
Solutions to Homework IV

1. Firstly, we show that ut + ux = 0 in the region A = {t > b− x}. For (t0, x0) in A, let

z(s) = (ut + ux)(t0 + s, x0 − s)

for s ∈ [x0 − b, x0 − a]. Then

z′(s) = 0.

Since z(x0 − b) = 0, z(0) = (ut + ux)(t0, x0) = 0. Next we show that u = 0 in the

region B = {t > x+ b− 2a}. For (t0, x0) in B, let

z(s) = u(t0 + s, x0 + s)

for s ∈ [−x0 + a,−x0 + b]. Then

z′(s) = 0

since (t0 + s, x0 + s) ∈ A for s ∈ [−x0 + a,−x0 + b]. Since z(−x0 + a) = 0, z(0) =

u(t0, x0) = 0. When t > 2(b−a), it is clear that (t, x) ∈ B, so u(t, x) = 0. By continuity,

u ≡ 0 for t ≥ 2(b− a).

2. (a) Denote ∂iu by u,i.

∂2
tE = ∂t(curlB) = curl(∂tB) = − curl(curlE).

Next we verify the following indentity:

curl(curlu) = ∇ divu−∆u.

We just verify the first entry here.

curl(curlu) = (curlu)3,2 − (curlu)2,3

= u2
,12 − u1

,22 − u1
,33 + u3

,13

= (divu),1 −∆u1.

So

∂2
tE = −∇ divE+∆E = ∆E.

Similarly,

∂2
tB = − curl(∂tE) = − curl(curlB) = −∇ divB+∆B = ∆B.
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(b) Taking divergence, we have

∂2
tw − µ∆w − (λ+ µ)∆w = 0.

So w satisfies the wave equation:

∂2
tw − (λ+ 2µ)∆w = 0,

whose speed of propagation is
√
λ+ 2µ.

Taking curl, we have

∂2
t v − µ∆v = 0.

So v satisfies the wave equation:

∂2
t v − µ∆v = 0,

whose speed of propagation is√µ.

3. (a)
d

dt
(k(t) + p(t)) =

∫
R
(ututt + uxuxt)

=

∫
R
(utuxx + uxuxt)

= 0.

So k(t) + p(t) is constant in t.

(b) Suppose that g and h are supported inB(0, R). Then we show that k(t) = p(t)when

t > R. By d’Alembert’s formula,

u(t, x) =
g(x+ t) + g(x− t)

2
+

1

2

∫ x+t

x−t

h(y) dy.

Then,

ut(t, x) =
g′(x+ t)− g′(x− t)

2
+

h(x+ t) + h(x− t)

2
,

ux(t, x) =
g′(x+ t) + g′(x− t)

2
+

h(x+ t)− h(x− t)

2
.

When t > R, x+ t and x− t can’t both lie in B(0, R) since otherwise

2t ≤ |x+ t|+ |x− t| ≤ 2R.

So at least one of (g′(x + t), h(x + t)) and (g′(x − t), h(x − t)) vanishes. Hence,

when t > R,

u2
t = u2

x,

yielding that

k(t) = p(t).
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4. Rewrite the equation as

utt + ut +
1

4
u− uxx +

3

4
u = 0.

By multiplying it by et/2, we have

(et/2u)tt − (et/2u)xx +
3

4
(et/2u) = 0.

Let v = et/2u, then v satisfies the Klein-Gordon equation

vtt − vxx +
3

4
v = 0.

Next we establish the energy estimate for the Klein-Gordon equation. By multiplying it

by vt and integrating it on R, we have∫ (
vttvt − vxxvt +

3

4
vvt

)
= 0.

By integration by parts,
d

dt

∫ (
v2t + v2x +

3

4
v2
)

= 0.

So

Ẽ(t) =

∫ (
v2t + v2x +

3

4
v2
)

is constant and thus bounded. Next we return to u.

Ẽ(t) = et
∫ [(u

2
+ ut

)2

+ u2
x +

3

4
u2

]
≥ 3

4
et
∫ [(u

2
+ ut

)2

+ u2
x + u2

]
.

So

E(t) =

∫
(u2

t + u2
x + u2)

≤ 2

∫ [(u
2
+ ut

)2

+
(u
2

)2

+ u2
x + u2

]
≤ 5

2

∫ [(u
2
+ ut

)2

+ u2
x + u2

]
≤ 10

3
e−tẼ(t).

Therefore,

lim
t→∞

E(t) = 0.
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