Solutions to Homework V

1. (1) First we find separated solutions. Suppose that u(t, x) = T'(t) X (x), then

T'(H)X () = T() X" (x),

giving that
Tt X'(x)
ST X(o)
We first solve X (z). X (z) satisfies

=\

X" = \X;

X(0)=X()=0.
If A\ =0, X(z) = Az + B. By the boundary conditions, A = B = 0. If A\ # 0,
suppose that —\ = 72, then X (x) = Ae’ + Be 7*. By the boundary conditions,

Sovy=mnri/land A = (nm/l)* forn € Z \ {0}. So
nrx

X, (x) = sin (7>

forn € N*. Then

Therefore, a solution is

5 e (12

(2) (a) Suppose that u(t,z) = T'(t) X (z), then
T"(t) X (z) = T()X"(z),

giving that
T”(t) B X”(x)

T X() A




X (x) satisfies

—X"=)\X;

X'(0) = X(¢) =0.
If A =0, X(x) = Az + B. By the boundary conditions, A = B = 0. If A # 0,
suppose that —\ = 2, then X () = Ae’* + Be™*. By the boundary conditions,

1 -1

et et

= 0.

Soy = (n+ 3)mi/land X = (n + 1)*7%/(* forn € Z. So

1
Xn(x) = cos WI
forn € N.
(b)
1 1
T,(t) = Acos M + Bsin M] :

Therefore, a solution is

00 1 1 1

Z {Ancos M + B, sin M] }cos M] .

n=0

(3) (a) Suppose that u(t,z) = T'(t) X (z), then

giving that
TW X'
T X)) O
X (x) satisfies
X" =\X;

X(=0)=X(), X'(—0) = X'(0).
If A\ =0, X(z) = Az+ B. By the boundary conditions, A = 0. If A # 0, suppose
that —\ = +?, then X (z) = A" + Be*. By the boundary conditions,

1 -1
(e’”e — ew) = 0.
1 1

So v = nri/l and A = (n7/f)? for n € Z. Hence, the eigenvalues are (nm/()?

for n € N. Moreover,

Xo(z) =1,



and

forn € NT.

(b)

Therefore, a solution is
1 oo
b 3 [ (75 ().

2. (a) When A = 0, v(z) = Az + B. Itis easy to see that Ax + B satisfies the problem, so

0 is a double eigenvalue.

(b) For A > 0, v(z) = AcosvAz + Bsinyv/z. The boundary condition could be
regarded as v, (0) = v, (¢) and v, (0) = [v(¢) — v(0)]/¢. So

sin VM 1 — cos vV

cos VAM—1 sinvVM
L L \/X

It follows that
2(1 — cos VML) = sin VAV AL,

that is,

4 sin? (@) = sin VAV,

(c) Let v = v/A¢/2, then
sin? y = sin~y cos vy 7.

(d) If siny =0,y =nwand A = (2n7/¢)? forn € N*. If siny # 0, tan~y = ~. The
graph of vy is as follows:




(e) For A = 0, vy = 1 or x. For A\ = (2n7/()?, v, = cos(2nwx /). For A = (27, /()?,

where 7; < 7, < ... are the positive solutions to tany = 7,

2, L 29
Up = —Yp COS | —— sin
L 0 ]

: 2 2
— sin 7, cos ( Sn? ) + cos v, sin ( 7”"’“")

4

COS Vp,
)
COS Vn, '

(f) Suppose that u(t,z) = T'(t)v(zx), then

T'(t)v(w) = T(t)o" (z),

_ sin (27"‘”

giving that
) _ v'=) _
T@t) w7
v satisfies the boundary conditions. For \, Ty = e . So
- 2nmr - 2y 2 Sin (2222 — )
A 4B c, —(2n7)2t /02 D, —(2nm)2t /e ‘
0o+ olL’—i-; e cos 7 +; e o ’
provided that
- 2nma sin (222 — )
o(x) :A0+B0:B—|—nz:10ncos ( ) ZD cos*yn .

(g) When t — oo, u(t,x) — Ag + Byz.

3. (a) Suppose that A = 34, then X (x) = A cosh Sz + Bsinh 3z + C cos Bz + D sin .
By the boundary conditions,
1 0 1 0
1 0 -1 0
cosh B¢ sinh B¢ cos 3¢ sin B¢
cosh B¢ sinh 8¢ —cospl —sinpl

So
sinh 8¢ sin ¢ _
sinh B¢ —sin 8¢
giving that
sin B¢ = 0.
So 3 =nn/land A = (nn/¢)* forn € N*. And the corresponding eigenfunctions

are sin(nmwz /().

(b) Suppose that A = 34, then X (z) = A cosh Sz + Bsinh 8z + C cos Bz + D sin Bz.



By the boundary conditions,

1 0 1 0

0 1 0 1
cosh B¢ sinh 5¢ cospBl  sin [l
sinh ¢ cosh ¢ —sin ¢ cos Bl

Letting column 3 — column 1 and column 4 — column 2, we have

1 0 0 0

0 1 0 0
cosh B¢ sinh B¢ cos ¢ — cosh B¢ sin B¢ — sinh B/
sinh 8¢ cosh 8¢ —sin B¢ —sinh g¢ cos ¢ — cosh B¢

So
cos B — cosh B¢ sin 3¢ — sinh 3¢ 0
—sin ¢ — sinh 8¢ cos B¢ — cosh B¢
giving that
cosh Bl cos Bl = 1.
Hence, the eigenvalues are positive solutions to the above equation and the eigen-

functions are

(sinh B¢ — sin B¢)(cosh Sz — cos fx) — (cosh ¢ — cos fC)(sinh fx — sin ).



