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Abstract� We study an operator c which maps every n�by�n matrix An to a circulant

matrix c	An
 that minimizes the Frobenius norm kAn � CnkF over all n�by�n circulant

matrices Cn� The circulant matrix c	An
� called the optimal circulant preconditioner� has

proved to be a good preconditioner for a general class of Toeplitz systems� In this paper� we

give di�erent formulations of the operator� discuss its algebraic and geometric properties

and compute its operator norms in di�erent Banach algebras of matrices� Using these

results� we are able to give an e�cient algorithm for nding the super�optimal circulant

preconditioner which is dened to be the minimizer of kI �C��n AnkF over all nonsingular

circulant matrices Cn�
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x� Introduction�

Preconditioned conjugate gradient methods have been used successfully in solving

many large matrix problems� Strang ��� rst proposed using the method with circulant

preconditioners for solving Toeplitz systems� R� Chan and Strang ��� then proved that for

Toeplitz systems with generating functions that are positive functions in the Wiener class�

the method has a super�linear convergence rate due to the clustering of the eigenvalues of

the preconditioned matrices�

Several circulant preconditioners have been proposed since then� see for example T�

Chan ��� and Tyrtyshinkov ���� For any n�by�n matrix An� the circulant preconditioner

proposed in T� Chan ���� called the optimal circulant preconditioner� is dened to be

the minimizer of kCn � AnkF over the space of all n�by�n circulant matrices Cn� Here

k � kF denotes the Frobenius norm� The circulant preconditioner given in Tyrtyshinkov

��� is dened to be the minimizer of kI � C��n AnkF over the space of all nonsingular

circulant matrices Cn� and is called the super�optimal circulant preconditioner� From the

computational point of view� these optimal circulant preconditoners are better than the

one proposed in Strang ��� because they are symmetric positive denite whenever An is�

Numerical results in these papers showed that they are very good preconditioners� The

analysis of the convergence rates of these preconditioned systems are given in R� Chan

��� and R� Chan et al� ���� and it is proved that for the same class of Toeplitz systems

mentioned above� these methods converge at the same rate as the Strang�s preconditioned

systems�

In this paper� we study these circulant preconditioners from the operator point of

view� Let 	Mn�n� k � k
 be the Banach algebra of all n�by�n matrices over the complex

eld� equipped with a matrix norm k � k� Let 	Cn�n� k � k
 be the subalgebra of all circulant

matrices� We note that Cn�n is an inverse�closed� commutative algebra� Let c be an

operator dened on 	Mn�n� k�k
 such that for any An inMn�n� c	An
 is the minimizer of

kAn�CnkF over all Cn in Cn�n� Obviously� c	An
 is the optimal circulant preconditioner
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proposed in T� Chan ��� and c is an operator from 	Mn�n� k � k
 into the subalgebra

	Cn�n� k � k
� We call c the circulant operator� In R� Chan et al� ���� we utilized this

operator to analyze the convergence rate of Toeplitz systems preconditioned by super�

optimal circulant preconditioners�

The purpose of this paper is to discuss some other aspects of this operator� The

outline of the paper is as follows� In x�� we introduce other formulations of the operator

and prove some of its algebraic and geometric properties� In x�� we compute its operator

norms for di�erent Banach algebras of matrices� In x�� we apply these results to derive an

algorithm for nding the super�optimal circulant preconditioner� Our algorithm is more

e�cient than the one proposed in Trytyshinkov ����

x� The Circulant Operator�

In this section� we discuss some properties of the circulant operator� For any An in

Mn�n� let �	An
 denote the diagonal matrix whose diagonal is equal to the diagonal of

the matrix An� We rst give two methods for nding c	An
�

Theorem �� Let An � 	aij
 � Mn�n and c	An
 be the minimizer of kCn � AnkF over

all Cn � Cn�n� Then c	An
 is uniquely determined by An� Moreover�

�i� c	An
 is given by

c	An
 �

n��X
j��

	
�

n

X
p�q�j �mod n�

apq
Q
j � 	�


where Q is the n�by�n circulant matrix

Q �

�
������

� �
� �

�
� � �
� � �

� � �

� � �

�
������
� 	�


�ii� c	An
 is also given by

c	An
 � F ��	FAnF
�
F� 	�
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where F is the Fourier matrix and ��� denotes conjugate transposition�

Proof� For the proof of 	i
� see Theorem ��� in Tyrtyshnikov ���� For 	ii
� we rst note

that any circulant matrix Cn can be expressed as F ��nF � where �n is a diagonal matrix

containing the eigenvalues of Cn� see Davis ���� Since the Frobenius norm is unitary�

invariant� we have

kCn �AnkF � kF ��nF �AnkF � k�n � FAnF
�kF �

Thus the problem of minimizing kCn � AnkF over Cn�n is equivalent to the problem

of minimizing k�n � FAnF
�kF over all diagonal matrices� Since �n can only a�ect

the diagonal entries of FAnF
�� we see that the solution for the latter problem is �n �

�	FAnF
�
� Hence F ��	FAnF

�
F is the minimizer of kCn � AnkF � It is clear from the

argument above that �n and hence c	An
 are uniquely determined by An�

We remark that by 	�
� the j�th entry in the rst column of c	An
 is given by

�c	An
�j� �
�

n

X
p�q�j �mod n�

apq �
�

n
tr 	AnQ

�j
� j � �� �� � � � � n� �� 	�


where tr 	�
 denotes the trace� By 	�
� the eigenvalues of c	An
 are given by �	FAnF
�
� We

also notice that the nonsingularity of An cannot guarantee �	FAnF
�
 to be nonsingular�

Hence c	An
 may be singular for nonsingular An�

The following Lemma is on the algebraic properties of the circulant operator�

Lemma ��

�i� For all An� Bn �Mn�n and �� � complex scalars� c	�An��Bn
 � �c	An
��c	Bn
�

Moreover� for all An � Mn�n� c�	An
 � c	c	A

 � c	An
� Thus c is a linear

projection operator�

�ii� Let An �Mn�n� tr 	c	An

 � tr 	An
 �
n��P
j��

�j	An
� where �j	An
 are the eigenval�

ues of An�
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�iii� For all An �Mn�n� we have c	A�n
 � c	An

��

�iv� Let An �Mn�n and Cn � Cn�n� Then

c	CnAn
 � Cn � c	An
�

c	AnCn
 � c	An
 � Cn�

Proof� The proofs of 	i
 and 	ii
 are trivial� therefore we omit them� By using 	�
 and the

fact that �	A�n
 � 	�	An


�� one can easily prove 	iii
� For the proof of 	iv
� see Theorem

� in R� Chan et al� ����

Next we are going to give some geometric properties of the circulant operator� For all

An � Bn �Mn�n� let hAn� BniF � �
n
tr 	AnB

�
n
� Obviously hAn� BniF is an inner product

inMn�n and hAn� AniF � �
n
kAnk

�
F � It is easy to show that fQj j j � �� � � � � n��g� where

Q is given in 	�
� is an orthonormal basis of 	Cn�n� k�kF 
� We show below that An�c	An


is perpendicular to the space Cn�n�

Lemma �� Let An �Mn�n� then we have

�i� hAn � c	An
� CniF � � for all Cn � Cn�n�

�ii� hAn� c	An
iF � �
n
kc	An
k

�
F �

�iii� kAn � c	An
k
�
F � kAnk

�
F � kc	An
k

�
F �

Proof� For 	i
� since fQjgn��j�� is an orthonormal basis of Cn�n� it su�ces to show that

hAn � c	An
� Q
jiF � � for j � �� � � � � n� �� However� by 	�
 and Lemma � 	i
� we have

hAn � c	An
� Q
jiF �

�

n
tr �	An � c	An

Q

�j � �
�

n
tr 	AnQ

�j
�
�

n
tr 	c	An
Q

�j


� �c	An
�j� � �c	c	An

�j� � �c	An
�j� � �c	An
�j� � ��

Now 	ii
 follows directly from 	i
� For 	iii
� we have� by parts 	i
 and 	ii
 above�

kAn � c	An
k
�
F � nhAn � c	An
� An � c	An
iF � nhAn � c	An
� AniF

� nhAn� AniF � nhc	An
� AniF � kAnk
�
F � kc	An
k

�
F �
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x� Spectral Properties of the Circulant Operator�

In this section� we discuss some spectral properties of the circulant operator� The

following theorem was rst proved for the real scalar eld in Tyrtyshnikov ���� His proof

uses equation 	�
 and our proof here uses equation 	�
�

Theorem �� If An is Hermitian� then c	An
 is Hermitian� Moreover� we have

�min	An
 � �min	c	An

 � �max	c	An

 � �max	An
 �

where �max	�
 and �min	�
 denote the largest and the smallest eigenvalues respectively� In

particular� if An is positive de	nite� then c	An
 is also positive de	nite�

Proof� By Lemma � 	iii
� it is clear that c	An
 is Hermitian when An is Hermitian� By 	�
�

we know that the eigenvalues of c	An
 are given by �	FAnF
�
� Suppose that �	FAnF

�
 �

diag	��� � � � � �n��
 with �j � �min	c	An

 and �k � �max	c	An

� Let ej and ek denote

the j�th and the k�th unit vectors respectively� Since An is Hermitian� we have

�max	c	An

 � �k �
e�kFAnF

�ek
e�kek

� max
x���

x�FAnF
�x

x�x
� max

x���
x�Anx

x�x
� �max	An
�

Similarly�

�min	An
 � min
x���

x�Anx

x�x
� min

x ���
x�FAnF

�x
x�x

�
e�jFAnF

�ej
e�j ej

� �j � �min	c	An

�

From the inequality above� we can easily see that c	An
 is positive denite when An is

positive denite�

Lemma �� For all An �Mn�n� c	AnA
�
n
�c	An
c	A

�
n
 is a semi�positive de	nite matrix�

Proof� Let An � 	ajk
 and �F �jk �
�p
n
�kj � where �j � e�

��ij
n � If we let

Dn � c	AnA
�
n
� c	An
c	A

�
n
 � F �	�	FAnA

�
nF

�
� �	FAnF
�
�	FA�nF

�

F�

then for all k � �� � � � � n� �� we have

��	FAnA
�
nF

�
�kk � ��		FAn
	FAn

�
�kk �

�

n

n��X
q��

	

n��X
p��

apq�
p
k
	

n��X
p��

apq�
p
k
�
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and

��	FAnF
�
�	FA�nF

�
�kk � 	
�

n

n��X
p��

n��X
q��

apq�
p�q
k 
	

�

n

n��X
p��

n��X
q��

apq�
p�q
k 
�

Hence the k�th eigenvalue of Dn is given by

�k	Dn
 �
�

n

n��X
q��

j
n��X
p��

apq�
p
kj
� � j

�

n

n��X
p��

n��X
q��

apq�
p�q
k j� �

Since

j
�

n

n��X
p��

n��X
q��

apq�
p�q
k j �

�

n

n��X
q��

j
n��X
p��

apq�
p
kjj�

�q
k j �

�

n

n��X
q��

j
n��X
p��

apq�
p
kj�

we have

�k	Dn
 �
�

n

n��X
q��

j

n��X
p��

apq�
p
kj
� � 	

�

n

n��X
q��

j

n��X
p��

apq�
p
kj


� �

Let dqk �
�
n
j
n��P
p��

apq�
p
kj� then by Cauchy�Schwartz inequality� we have

�k	Dn
 � n

n��X
q��

d�qk � 	

n��X
q��

dqk

� � �� k � �� � � � � n� ��

Thus Dn is semi�positive denite�

Theorem �� For all n � �� we have

	i
 kck� � sup
kAnk���

kc	An
k� � ��

	ii
 kck� � sup
kAnk���

kc	An
k� � ��

	iii
 kckF � sup
kAnkF��

kc	An
kF � ��

	iv
 kck� � sup
kAnk���

kc	An
k� � � �

Proof� To prove 	i
� we rst note that if An � I� then kc	An
k� � kIk� � �� For general

An in Mn�n� we have by 	�


kc	An
k� �

n��X
j��

������
�

n

X
p�q�j �mod n�

apq

������ �
�

n

n��X
j��

X
p�q�j �mod n�

��apq��

�
�

n

n��X
i��

n��X
k��

��aik�� � �

n
� n � kAnk��
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Hence kck� � � for all n� By a similar argument� we can prove 	ii
�

To prove 	iii
� we notice that if An � �
n
I� then kc	An
kF � �

n
kIkF � �� For general

An in Mn�n� by Lemma � 	iii
� we have

kc	An
k
�
F � kAnk

�
F � kAn � c	An
k

�
F � kAnk

�
F �

Thus kc	An
kF � kAnkF � Hence kckF � � for all n�

To prove 	iv
� by Lemma � 	iii
� Lemma � and Theorem �� we have

kc	An
k
�
� � �max	c	An


�c	An

 � �max	c	A
�
n
c	An



� �max	c	A
�
nAn

 � �max	A

�
nAn
 � kAnk

�
��

for all An in Mn�n� Since kc	I
k� � kIk� � �� kck� � ��

x	 The Super
optimal Circulant Preconditioner�

In this section� we apply the results in previous sections to analyze the super�optimal

circulant preconditioner proposed in Tyrtyshnikov ���� For An in Mn�n� the precondi�

tioner is dened to be the minimizer of kI � C��n AnkF over all nonsingular Cn � Cn�n�

First� we generalize Thoerem ��� in Tyrtyshnikov ��� from the real eld to the complex

eld� As with Theorem �� his proof uses equation 	�
 and ours uses equation 	�
�

Theorem 	� Let An �Mn�n be such that both An and c	An
 are nonsingular� Then the

super�optimal circulant preconditioner for An exists and is equal to c	AnA
�
n
c	A

�
n

���

Proof� Instead of minimizing kI �C��n AnkF � we consider the problem of minimizing kI �

bCnAnkF over all nonsingular bCn in Cn�n� Letting bCn � F ��nF � we have

kI � bCnAnkF �kI � F ��nFAnkF � kI � �nFAnF
�kF

� tr 	I � �nFAnF
� � FA�nF

���n ��nFAnA
�
nF

���n


� tr 	I � �n�	FAnF
�
� �	FA�nF

�
��n ��n�	FAnA
�
nF

�
��n
�
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Let �n� �	FAnF
�
 and �	FAnA

�
nF

�
 be given by diag	��� � � � � �n��
� diag	u�� � � � � un��


and diag	w�� � � � � wn��
 respectively� We have

min kI � bCnAnkF �min
	
tr �I � �n�	FAnF

�
� �	FA�nF
�
��n ��n�	FAnA

�
nF

�
��n�



� min
f������ ��n��g

n��X
k��

	�� �kuk � uk�k � �kwk�k
�

Notice that by 	�
 and Lemma �� wk � uk�uk for all k � �� � � � � n � �� Hence for all

complex scalars �k� k � �� � � � � n � �� the terms � � �kuk � uk�k � �kwk�k are non�

negative� Di�erentiating them with respect to the real and imaginary parts of �k and

setting the derivatives to zero� we get

�k �
uk

wk

� k � �� � � � � n� ��

Since An and c	An
 are nonsingular� both wk and uk are nonzero� Hence �k are also

nonzero� Thus the minimizer of kI � bCnAnkF is nonsingular and is given by

bCn �F ��nF � F ��	FA�nF
�
��	FAnA

�
nF

�
���F

�	F ��	FA�nF
�
F 
	F ��	FAnA

�
nF

�
F 
�� � c	A�n
c	AnA
�
n

���

Therefore the super�optimal circulant preconditioner is given by bC��n � c	AnA
�
n
c	A

�
n

���

We remark that by Theorem �� if An is Hermitian positive denite� then c	An
 is

nonsingular� Hence the super�optimal circulant preconditioner is dened for all Hermitian

positive denite matrices�

When the system Anx � b is solved by preconditioned conjugate gradient method

with the super�optimal circulant preconditioner c	AnA
�
n
c	A

�
n

��� then in each iteration�

we have to compute a matrix�vector multiplication of the form c	A�n
c	AnA
�
n

��y� We

now derive an algorithm for nding c	A�n
c	AnA
�
n

��� We begin by considering a general

An that has no special structure� We rst note that c	A�n
c	AnA
�
n

�� � bCn is circulant�
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Hence it is determined by its rst column� which is given by

bCne� � c	A�n
�c	AnA
�
n
�

��e� � F ��	FA�nF
�
��	FAnA

�
nF

�
���Fe�

� F ��	FA�nF
�
��	FAnA

�
nF

�
������� 	�


Here ��� is the vector of all ones� To compute �	FA�nF
�
� it is clear from 	�
 that the rst

column c	A�n
e� of c	A�n
 can be computed in n� additions and n multiplications� Since

by 	�
� �	FA�nF
�
��� � Fc	A�n
e�� one FFT is required to obtain �	FA�nF

�
� To compute

�	FAnA
�
nF

�
 � �		FAn
	FAn

�
� we rst need n FFTs to get FAn� then another n�

additions and n� multiplications to obtain the diagonal entries of �		FAn
	FAn

�
� Now

�	FA�nF
�
��	FAnA

�
nF

�
��� can be obtained by n multiplications� By 	�
� one additional

FFT is required to get bCne�� Thus for an arbitrary n�by�nmatrix An� bCn can be computed

within �n� additions� �n� n� multiplications and 	n� �
 FFTs�

We remark that from the computational point of view� we do not require the explicit

form of bCn� we only need its eigenvalues and they are given by the diagonal entries of

�	FA�nF
�
��	FAnA

�
nF

�
���� In fact� given any vector y� bCny can be computed by

bCny � F ��	FA�nF
�
��	FAnA

�
nF

�
���Fy�

Hence the last FFT in the above algorithm can usually be saved�

Next we study how a Toeplitz structure can be exploited to accelerate the computation

of bCn� The algorithm presented here is more e�cient than the one proposed in Trytyshinov

��� where a Toeplitz matrix is partitioned into the sum of low and upper triangular Toeplitz

matrices� Here we will partition a Toeplitz matrix into the sum of a circulant matrix Cn

and a skew�circulant matrix Sn� Let A � 	aij
 � 	ai�j
 be Toeplitz� dene Cn and Sn by

Cn �
�

�

�
������

a� a�� � an�� a��n��� � a�
a� � a��n��� a�

� � �
� � �

� � �
� � �

an�� � a�� a�

�
������
�
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and

Sn �
�

�

�
������

a� a�� � an�� a��n��� � a�
�	a��n��� � a�
 a�

� � �
� � �

� � �
� � �

�	a�� � an��
 a�

�
������
�

Clearly Cn is circulant and Sn is skew�circulant� Moreover� we have An � Cn � Sn and

that Cne� and Sne� can be computed by �n multiplications and �n additions� We remark

that � � Cn is the circulant preconditioner proposed in R� Chan ����

We will compute the rst column of bCn by 	�
� We rst compute �	FAnA
�
nF

�
� Since

An � Cn�Sn � F ��cF �Sn� where �c is the diagonal matrix containing the eigenvalues

of Cn� we have

FAnF
� � �c � FSnF

�� 	�


Hence

�	FAnA
�
nF

�
 ��		FAnF
�
	FAnF

�
�
 � �		�c � FSnF
�
	��c � FS�nF

�



��c�
�
c � �	FSnF

�
��c ��c�	FS
�
nF

�
 � �	FSnS
�
nF

�
� 	�


We now consider the terms in the right hand side of 	�
 one by one�

	i
 For the rst term in 	�
� we rst compute �c by using �c��� � �cFe� � FCne�� That

requires one FFT� Then �c�
�
c can be computed in n multiplications�

	ii
 For �	FSnF
�
��c � we know that by 	�
�

�	FSnF
�
��� � �	FSnF

�
Fe� � Fc	Sn
e��

Since Sn is skew�circulant� c	Sn
e� can be computed in �n multiplications and n

additions� Then �	FSnF
�
��c can be obtained by an additional n multiplications and

one FFT�

	iii
 The third term in 	�
 is just the conjugate transpose of the second term in 	�
� Hence

it can be computed without any work at all�
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	iv
 Finally for �	FSnS
�
nF

�
� we have by 	�
 again�

�	FSnS
�
nF

�
��� � �	FSnS
�
nF

�
Fe� � Fc	SnS
�
n
e�� 	�


Thus the main work is to compute c	SnS
�
n
e�� We rst nd SnS

�
n� We note that for

all skew�circulant matrices� and in particular for Sn� they can be written as

Sn � ��F ��sF�� 	�


where � � diag	�� e
�
n
i� � � � � e

�n����
n

i
 and �s is the diagonal matrix containing the

eigenvalues of Sn� see for instance� Davis ���� Because �s��� � �sF�e� � F�Sne�� �s

can be computed in n multiplications and one FFT� Since SnS
�
n is still skew�circulant�

it is determined by its rst column SnS
�
ne�� By 	�
�

SnS
�
ne� � ��F ��s�

�
sF�e� � ��F ��s�

�
s����

which can be computed by using one FFT and �n multiplications� Once we know

SnS
�
ne�� c	SnS

�
n
e� can be computed by using another �n multiplications and n ad�

ditions� Finally by 	�
� one additional FFT is required to get �	FSnS
�
nF

�
�

By adding the four terms in 	�
� we see that �	FAnA
�
nF

�
 can be obtained by using

��n multiplications� �n additions and � FFTs� We note that by 	�
�

�	FA�nF
�
 � �	FAnF

�
� � ��c � �	FSnF
�
���

where �c and �	FSnF
�
 are already computed in part 	i
 and 	ii
 above� Thus �	FA�nF 


can be computed in n additions� By 	�
� we see that bCne� can be computed by an

additional n multiplications and one FFT� Finally� by recalling that Cne� and Sne� are

computed in �n additions and �n multiplications� we see that bCn can be obtained in

totally �n additions� ��n multiplications and � FFTs� As remarked above� the last FFT

can be saved because we only need to know the eigenvalues of bCn but not its explicit form�

Comparing with the algorithm proposed in Tyrtyshnikov ��� which requires � FFTs and

O	n
 operations� we see that our method is more e�cient�
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