Solutions of Homework 111

Aw = 2uAu + 20Av + 2|Vu|?* + 2|Vo|?
= —2(1 — w)w + 2|Vul* + 2|Vv|.
So the equation w satisfies is
Aw = —2(1 — w)w + 2|Vul* + 2|Vv|*. (1)

(if) Assume that w attains its maximum M at zy. If 2o € B(0, 1), then Aw(z() < 0. By
(D), —(1=M)M <0.SoM < 1. Ifxg € 9B(0,1),then M = 0 < 1. Therefore
M < 1.

2. (1) For the equations
{ efo +yfy = wylog(ay); @)

xzfxx + y2fyy =2y, (3)
consider z(2),, + y(2),, we have

372fmc + yzfyy +xfy + yfy + Qxyfwy = Qxy(log(xy) + 1)'

Substituting (2) and (3) into it, we obtain that

log(zy) + 1
fl‘y == T'

(i1)
fls+1,s+1)— f(s+1,8)— f(s,s+ 1)+ f(s,9)

_ /0 (fls+ 1, s+q) = fyls,s+q))dg

1 1
= / / fey(s+p,5+q)dpdg
0 0

1 1
_ / gl +p)+al+l, .
[071]2 2

So

)=y

/ log[(s +p)(s+q)] + 1 dpdg
[071]2 2



log|(1 1 1
:/ ogl+p)I+al+1,
[07”2 2

_ 4log2 -1
= 5 ,
and it is independent of f.
3. (1) By the strong maximum principle, since 0 < u < 1 on the parabolic boundary and «

is not a constant, 0 < u(t,z) < 1 forall (¢,2) € R* x (0,1).

(i) Since u(t,z) and u(t,1 — x) are solutions to the heat equation and they agree on the
parabolic boundary, by the uniqueness of initial boundary problems of heat equations,

u(t,z) =wu(t,1 —xz)forallt >0and 0 < z < 1.

d 1 1
— u? = / 2uuy
dt Jo 0
1
= / 2UlUpy
0
1
= - / 2u?.
0

(111) We have

Moreover,

In fact, if

1
/ ug(t,z)? dr = 0,
0
then u,(t,2) = 0 forall 0 < = < 1. Since u(t,0) = 0, u(t,z) = 0forall0 <z < 1,

which contradicts the conclusion of (i). Therefore

1
—/ 2u2 < 0
0

4. (i) Since a solution to u; = u is e’, we may consider v = e ‘u. By substituting u = e'v

and fol u? is strictly decreasing.

into the equation, we have
' (vr +v) = ey, + ev.
So
Vg — Uge = 0.

Moreover, v(0,x) = u(0,z) = ¢(z). Therefore,

o(t,z) = / S(t,x — 1)(y) dy



and

ult,z) = o / S(t,x — y)o(y) dy.

And it is easy to verify that the above u is a solution.

(ii) Since a solution to u; = t2u is ¢t*/3, we may consider v = ¢~*/3u. By substituting

u = e**/3v into the equation, we have
/3 o +t2e v =el/3 m—i—tQGtB/?’U.
So
Vy — Uge = 0.

Moreover, v(0,x) = u(0,z) = ¢(z). Therefore,

o(t,z) = / S(t,z — y)ély) dy
and

ult,z) = f3 / S(t.x — y)oly) dy.

And it is easy to verify that the above w is a solution.
(iii) Consider v(t,z) = u(t,z — t). Then
vty x) = w(t,x —t) — ug(t,x — t) = Uy (£, — t) = v (t, ).
Moreover, v(0, ) = u(0,z) = ¢(z). Therefore,

o(t,z) = / S(t,z — y)ély) dy

and

u(t,z) =v(t,t+z) = /S(t,t+ r —y)o(y) dy.

And it is easy to verify that the above w is a solution.

(1) Since v is a solution of the heat equation, w is also a solution of the heat equation.

m (“””)f(y)dy
———— /o, ((H)2)f(y)dy

_ m/ ( “?2)1:( [ ( = y)Q)f(y)dy

_ (z— u) 1 _2?
e £(0)

v (t, ) =

_(a— y) 1
\/E/ (y)dy+\/4—m



_ (z—y)” y)
dy.
\/47T / (v) dy
So

Vg — 20 = F S () - 2f(y)) dy

Since f' — 2f is continuous on R\ {0} and (f' —2f)(0+) = 1l and (f'—2f)(0—) =
-1,

1—-2zx x > 0;
w(0,2) =<0 x=0;

—-1-2x z<NO.
(i1) It is clear that

fi@) = 2f(z) + f(—2) = 2f(-2) =
for all z # 0. So f' — 2f is an odd function for z # 0.
(iii) Let g = f' — 2f. Then

w(t,x) =

T du.

w(t, —x)

\/— e~ g(—z — ) dy

—— [ty ay
1 _

= — Tm/e g(r—y)dy

= —w(t,z).

Hence w(t, z) is an odd function of x.
(iv) It suffices to prove that
vz(t,0) — 2v(t,0) =0
for t > 0. Since w is an odd function of z, it holds.
6. Solve the ODE
f'(@) = hf(z) = =¢'(—=x) + ho(—x)
£(0) = ¢(0).

on (—oo, 0]. Denote the solution

B(0)e" + / "D (g (—y) + hé(—y)) dy



by g(x). Then let

~ x) x>0
Flo) = ¢(x) ==
g(x) =z <0.
and
_(z=y)* u)
u(t, ) \/E fly)dy.

Similar to Exercise 5, we could verify that u is a solution to the problem.



