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Theorem 1. Let f € L[a,b]. Then
i/:Cf—f(m) for a.e. x € [a,b
il A .e. ,b].
Theorem 2. If ' € ABCla, b|, then F'(x) ezists a.e. in [a,b], F' € L[a,b] and
F(x) :/ F'+ F(a) forall z € [a,b].
Conversely, if f € L[a,b], then the “indefinite integral” defined by
T — / f -+ constant

is absolutely continuous on |a, b.

Example 1. Let f € BV]a,b]. Show that
b
@ [ I <10

(b) f € ABCla,b] if and only if /b If'| = T2(f).

Decomposition for Absolutely Continuous Functions. Let f: [a,b] — R. Then
f € ABCla,b] if and only if there is a pair (g,h) of increasing absolutely continuous
functions on [a,b] such that f =g — h.

Example 2. Let f : [a,b] — R be a measurable function. Suppose E C [a,b] is a
measurable set and f’(x) exists for all z € E. Show that

m(f(E)) < /E 7.

Solution. Note that f’ is a measurable function on E. For each n € N, let

E,={z € E:|f(x)] <n},
E.x={zeE:(k-12"<|f'(x)| <k2™"} fork=1,2,...,n2"
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Then {E, }12, are disjoint, measurable and E,, = (J,_,E, . Moreover E, 1 E. Hence,
by Example 2 in Tutorial 8,

' (F(E)) < S (F(Eai) < 3 oo (Bo)

< Z k- 1m(En,k) + i Zm(Enk)

2n 2n
k k
1
<[ 171 gemlE)
k n,k
, 1
< [ 1F1+ Zm(E)
b2
b—
< [1r1+ 250
E

Since f(F,) 1T f(F), it follows from the Monotone Convergence Lemma for m* (see
Tutorial 2) that lim m*(f(E,)) = m*(f(E)). Taking n — oo gives m*(f(E)) < [, |f'|. <«

Theorem 3 (Banach-Zarecki). Let f : [a,b] — R. Then f € ABC|a,b] if and only if the
following conditions are all satisfied.

(a) f is continuous on [a,].
(b) f € BV]a,b.
(c) f has Lusin N property, i.e. f maps a set of measure zero to a set of measure zero.

Proof. Suppose f satisfies (a), (b) and (c). Since f € BV]a, b], f’ exists a.e. on [a,b] and
" € Lla,b]. Assume that f'(z) exists on E with m([a,b] \ F) = 0. Note that F must
be measurable. Let ¢ > 0. Then the absolute continuity of integral implies that there is
0 > 0 for which

FeM, FClabland m(F) <d = /F]f'|<5. (1)

Let {(zx, yr)}7_, be non-overlapping intervals in [a, b] such that >}, |z) — yx| < d. By
continuity of f, there is I == [ck, dy| C [z, yx] such that f([zr, yx]) € f(Ix), and hence
|f(zr) — f(yr)] < m*(f(Ix)). Now, by Example 2 and (c), we have

m* (F(I)) < m* (F(Te 0 B)) + m* (F(I \ B)) < / NUETE / 1l
Since

m(|JInE) <Y m(L) <Y ae — il <6,

it follows from (1) that

Sl swl <3 [ W= [ i<

k=1

Therefore f € ABCla, b]. O



