
Solutions to Homework V

1. (1) First we find separated solutions. Suppose that u(t, x) = T (t)X(x), then

T ′(t)X(x) = T (t)X ′′(x),

giving that

−T ′(t)

T (t)
= −X ′′(x)

X(x)
= λ.

We first solve X(x). X(x) satisfies−X ′′ = λX;

X(0) = X(ℓ) = 0.

If λ = 0, X(x) = Ax + B. By the boundary conditions, A = B = 0. If λ ̸= 0,

suppose that −λ = γ2, then X(x) = Aeγx +Be−γx. By the boundary conditions,∣∣∣∣∣∣ 1 1

eγℓ e−γℓ

∣∣∣∣∣∣ = 0.

So γ = nπi/ℓ and λ = (nπ/ℓ)2 for n ∈ Z \ {0}. So

Xn(x) = sin
(nπx

ℓ

)
for n ∈ N+. Then

Tn(t) = e−n2π2t/ℓ2 .

Therefore, a solution is
∞∑
n=1

Ane
−n2π2t/ℓ2 sin

(nπx
ℓ

)
.

(2) (a) Suppose that u(t, x) = T (t)X(x), then

T ′′(t)X(x) = T (t)X ′′(x),

giving that

−T ′′(t)

T (t)
= −X ′′(x)

X(x)
= λ.
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X(x) satisfies −X ′′ = λX;

X ′(0) = X(ℓ) = 0.

If λ = 0, X(x) = Ax + B. By the boundary conditions, A = B = 0. If λ ̸= 0,

suppose that−λ = γ2, thenX(x) = Aeγx+Be−γx. By the boundary conditions,∣∣∣∣∣∣ 1 −1

eγℓ e−γℓ

∣∣∣∣∣∣ = 0.

So γ = (n+ 1
2
)πi/ℓ and λ = (n+ 1

2
)2π2/ℓ2 for n ∈ Z. So

Xn(x) = cos

[(
n+ 1

2

)
πx

ℓ

]
for n ∈ N.

(b)

Tn(t) = A cos

[(
n+ 1

2

)
πt

ℓ

]
+B sin

[(
n+ 1

2

)
πt

ℓ

]
.

Therefore, a solution is
∞∑
n=0

{
An cos

[(
n+ 1

2

)
πt

ℓ

]
+Bn sin

[(
n+ 1

2

)
πt

ℓ

]}
cos

[(
n+ 1

2

)
πx

ℓ

]
.

(3) (a) Suppose that u(t, x) = T (t)X(x), then

T ′(t)X(x) = T (t)X ′′(x),

giving that

−T ′(t)

T (t)
= −X ′′(x)

X(x)
= λ.

X(x) satisfies −X ′′ = λX;

X(−ℓ) = X(ℓ), X ′(−ℓ) = X ′(ℓ).

If λ = 0,X(x) = Ax+B. By the boundary conditions,A = 0. If λ ̸= 0, suppose

that −λ = γ2, then X(x) = Aeγx +Be−γx. By the boundary conditions,

(e−γℓ − eγℓ)

∣∣∣∣∣∣1 −1

1 1

∣∣∣∣∣∣ = 0.

So γ = nπi/ℓ and λ = (nπ/ℓ)2 for n ∈ Z. Hence, the eigenvalues are (nπ/ℓ)2

for n ∈ N. Moreover,

X0(x) = 1,
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and

Xn(x) = cos
(nπx

ℓ

)
or sin

(nπx
ℓ

)
for n ∈ N+.

(b)

Tn(t) = e−n2π2t/ℓ2 .

Therefore, a solution is
1

2
A0 +

∞∑
n=1

e−n2π2t/ℓ2
[
An cos

(nπx
ℓ

)
+Bn sin

(nπx
ℓ

)]
.

2. (a) When λ = 0, v(x) = Ax+B. It is easy to see that Ax+B satisfies the problem, so

0 is a double eigenvalue.

(b) For λ > 0, v(x) = A cos
√
λx + B sin

√
λx. The boundary condition could be

regarded as vx(0) = vx(ℓ) and vx(0) = [v(ℓ)− v(0)]/ℓ. So∣∣∣∣∣∣ sin
√
λℓ 1− cos

√
λℓ

cos
√
λℓ−1
ℓ

sin
√
λℓ

ℓ
−
√
λ

∣∣∣∣∣∣ = 0.

It follows that

2(1− cos
√
λℓ) = sin

√
λℓ
√
λℓ,

that is,

4 sin2

(√
λℓ

2

)
= sin

√
λℓ
√
λℓ.

(c) Let γ =
√
λℓ/2, then

sin2 γ = sin γ cos γ γ.

(d) If sin γ = 0, γ = nπ and λ = (2nπ/ℓ)2 for n ∈ N+. If sin γ ̸= 0, tan γ = γ. The

graph of γ is as follows:

.
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(e) For λ = 0, v0 = 1 or x. For λ = (2nπ/ℓ)2, vn = cos(2nπx/ℓ). For λ = (2γn/ℓ)
2,

where γ1 < γ2 < . . . are the positive solutions to tan γ = γ,

vn = −γn cos

(
2γnx

ℓ

)
+ sin

(
2γnx

ℓ

)
= −

− sin γn cos
(
2γnx
ℓ

)
+ cos γn sin

(
2γnx
ℓ

)
cos γn

=
sin
(
2γnx
ℓ

− γn
)

cos γn
.

(f) Suppose that u(t, x) = T (t)v(x), then

T ′(t)v(x) = T (t)v′′(x),

giving that

−T ′(t)

T (t)
= −v′′(x)

v(x)
= λ.

v satisfies the boundary conditions. For λ, Tλ = e−λt. So

A0 +B0x+
∞∑
n=1

Cne
−(2nπ)2t/ℓ2 cos

(
2nπx

ℓ

)
+

∞∑
n=1

Dne
−(2nπ)2t/ℓ2 sin

(
2γnx
ℓ

− γn
)

cos γn
,

provided that

ϕ(x) = A0 +B0x+
∞∑
n=1

Cn cos

(
2nπx

ℓ

)
+

∞∑
n=1

Dn

sin
(
2γnx
ℓ

− γn
)

cos γn
.

(g) When t → ∞, u(t, x) → A0 +B0x.

3. (a) Suppose that λ = β4, then X(x) = A cosh βx + B sinh βx + C cos βx +D sin βx.

By the boundary conditions,∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0

1 0 −1 0

cosh βℓ sinh βℓ cos βℓ sin βℓ

cosh βℓ sinh βℓ − cos βℓ − sin βℓ

∣∣∣∣∣∣∣∣∣∣∣
= 0.

So ∣∣∣∣∣∣sinh βℓ sin βℓ

sinh βℓ − sin βℓ

∣∣∣∣∣∣ = 0,

giving that

sin βℓ = 0.

So β = nπ/ℓ and λ = (nπ/ℓ)4 for n ∈ N+. And the corresponding eigenfunctions

are sin(nπx/ℓ).

(b) Suppose that λ = β4, then X(x) = A cosh βx + B sinh βx + C cos βx +D sin βx.
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By the boundary conditions,∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0

0 1 0 1

cosh βℓ sinh βℓ cos βℓ sin βℓ

sinh βℓ cosh βℓ − sin βℓ cos βℓ

∣∣∣∣∣∣∣∣∣∣∣
= 0.

Letting column 3 − column 1 and column 4 − column 2, we have∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0

0 1 0 0

cosh βℓ sinh βℓ cos βℓ− cosh βℓ sin βℓ− sinh βℓ

sinh βℓ cosh βℓ − sin βℓ− sinh βℓ cos βℓ− cosh βℓ

∣∣∣∣∣∣∣∣∣∣∣
= 0.

So ∣∣∣∣∣∣ cos βℓ− cosh βℓ sin βℓ− sinh βℓ

− sin βℓ− sinh βℓ cos βℓ− cosh βℓ

∣∣∣∣∣∣ = 0,

giving that

cosh βℓ cos βℓ = 1.

Hence, the eigenvalues are positive solutions to the above equation and the eigen-

functions are

(sinh βℓ− sin βℓ)(cosh βx− cos βx)− (cosh βℓ− cos βℓ)(sinh βx− sin βx).
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