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Definition. The outer measure is a function m*: P(R) — [0, +o00] defined by
m*(A) = inf {ZE(In) :{I,};2 is a countable open interval cover of A} :
n=1

Here ¢(I) denotes the length of an interval I.

Proposition 1. The outer measure m* satisfies the following properties:

(a) m*(0) =0 and m*({z}) = 0;

(b) m* is monotonic;

(c) m* is translational invariance;

(d) m*(A) = inf{m*(O) : A C O, an open set in R};
(e) m* is countably subadditive.

Definition (Caratheodory’s criterion). A subset £ C R is said to be measurable if
m*(A)=m*(ANE)+m*(ANE) VACR.
Let M denote the family of all measurable sets.

Proposition 2. M and m satisfy the following properties:

(a) M is a o-algebra that contains all sets of m*-measure zero;
(b) m*}M is a measure;
(¢c) BC M.

Definition (Lebesgue measure). The restriction of m* to M is called the Lebesgue mea-
sure on R and is denoted by m.

Remark. (1) By outer regularity, for any A C R, there exists a Gs-set G O A such that
m*(A) = m*(G):

(2) M C P(R): By the Axiom of Choice, one can show that there is a non-measurable
set P C [0, 1] such that

(P+r)N(P+s)=0  VYr,seQst. r#s.

(3) BC M.
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Montone Convergence Lemma for Measures. Let {E,}nen be a sequence of mea-
surable sets.

(a) If E, T E (i.e. E, C E,pq Vn and E =, E,), then m(E,) T m(E).

(b) Suppose m(E,,) < +oo for someng. If E, | E (i.e. E, O E, 11 Vnand E =, E,),
then m(E,) | m(E).

Remark. The result in (b) does not hold if the condition m(E,,) < 400 3ng is dropped:
Take E, = [n,4+00). Then m(E,) = +oo for all n. However, m(), E,) = 0 since
ﬂn En = @

Example 1. Give an example of a sequence of set {E,}22, such that m*(E;) < 400,
E, | E but m*(E) < limm*(E,).

Solution. Let P C [0,1] be the non-measurable set above. Let {r,} be an enumeration
of QN [~1,1]. Define £, = Uy, (P +7%). Then E, 2 E, 1, and

m*(E,) <m* (| J(P+r) <m*([-1,2]) = 3.
k>n
Moreover E =, E, = 0 since (P + ry)’s are pairwise disjoint. Hence m*(E) = 0.

However, by translation invariance of m* and non-measurability of P, we have
m*(E,) > m*(P+r,) =m*(P) > 0.

Thus
m*(E) =0<m*(P) < limm*(E,).

n

<

Example 2. Let {E,,}°°; be a sequence of set such that £, T E. Show that limm*(E,) =
m*(E).

Solution. It suffices to show that limm*(E,) > m*(E). WLOG, we assume that

m*(E,) < +o0o. By outer regularity of m*, for each n € N, there exists Gs-set G,, 2 E,
such that
m*(E,) = m*(G,) = m(G,). (1)

Let
= ﬂ G, and F = UFk

n>k k>1

Then {F}} is an increasing sequence of measurable sets such that Fy 1 F. Furthermore

and

F,.CG, Vn>k (2)
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Now

m* (E)

IN

m*(F) = m(F)
li]£n m(Fy) (by MCL for measure)

< lim inf m(G,,) (by (2))

k n>k

= liminf m(G,,)
= limninf m*(E,) (by (1))
= limm*(E,).

<

Example 3. Let E be a subset of R with m*(F) > 0. Show that for each 0 < a < 1,
there exists an open interval I so that

m*(ENI)>am*(I).
Solution. WLOG we may assume m*(E) < 400 since there is some n € Z such that
0<m*(ENnn+1]) <L
Let 0 < a < 1. By the outer regularity of m*, there exists open O 2 E such that
m*(E) > am™(0) = am(0).

By the structure theorem for open sets, we can write

o_ U
n=1

where {I,} is a sequence of pairwise disjoint open intervals. Now

> mENL)>m (En|JL)=m"(E)>amn(| 1) =) am(I,).

n=1 n=1

This implies that
m*(EN1,) > am(l,) for some n € N.

<

Example 4 (Steinhaus Theorem). Suppose E C R is measurable with m(£) > 0. Prove
that the difference set of F,

E—-FE={x—yeR:z,ye€ E},

contains an open interval centered at the origin.
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Solution. By the previous Exercise, there exists an open interval I such that

m(ENT) > gm(I) > 0. (3)

Let Ey .= EN1I. Since By — Ey € E — E, it suffices to show that Ey — Ey contains an
open interval centered at the origin.

Suppose it is not true. Then for any § > 0, there exists a with 0 < |a| < ¢ such that
a & Ey— Fy. Hence Ey and Ej + a are disjoint measurable sets such that

EoU(Ey+a) CITU( +a).
Now, if we take § = ¢(1)/2, then

2m(Ey) = m(EyU (Ey+a)) <m(I U (I +a)) < -m(I).

So m(Ey) < zm([), contradicting (3). <



