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Let ∅ 6= E ⊆ R.

Definition. A collection U of nondegenerate intervals is said to be a Vitali cover of E
if for every x ∈ E, for any ε > 0, there is I ∈ U such that x ∈ I and `(I) < ε.

Remark. Suppose U is a Vitali cover of E.

(1) Then {I : I ∈ U} is also a Vitali cover of E.

(2) If G is open and E ⊆ G, then {I ∈ U : I ⊆ G} is a Vitali cover of E.

Vitali Covering Lemma. Suppose m∗(E) < +∞. Let U be a Vitali cover of E. Then
for any γ > 0, there are disjoint I1, I2, . . . , IN ∈ U such that

m∗

(
E \

N⋃
n=1

In

)
< γ.

Remark. (1) E need not be measurable.

(2) The result need not hold when m∗(E) = +∞. For example, U := {[x, x + r] : x ∈
R, 0 < r < 1} is a Vitali cover of R but m∗(R \

⋃N
n=1 In) = +∞ for any finite

subcollection {I1, . . . , IN} of U .

(3) In the proof, we actually find a countable disjoint subcollection {In}∞n=1 ⊆ U such
that for some N ,

E ⊆
N⋃
n=1

In ∪
∞⋃

n=N+1

În

and
∞∑

n=N+1

`(În) < ε,

where În is the interval with the same centre as In and `(În) = 5`(In).

Example 1. Let E be a union (not necessarily countable) of nondegenerate intervals
(open, closed, half open and half closed, infinite, etc). Show that E is measurable.

Solution . Write E =
⋃
α∈A Iα, where A is an index set, and Iα is a nondegenerate

interval. Let
U = {[a, b] : a < b, [a, b] ⊆ Iα, ∃α ∈ A}.

Then U is a Vitali cover of E. Let ε > 0. By Vitali Covering Lemma, there are disjoint
I1, I2, . . . , IN ∈ U such that m∗(E \

⋃N
n=1 In) < ε. Since each In is closed and contained in

E, so is the finite union
⋃N
n=1 In Now E is measurable by Littlewood’s 1st principle. J
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Vitali Covering Theorem. Let m∗(E) <∞. Let U be a Vitali cover of E. Then there
exists a countable disjoint subcollection {In}∞n=1 ⊆ U such that

m∗

(
E \

∞⋃
n=1

In

)
= 0.

Remark. The assumption “m∗(E) < +∞” can be dropped by considering the Vitali cover
Un := {I ∈ U : I ⊆ (n, n+ 1)} of E ∩ (n, n+ 1) for n ∈ Z.

Proof. Assume that each interval in U is closed. By Vitali Covering Lemma, there exist
disjoint {I(1)j : 1 ≤ j ≤ m1} ⊆ U such that

m∗

(
E \

m1⋃
j=1

I
(1)
j

)
<

1

2
.

If E\
⋃m1

j=1 I
(1)
j 6= ∅, then V1 := {I ∈ U : I ⊆ R\

⋃m1

j=1 I
(1)
j } is a Vitali cover of E\

⋃m1

j=1 I
(1)
j ,

and hence, by Vitali Covering Lemma, there exist disjoint {I(2)j : 1 ≤ j ≤ m2} ⊆ V1 such
that

m∗

(
(E \

2⋃
k=1

mk⋃
j=1

I
(k)
j )

)
= m∗

(
(E \

m1⋃
j=1

I
(1)
j ) \

m2⋃
j=1

I
(2)
j

)
<

1

22
.

Continue in this way, we obtain a countable disjoint subcollection

{In}∞n=1 := {I(k)j : 1 ≤ j ≤ mk, k ∈ N} ⊆ U

such that

m∗

(
E \

∞⋃
n=1

In

)
<

1

2m
for all m ∈ N.

Hence m∗ (E \
⋃∞
n=1 In) = 0.

Example 2. Let E ⊆ R, and let f : E → R be a function (not necessarily measurable).

For α > 0, define
Eα = {x ∈ E : f ′(x) exists and |f ′(x)| < α}.

Show that m∗(f(Eα)) ≤ αm∗(Eα).

Solution . We may assume that m∗(Eα) < +∞. Let ε > 0. Choose an open G ⊇ Eα
such that m(G) < m∗(Eα) + ε. Note that for any x ∈ Eα, there is δx > 0 such that if
0 < r < δx, then

|f(y)− f(x)| < α|y − x| for any y ∈ B(x, r),

so that
f(B(x, r)) ⊆ B(f(x), αr). (#)

Let
U = {B(x, r) : x ∈ Eα, 0 < 5r < δx, B(x, r) ⊆ G}.
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Then U is a Vitali cover of Eα. By Remark (3) of Vitali Covering Lemma, there is a
countable disjoint subcollection {B(xn, rn)}∞n=1 ⊆ U such that

Eα ⊆
N⋃
n=1

B(xn, rn) ∪
∞⋃

n=N+1

B(xn, 5rn)

and
∞∑

n=N+1

m(B(xn, 5rn)) < ε, for some N . Now (??) yields

f(Eα) ⊆
N⋃
n=1

f(B(xn, rn)) ∪
∞⋃

n=N+1

f(B(xn, 5rn))

⊆
N⋃
n=1

B(f(xn), αrn) ∪
∞⋃

n=N+1

B(f(xn), 5αrn).

Hence, by the scaling property of m, and the disjointness of {B(xn, rn)},

m∗(f(Eα)) ≤
N∑
n=1

m∗ (B(f(xn), αrn)) +
∞∑

n=N+1

m∗ (B(f(xn), 5αrn))

= α
N∑
n=1

m (B(xn, rn)) + α
∞∑

n=N+1

m (B(xn, 5rn))

≤ αm

(
N⋃
n=1

B(xn, rn)

)
+ αε

≤ αm (G) + αε

≤ αm (Eα) + 2αε.

The result follows since ε > 0 is arbitrary. J


