandberg et al. [35]  (e) Yuan et al. [44] (f) Chan-Vese [7]

Fia. 6.4. Segmentation of brain image into K = 3 regions: dark gray, light gray, white.

(a) original (b) Sandberg et al. [35] (c) Yuan et al. [44] (d) Chan-Vese [8]

(e) CNCS region 1 (f) CNCS region 2 (g) CNCS region 3 (h) CNCS

F1G. 6.5. Segmentation of anti-mass image into K = 3 regions: light gray (region 1), dark gray
(region 2), black (region 3).

In this example, we test the CNCS approach on real, more complex, images and
compare it with some state-of-the-art alternative approaches for multi-region image
segmentation. Figure 6.4 shows segmentation results obtained on a real image brain,
a MRI brain scan of dimension 583 x 630. The multiphase segmentation is applied to
detect the three regions (K = 3) characterized by white, gray and black pixel color
values. For multiphase segmentation, the thresholds p; used in the second stage can
be chosen according to the ones obtained by K-means or can be tuned, in both cases
without recomputing the solution of the first more expensive minimization problem,
in order to achieve specific segmentation results. In particular, for this example we
used the thresholds p; = 0.18 and py = 0.56 for both methods CNCS and CCZ.

By comparing images in Fig. 6.4(b) and Fig. 6.4(c), we can observe that more
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detailed and complete small features are detected by CNCS model, which, neverthe-
less, gives comparable result to CCZ model. Other comparisons are illustrated in the
second row of Fig. 6.4. We notice that the results obtained by the methods proposed
by Sandberg et al. [35] (Fig. 6.4(d)), Yuan et al. [44] (Fig. 6.4(e)), and Chan-Vese
[8] (Fig. 6.4(f)) are less satisfactory than those achieved by CNCS and CCZ.

Another challenging segmentation problem is presented in Fig. 6.5: the multi-
phase segmentation of the anti-mass image with dimension 480 x 384 pixels into
K = 3 regions (see Fig. 6.5(a)) identified as light gray, dark gray and black. Also in
this case, we compared the proposed CNCS method with alternative state-of-the-art
segmentation methods. In particular, in the first row of Fig. 6.5, the segmentation
results obtained by the Sandberg et al. [35] (6.5(b)), the Yuan et al. [44] (6.5(c)),
and the Chan-Vese [8] models (6.5(d)) are reported.

Figures 6.5(e)-(g) show the regions segmented by CNCS method, and in Fig.
6.5(h) the three detected regions are shown by visualizing the three gray levels. We
can appreciate how our method can reveal different meaningful high-level structures
in the image which are not captured by the other over-detailed segmentations.

7. Conclusions. We presented a CNC variational model for multiphase image
segmentation. The minimized energy functional is made of a standard strictly con-
vex quadratic fidelity term and a new non-convex regularization term designed for
penalizing simultaneously the non-smoothness of the segmented inner regions and the
length of the boundaries. A sufficient condition for strict convexity of the functional
has been derived. This result allows us to benefit from the advantages of using such
non-convex regularizer while, at the same time, maintaining strict (or, better, strong)
convexity of the optimization problem to be solved. An efficient iterative minimiza-
tion procedure based on the ADMM algorithm has been proposed, where we have
derived a new proximity operator associated with the proposed regularization func-
tion. An analysis of convergence of the minimization algorithm has been presented
which paves the way for analogous demonstrations for other CNC models. Exper-
iments demonstrate the effectiveness of the proposed approach, also in comparison
with some alternative state-of-the-art segmentation methods.
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APPENDIX.

Proof of Lemma 3.2. Let v := (x1,72,23)7 € R3. Then, the function
f(-; AT, a) in (3.3) can be rewritten in a more compact form as follows:

A
flxs N\ T,a) = ngx + QS(\/xTQx;T,a) , (7.1)
with the matrix @ € R3*3 defined as
2 -1 -1
Q= (-1 1 0. (7.2)
-1 0 1
We introduce the eigenvalue decomposition of the matrix @ in (7.2):
Q = VAVT, A=diag(3,1,0), VVI =VTV =13, (7.3)

where orthogonality of the modal matrix V in (7.3) follows from symmetry of matrix
Q. Then, we decompose the diagonal eigenvalues matrix A in (7.3) as follows:

A=ZAZ, Z=diag(V/3,1,1), A =diag(1,1,0). (7.4)

Substituting (7.4) into (7.3), then (7.3) into (7.1), we obtain the following equivalent
expression for the function f:

Flas\Toa) = %xTx + ¢(\/:cTVZ/~XZVTm; T,a) . (7.5)

Recalling that the property of convexity for a function is invariant under non-singular
linear transformations of its domain, we introduce the following one for the domain
R3 of function f above:

=Ty, T:=VZ'1ecR¥3, (7.6)

which is non-singular due to V' and Z being non-singular matrices. By defining as
fr = f oT the function f in the transformed domain, we have:

A B =
fryAToa) = 5y Z7% + ¢<\/yTAy; T7a> : (7.7)
Recalling the definitions of Z and A in (7.4), we can write (7.7) in the explicit form:
yi 2 2
(3+yz +y3> + <Z>(\/y%+y§; T7a)
213+ 48 +i(2+ 5) + o Jyi+ud; T
392 Y3 18 Y1 Y2 ¢ Yi Tz 4sa

2
<3y§ +y§) + 9(y1,y2: M, T, a) , (7.8)

fry;\T,a) =

D> > o>

where the function g in (7.8) is defined in (3.6). Since the first term in (7.8) is
(quadratic) convex, a sufficient condition for the function fr in (7.8) to be strictly
convex is that the function g in (3.6) is strictly convex. This concludes the proof after
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recalling that the function f is strictly convex if and only if the function fr is strictly
convex. [

Proof of Lemma 3.3. It follows immediately from the definition of strict con-
vexity that a function from R? into R is strictly convex if and only if the restriction
of the function to any possible straight line of R? is strictly convex. Due to the radial
symmetry property of function % in (3.7), the restriction of % to a generic straight
line [ is identical to the restriction of ¢ to any other straight line obtained by rotating
[ around the origin. Hence, v is strictly convex if and only if all its restrictions to
horizontal straight lines (any other direction, e.g. vertical, could be chosen as well)
with non-negative intercept are strictly convex.

We denote by hog and hj the functions from R into R corresponding to the re-
striction of ¢ to the horizontal straight line with null intercept, namely the horizontal
coordinate axis, and to any horizontal straight line with positive intercept & > 0,
respectively. From the definition of the function ¢ in (3.7), we have:

ho(t) = 1 (¢,0)
hk(t) = d)(tvk)

2 (Jt]), teR, (7.9)

z(\/t2+k2), teR, k>0. (7.10)

Since the function ¢ in (3.7) is strictly convex if and only if both hg in (7.9) and hy
in (7.10) are strictly convex, it is clear that a necessary condition for ¢ to be strictly
convex is that hg in (7.9) is strictly convex. It thus remains to demonstrate that
ho being strictly convex is also a sufficient condition for v to be strictly convex or,
equivalently, that strict convexity of hg in (7.9) implies strict convexity of hy in (7.10)
for any positive k.

The functions hg and hy, in (7.9)—(7.10) are clearly even and, since we are assuming
z € C1(R,), we have that hy € C1(R) and hg € C°(R)NC (R \{0}). In particular, the
first-order derivatives of hg and hj are as follows:

ho(t) = 2'(|t]) sign(t), t e R\{0}, (7.11)

hL(t) = z'(\/tQ n k2) ﬁ teR. (7.12)

We note that hg is continuously differentiable also at the point ¢ = 0 if and only if
the right-sided derivative of the function z at 0 is equal to 0.

We now assume that the function hg in (7.9) is strictly convex. This implies that
the first-order derivative function hj, is monotonically increasing on its entire domain
R\{0}. It thus follows from the definition of h{, in (7.11) that the first-order derivative
function 2’ is nonnegative and monotonically increasing on R, . We then notice that,
for any given k > 0, the first-order derivative function h}, in (7.12) is continuous
(since 2z’ is continuous on R by assumption) and odd (hence A}, (0) = 0). Finally, by
recalling that the composition and the product of positive, monotonically increasing
functions is monotonically increasing, it follows that hj, in (7.12) is monotonically
increasing on the entire real line, hence hy, in (7.10) is strictly convex. This completes
the proof. [J

Proof of Proposition 3.7. The functional J(-;\,n,a) in (1.1) is clearly proper.
Moreover, since the functions ¢(-;7T,a) and | - ||2 are both continuous and bounded
from below by zero, J is also continuous and bounded from below by zero. In partic-
ular, we notice that J achieves the zero value only for u = b with b a constant image.
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The penalty function ¢(-;T,a) is not coercive, hence the regularization term in J is
not coercive. However, since the fidelity term is quadratic and strictly convex, hence
coercive, and the regularization term is bounded from below by zero, J is coercive.
As far as strong convexity is concerned, it follows from Definition 3.6 that the
functional J(-;A,T,a) in (1.1) is p-strongly convex if and only if the functional

J(u; A\, T, a, p) defined as

~ A n 7
T AT ap) = 5 u=0l3+ Y o ([(Vu)illzs Toa) — 5 Jlull3
i=1

T (u;\,Tha)

a3 + Y o (I(Va)illa: Toa)  (7.13)

i=1

A —
2

= A(u) +

is convex, where A(u) is an affine function of u. We notice that the functional J
in (7.13) almost coincides with the original functional J in (1.1), the only difference
being the coefficient is A — u instead of A. Hence, we can apply the results in Theorem
3.5 and state that J in (7.13) is convex if condition (3.10) is satisfied with A —
in place of A. By substituting A — p for A in condition (3.10), deriving the solution
interval for p and then taking the maximum, one obtains equality (3.22). O

Proof of Proposition 4.1. The demonstration of condition (4.17) for strict
convexity of the function 6 in (4.16) is straightforward. In fact, the function 6 can be
equivalently rewritten as

0(x) = o (lzll2; T a) + gllw\lg +A@x), zeR?, (7.14)

0(x)

with A(x) an affine function, so that a necessary and sufficient condition for 6 to be
strictly convex is that the function § in (7.14) is strictly convex. We then notice that
0 is almost identical to the function g in (3.6), the only difference being the coefficient
B/2 that for g now reads A/18. By setting \/18 = /2 <= X\ = 9/, the two functions
coincide. Condition for strict convexity of g in (3.10) reads as A > 9a, hence by
substituting A = 94 in it we obtain condition (4.17) for strict convexity of 6.

We remark that condition 5 > a reduces to 8 > a when only convexity is required.

For the proof of statement (4.19), according to which the unique solution a* of
the strictly convex problem (4.18) is obtained by a shrinkage of vector r, we refer the
reader to [20, Proposition 4.5].

We now prove statement (4.20). First, we notice that if ||r||2 = 0, i.e. r is the null
vector, the minimization problem in (4.18) with the objective function 6(z) defined
in (4.16) reduces to

. B

arg min {¢(||x||2;T, a) + = |z)3 ¢ - (7.15)
z€R? 2

Since the former and the latter terms of the cost function in (7.15) are a monotonically

non-decreasing and a monotonically increasing functions of ||z||2, respectively, the

solution of (7.15) is clearly * = 0. Hence, the case ||r||s = 0 can be easily dealt with
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by taking any value £* in formula (4.19). We included the case ||r|]2 = 0 in formula
a) of (4.20). In the following, we consider the case ||r||2 > 0.

Based on the previously demonstrated statement (4.19), by setting x = 7, £ > 0,
we turn the original unconstrained 2-dimensional problem in (4.18) into the following
equivalent constrained 1-dimensional problem:

* . . /8 2

e ang iy { o (lerll ) + 5 ler o1
+ arg min
0<¢<1

{10 =otrera+ JIB@-20}. @

where in (7.16) we omitted the constants and introduced the cost function f : R — R
for future reference. Since the function ¢ in (7.16), which is defined in (2.1), is
continuously differentiable on R, the cost function f in (7.16) is also continuously
differentiable on R,. Moreover, f is strictly convex since it represents the restriction
of the strictly convex function € in (4.16) to the half-line £r, £ > 0. Hence, the
first-order derivative f/(£) is a continuous, monotonically increasing function and a
necessary and sufficient condition for an inner point 0 < £ < 1 to be the global
minimizer of f is that f/(£) = 0. From the definition of f in (7.16) we have:

F1©) = lrll2 [¢' (Irll=& T, a) + Blirll2(€ = 1) ], (7.17)
and, in particular:
Flo) = =8lrlz <0, f' (1) = 7l (Irll2sT.a) > 0. (7.18)

It follows from (7.18) that the solution of (7.16) can not be £* = 0, hence it is either
&* =1 or an inner stationary point.

Recalling the definition of ¢( -; T, a) in (2.1), after some simple manipulations the
function f/(£) in (7.17) can be rewritten in the following explicit form:

7€) = Il [aZsZ0rlee 4Bl - 1)), i€ € [0,7]

7 =1 156 = Il [ —alirlag +aTs +8Irla(€~1)]. Il € (7, 7:](7.29)

74(€) = lirll2 [0 +Blrla(e ~1)], Il € (T2, +00)

that is:

7© = I3[ (B-a+ad)e  -8], ceDi= [0k ]

(&) =4 £:6 = I3 (ﬁ —a)f + aufﬁz _B:a §€Dy:= (\Irjilz’ HZﬁ ) (7.20)

73(&) = I3 | B B, €eDyi= [, +oo)
Denoting by &3, &5, & the points where f, f5, f4 in (7.20) equal zero, respectively,
we have:

. T ¢ B AT 1
! T+(T-1)5’ 27 B—a B-alrl’

&=1. (7.21)



However, for &, & and &5 in (7.21) to be acceptable candidate solutions of problem
(7.16), they must belong to the domains Dy, Ds, D3 of f1, f5, fi, respectively, and
obviously also to the optimization domain O := [0,1] of problem (7.16). We have:

— & eDNOIf (7.22)

{g’feDl if lrll € (0.7 + (T~ T)%]
Irle € (0.7 + (T - 7)3]

§e0 Vil

€Dy if ||r2 € (T+(T2—T)%,T2>

— & EeDNOf (7.23)
GeO it [rloe 570 1)

Irllz € (T + (T2 = 7). T2)

= & eDsNOif (7.24)

{gge Ds if [|r]|2 € [T, +0)
||7'H2 c [T2,+OO)

&e0 Vil

The proof of statement (4.20) is thus completed. O

Proof of Theorem 5.7. Based on the definition of the augmented Lagrangian
functional in (5.2), we rewrite in explicit form the first inequality of the saddle-point
condition in (4.7):

* g% B * * * *
LW, t5p) = BleT+ BT + S DT[] — (p,t" = Du’)
* * * ﬁ * * * * *
< Lt = BT+ BT+ S IE—DEE - (ot - Du*)
— (p"—p,t" —Du*)<0 VpecR™, (7.25)

and, similarly, the second inequality:
L(u* t%p") = F(u*) + R(t*) + g |t* — Du*||3 — (p*,t* — Du*)

< Lutip’) = Flw) +RE) + 2t~ Dul} — (ot~ Du)
Y (u,t) € R"x R*™ . (7.26)

In the first part of the proof, we prove that if (u*,t*;p*) is a solution of the
saddle-point problem (4.6)—(4.7), that is it satisfies the two inequalities (7.25) and
(7.26), then u* is a global minimizer of the functional 7 in (1.1).

Since (7.25) must be satisfied for any p € R?", we have:

t* = Du* . (7.27)

The second inequality (7.26) must be satisfied for any (u,t) € R"x R?". Hence, by
taking ¢ = Du in (7.26) and, at the same time, substituting in (7.26) the previously
derived condition (7.27), we obtain:

JWw 5\ T,a) = F(u*) + R(Du*)

< JwA\T,a) = F(u) + R(Du) YueR". (7.28)
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Inequality (7.28) indicates that u* is a global minimizer of the functional 7 in (1.1).
Hence, we have proved that all the saddle-point solutions of problem (4.6)—(4.7), if
there exists one, are of the form (u*, Du*;p*), with u* denoting a global minimizer
of J.

In the second part of the proof, we prove that at least one solution of the saddle-
point problem exists. In particular, we prove that if u* is a global minimizer of J in
(1.1), then there exists at least one pair (t*, p*) € R?"x R?" such that (u*,t*; p*) is a
solution of the saddle-point problem (4.6)—(4.7), that is it satisfies the two inequalities
(7.25) and (7.26). The proof relies on a suitable choice of the vectors t* and p*. We
take:

= Du*, (7.29)
p* € 0;[R](Du*) suchthat DTp* + X(u*—b) =0, (7.30)

where the term 0; [ R] (Du*) indicates the Clarke generalized gradient (with respect to
t, calculated at Du*) of the nonconvex regularization function R defined in (5.1). We
notice that a vector p* satisfying (7.30) is guaranteed to exist thanks to Proposition
5.2. In fact, since here we are assuming that u* is a global minimizer of functional 7,
the first-order optimality condition in (5.5) holds true.

Due to (7.29), the first saddle-point condition in (7.25) is clearly satisfied. Proving
the second condition (7.26) is less straightforward: we need to investigate the optimal-
ity conditions of the functional £ (u,t; p*) with respect to the pair of primal variables
(u,t). We follow the same procedure used, e.g., in [41], which requires L (u,t; p*) to
be jointly convex in (u,t). According to Proposition 5.4, in our case this requirement
is fulfilled if the penalty parameter [ satisfies condition (5.17), which has thus been
taken as an hypothesis of this theorem. Hence, we can apply Lemma 5.6 and state
that (7.26) is satisfied if and only if both the following two optimality conditions are
met:

u* € argmin £ (u,t*; p*) = argmin £ (u), (7.31)
t* € arg mtin L(u*,t;p") = arg mtin LD (1), (7.32)
where in (7.31)-(7.32) we introduced the two functions £(*) and £®) representing
the restrictions of functions £ (u,t*; p*) and £ (u*,t; p*) to only the terms depending

on the optimization variables u and ¢, respectively. In particular, after recalling the
definition of the augmented Lagrangian functional in (5.2), we have

£ = Fu) ~ 2= Dulp + S5 - Dul + (7, Du), (739
QU (u) S0 (u)

o) = o)+ 2 je-pulp + P - pug -y, )
QM(1) SM(t)

where, like in [41], £ and £*) have been split into the sum of two functions with the
aim of then deriving optimality conditions for £(*) and £(*) by means of Lemma 5.5.
Unlike in [41], the ADMM quadratic penalty term g ||t — Du||3 has been split into two

parts (differently in £(*) and £®)) in order to deal with the nonconvex regularization
term. In particular, the coefficients 51, B2 introduced in (7.33)—(7.34) satisfy

~B<BSmga,  a<p<B, (7.35)
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such that the terms S, S in (7.33)(7.34) are clearly convex and the terms Q(*),
Q™ are convex due to results in Lemma 5.3 and Proposition 4.1, respectively. We
also notice that all the functions Q) , Q") S §*) are proper and continuous and
that S, S® are Gateaux-differentiable. Hence, we can apply Lemma 5.5 separately
to (7.33) and (7.34), to check if the pair (u*,t*) satisfies the optimality conditions
in (7.31) and (7.32), so that the second saddle-point condition (7.26) holds true. We
obtain:

& fi

F(u) ~ 2~ Dull3 ~ F(u) + 52— Du3

—((B+B)D"(t* — Du*)— D p"u—u*)>0 VYueR} (7.36)
0

R) + 2 )= Du | — Ry~ 22 o — w3

+{(B=B)t" —Du*)—p*, t—t") >0 VteR™, (7.37)

0

where the term ¢* — Du* in (7.36)—(7.37) is zero due to the setting (7.29). We rewrite
conditions (7.36)—(7.37) as follows:

Pl = 5 = pulg = (Pn) - 5 1 - D)

—{Au* —b)— A(u* —b) =D"p* + DT (t*— Du*), u —u*) > 0 Vu € R"(7.38)
0

ﬁ * * ﬁ * *
R+ 2 - Dl - (RE) + 2 e - D)

- <p*+ﬁz(t*Du*),tt*>20 vteR™, (7.39)

where in (7.38) we added and subtracted the term A (u* — b) and added the null
term () DT(t*— Du*), and in (7.39) we added the null term S5 (t* — Du*). The term
—X(u* —b) — DT p* in (7.38) is null due to the setting (7.30). By introducing the two
functions

U= Fw)— D Dul3,  T0):=RE) + 2 -DulE, (7.40)

which are convex under conditions (7.35) for the same reason for which the functions
Q™, Q® in (7.33)-(7.34) are convex, conditions (7.38)—(7.39) can be rewritten as

0. [U] (u¥)
U(u) = Uu*) = ( A(u* = b) + D" (t*~ Du*), u —u*) > 0 VueR" (7.41)
Tt) — T(t") — ( P+ B (" —Du*) ,t—t")>0 VteR™ (7.42)

€ 0,[T] (t)

where we highlighted that the left side of the scalar product in (7.41) represents the
subdifferential (actually, the standard gradient) of function U calculated at u* and
that the left side of the scalar product in (7.42) is a particular vector belonging to the
subdifferential of function 7' calculated at t*. This second statement comes from the
definition of function T in (7.40) and from settings (7.29)—(7.30).
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Optimality conditions in (7.41)—(7.42) are easily proved by noticing that the left-
hand sides of (7.41)—(7.42) represent the Bregman distances associated with functions
U and T, respectively, which are known to be non-negative for convex functions.
Hence, the second saddle-point condition in (7.26) is satisfied and, finally, the second
and last part of the proof is completed. []

Proof of Theorem 5.8. Let us define the following errors:
a®) = &) xR = k) g 50 = k) e (7.43)

Since (u*,t*; p*) is a saddle-point of the augmented Lagrangian functional in (4.6), it
follows from Theorem 5.7 that t* = D*u. This relationship, together with the ADMM
updating formula for the vector of Lagrange multipliers in (4.10), yields:

pUHD = 5k — g (70 — pa®)) | (7.44)
It then follows easily from (7.44) that

1691z = 7% 91l; = 28(%, £ — Da®) — 2% ~ a5, (7.45)

Computation of a lower bound for the right-hand side of (7.45)

Since (u*,t*;p*) is a saddle-point of the augmented Lagrangian functional in
(4.6), it satisfies the following optimality conditions (see (7.36)—(7.37) in the proof of
Theorem 5.7):

F(u) — 2 = Dull3 — Pty + 2 - D)
- (p ((6+6 (t" — Du) — p)ufu*>20 VueR,  (7.46)
R) + 2 = Du | — Ry = 22— D3
+((B=B)(t" = Du") —p*, t—t") 20 VteR™. (7.47)

Similarly, by the construction of (u(k), t(k)) in Algorithm 1, we have:
ﬁl (k—1) 2 (k) b1 (k—1) (k)12
Flu) = - 1177 = Dully = F(u™) + o 777 = Dut™|l;

< ((/@ + f1) (t(k 2 Du(k)) - p(k)>, u— u(k)> >0 VYueR", (7.48)

+ 2 e a3 — R — 2 i — Dy

R(t) +
+{((B=B2)(t™ — Du®) — p® ¢ ™y >0 vieR™. (7.49)

Taking u = u® in (7.46), u = u* in (7.48) and recalling that (DTw,z) = (w, Dz) ,
by addition we obtain:

—(pW, Da®) Yy + B (k1) Da® ) — (5+51)||Da(k)uz >0. (7.50)

Al Bl C1

Similarly, taking t = t**) in (7.47) and ¢ = t* in (7.49), after addition we have:

(pM.89) + g (8", Da®) — (8- ) TP = 0, (7.51)

A2 Bz C2
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where, we recall, the parameters 51 and (2 in (7.50)—(7.51) satisfy the constraints in
(7.35).
By summing up (7.50) and (7.51), we obtain:

(3™, 7% _ p —(k)>,ﬁ<{(k)f{(k71) Da®)
(BB ||EV|]2 ~ 28 (7%, Da® ) + (81 ) [ Da®|2) >0
that is

(6™, 70 _ pa®y — g (7® _ gk=1) pg®y _ 253 e® — pat||?

(-85 + 5) 1912 =3 = o) (19,00 + (- 52+ 5 ) 0a®)2) >0,
(7.52)

where we introduced the positive coefficient 83 > 0 (the reason will be clear later
on). We want that the last term in (7.52) takes the form — || ¢yt (k) — ey D) H with

c1,co > 0. Hence, first we impose that the coefficients of Ht(k)H2 and HDu(k)H2 in
(7.52) are strictly positive, which yields:

Bs B Bs B
61>7_§7 B <—?+§ (753)

Combining (7.53) with conditions (7.35), we obtain:

%—§<ﬁ1 ga, a<52<—%+§ 0<fB3<B—2a. (7.54)

From condition on 85 in (7.54), the following constraint for g is derived:
B> 2a. (7.55)

We notice that condition (7.55) can be more stringent than (5.17), depending on 7,
hence it has been taken as an hypothesis of this theorem and will be considered,
together with (5.17), in the rest of the proof. From condition on S5 in (7.54) it also
follows that the coefficient 5 — 83 of the scalar product in (7.52) is positive.

Then, we have to impose that the coefficient of the term —(#*), Du(®) ) in (7.52)

is twice the product of the square roots of the (positive) coefficients of ||t_(k)H§ and

| Da®) ||;7 that is:

5/332\/< 6, /33+5> (5 63+§):>663+256152 . (756)
1— B2

By imposing condition on B3 in (7.54), namely 8 — 83 > 2a, it is easy to verify that
(7.56) admits acceptable solutions only in case that 8; > f2. By setting in (7.56)
61 = Tc% a and 2 = a, which are acceptable values according to this last result (since
Te > 1, clearly 81 > (2) and also to conditions (7.54), we obtain:

B = Bs+2a
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We now check if there exist acceptable values for the two remaining free parameters,
namely 8 and B3, such that (7.57) holds. We impose that 8 in (7.57) satisfies its con-
straint in (5.17), which guarantees convexity of the augmented Lagrangian functional,
and the derived condition in (7.55):

85 + 2a 97, > a 97, 5 > —-a 97,
97.—8 97.—8 97.—8
97 = 16 (7.58)
2 ° 2 —
fatlag—g > 2a s > —ag—g

Since 7. > 1 (and @ > 0), both conditions in (7.58) are satisfied for any g3 > 0.
Hence, for 5, = TC% a, B2 = a and any 0 < 3 < 8 — 2a, with 5 > 2a, the last term
n (7.52) can be written in the form

g = ﬁ;ﬁs —a

7.59
c1 = 7’6_253 —|—Tc%a ( )

— H le(k) — CQD’UJ(k) H; with {

where ¢1,c0 > 0, ¢1 # co. Replacing the expression in (7.59) for the last term in
(7.52), we have:

(5™, 7 _ pg®)y 5+53 [6® — Da®|> — g (#® _ k-1 Dk
— || C1 E(k) — C2 D’(_L(k)H; Z 0
= 28(p™, 1% — Dpa®) ) — g2 |tk) — Da(’“)H; > pps ||t — Dﬂ(’“)H;
+ 28210 — k=D pa®)) 28] ¢ I®) — ¢, DaV)|7, (7.60)

where in (7.60) we multiplied both sides by the positive coefficient 28. We notice
that the left-hand side of (7.60) coincides with the right-hand side of (7.45), hence it
follows that:
(k)12 —(k+1)]12 (k 2 k k—1 k
16915 = 1% V1l; > 88 [ — Da®|[; + 262 (#%) — %), Dal®))
T
+ 28 || e i) — ey Da®W|2 . (7.61)

Computation of a lower bound for the term T in (7.61).
We can write:

(E0) — =1 pg®) )y = (§0) _ k=D pg® _ pg-1))

+ <t‘(k) — =1 D=1 t‘(k-—l)>
+ (T — =D gD ) (7.62)
First, we notice that:
~1) (ke 17,5 b _ o
(0 =80, 100 3 ([ = 0 = e =0V ). (o)

Then, from the construction of t*~1 (from u*~Y), we have:

R()+ 2 [t = Dut =D — RED) = 2 s — pult-)3

+ (B = Bo)(t* Y — Dyl — pE=D) 1y (k=D Y > 0w e R*. (7.64)
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Taking t = t*~1) in (7.49) and t = t**) in (7.64), we obtain:

RO) + 2 160 — Dy 3 — R — 2 60— pu®3

+ (8= B2)(t) = Du®) — pB) =0 40 >0, (7.65)
B - - Ba ke _

R(t™) + 32 [t*) = Du®=DE — RE*D) — 32 [t*D — Dut=1)3

+ (B = Bo) (=Y — Dulh=1)y — plk=D) y(k) _3(k=1D) ) > ¢ (7.66)

By addition of (7.65) and (7.66), we have that

B(F9 =1 pg®_pak=1y 4 (F0) k=D 50 561} > (- 3,)[[i®) =D,
67)

Recalling that
B g1 — p(k) _ p(e=1) — B(g(kfl) — Dﬂ(kfl)) , (7.68)

replacing (7.68) into (7.67) and then dividing by 3, we obtain:

2B _ (e 28 (ke C(k—1) (k- B = B2 \|7x) Hk—1)]2
<t(k)_t(k 1), Da® — pgk=1) > + <t(k)_t(k 1)7 D=1 _k 1)> > T Ht(k)_t(k 1)H2.

(7.69)
From (7.62), (7.63) and (7.69), we have:
_ o B 1/,- o _ B — B _
(79 74D, Da®) ) > L (([F0O]] — 3 - 10 - 002 ) + E22 g g2
1 (k) 112 (k— 2 6—25 — 1 2
= 5 (IR - e+ (Z2) e ). o)

Convergence results for sequences t(¥), Du(¥), p(k),
From (7.61) and (7.70), we obtain:

[P, = 1%, 2 87 [EI1, = 6 74, + 508 — 28 [ — 205
+ 883 || — Da® |2 4 28 || 1t ® — c,Da® |2, (7.71)

that is:

(1115 + 8172 113) = (1% 213 + 827)3)

s(k) s(k+1)
> BB - 26)|[T® — TV 4 s [T — Da®) ||
+ 26| eii™® — euDa® |2 > 0, (7.72)

where we have introduced the scalar sequence {s®)}, which is clearly bounded from
below by zero. We notice that the coeflicient 8 — 2835 in (7.72) is positive due to
the constraint 8 > 2a. Since the right-hand side of the first inequality in (7.72) is
nonnegative, {s("”')} is monotonically non-increasing, hence convergent. This implies
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that the right-hand side of (7.72) tend to zero as k — oco. From these considerations
and (7.72) it follows that:

{ﬁ(k)} {t_(k)} {Dﬂ(k)} are bounded = {p(k) h {t(k 3 {Du(k)} bounded7.73)
Jdim [ — 7D, =l (e =B, =0, (7.74)
Jim [[8 = Da®, = lim [[¢% = Du®], =0, (7.75)

lim [lei#® — o Da® ||, = 0. (7.76)

k— o0

Since the two coefficients ¢1, ¢z in (7.76) satisfy c1,¢0 # 0, ¢1 # ca, then it fol-
lows from (7.75)—(7.76) that both the sequences {f*)} and {Da®)} tend to zero as
k — oo. Results in (7.73)—(7.76) can thus be rewritten in the following more concise
and informative form:

{p(k) } is  bounded, (7.77)

lim %) =0 < lim ¢ =* = Du*, (7.78)
k—o0 k—o0

lim Da® =0 <= lim Du® = Du* (7.79)
k—oo k—oo

where the last equality in (7.78) comes from the saddle-point properties stated in
Theorem 5.7. Since it will be useful later on, we note that it follows from (7.78) that

lim R(t™) = R(t*). (7.80)

k—o0

Convergence results for sequence u(%).
We now prove that limy_, u*) = w*. Since (u*,t*; p*) is a saddle point of the
augmented Lagrangian functional £(u,t; p), we have

L(u*,t*5p%) < Lu,t;p*) V(u,t) € R"x R*™. (7.81)

By taking u = u(®), t = t(¥) in (7.81) and recalling the definition of £L(u,t;p) in (5.2),
we have:

B 2
(u®) + R(") — (p7, OU>+2|| OUIIz

< F@®)+ Rt®) — (p*,t® — Du®)y 4 g [[t*) — Du*)||2
— Fu*) < F(u®) 4+ RtW™) — R(t*)
— (p*, t®) — Du® ) 4 g [t*) — Du®) |2 (7.82)

Taking u = u* in (7.48) and ¢t = t* in (7.49), we obtain:

o B _ . B1 _
Py - 22180~ Dt - ) + 2 1400 - puog

- <DT((,3 + 51) (t(kfl) - Du(k)) - p(k)), ut — u(k)> >0, (7.83)
o, P2 Pa

RE) + 22 11 - DU - R®) - 2 1409 - Dy

+ (B = Bo)(t®) — Du®)y — pB) x4y > g, (7.84)
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By summing up (7.83) and (7.84), we have:

) > F®) + R9) ~ Re) + 2 0w~ 2 pu®)3

B (100 Dur = Du®) — P D3 2 ) - a3

+{((B+ By) (%D = Du®) = p®) | Du* — Du®)
—((B=B2)(t™ — Dul®)) — pF) = — ™)), (7.85)

Taking lim inf of (7.82) and limsup of (7.85), and using the results in (7.77)—(7.80),

we have
liminf F(u®) > F(u*) > limsup F(u®). (7.86)
It follows from (7.86) that

lim F(u®) = F(u"). (7.87)

k—o0

We now manipulate F(u*)) as follows:

. A
P®) = 2 ~ bl = 5 (u ~ b, u — )

| >

A/ u®) oy A u)
=207 _p u®_p A A S () R

2< 2 Y T3 5
_ A u(k)—i—u*_b u("')—l—u*_b A u(k)—i—u*_b u®) — 4
2 2 2 2 2 T2

A/ uF) —

Z (k) _

+2< 5 ,u b>

k * 2 k * k *

:é M,b +é u® —u 7u()+u —b+u® _p

2 2 , 2 2 2

A 2N Ju® g ) g
= - |[|—=—-0b = (k) *—2b

2 2 2+2< 5 0 2 vt

A u® 4 o 2 u® — | u® —u* uk) poyr
= ||l—s—-b| +5 ||/ +A , -b

2 2 , 2 2 ||, 2 2

A [u®) 4 : u®) — k) gy
> = ||—— -0 A —-b). 7.88
-2 2 2+ < 2 ’ 2 > (7.88)

On the other hand, we have that

<p*,Du(k)—Du*> = <p*,D(u(k)—u*)> _ <DTp*,u(k)_u*>

I
>
~
<

*
|
S
S
*
|
:ﬁ
z
~

(7.89)

where in (7.89) we have used the (optimality) condition (7.30). From (7.88) and (7.89)
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it follows that

Fu®) + (p*, Du®) — Duy* )

A u® 4 o 2 u® — oy w4y
Zll——b A —b Mu*—b, u —u®
= 2 2 , < 2 72 > FA(u b )
A
= Dl b3 + S AJu® — w3, (7.90)
————
F(u*)
that is
Fu®) - F(u*) + (p*, Du®) —Du*) > gx\Hu(k) —u*|3. (7.91)

Taking the limit for & — oo of both sides of (7.91) and recalling (7.79) and (7.87), we
obtain:

3
0> lim SAJu® —u*|2 = lim u® = u*, (7.92)
k—oo 8 k—r o0

thus completing the proof. [J
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