Solutions of Homework 11

1. (i) By the spherical coordinate representation of the Laplacian, let u = f(r), then

£1(r)+ 2 0) = ()
Let f(r) = r~1g(r), then

F(r) = 4(r) ~ o(r)
F(r) = 14"(r) /(1) + 0(r)
Therefore,
¢'(r) = g(r)
So
g(r) = Ae" + Be ",
and

f(r)= %(AeT + Be™").

(if) We find a spherically symmetric solution v = f(r). By the spherical coordinate

representation of the Laplacian,
" 2 !
110+ £r) =0,
and f(a) = Aand f(b) = B. Then f'(r) = Cir~2and f(r) = —Cir~' + .
By the boundary conditions,
A-B | —A/b+Bj/a

1) == Va—1/b
Since the solution of the Dirichlet problem is unique, the solution is the above

f.

(iii) We find a spherically symmetric solution v = f(r). By the spherical coordinate

representation of the Laplacian,
1 1 /
f (T)+;f (7’) = 1,
and f(a) = O and f(b) = 0. Then f'(r) = r/2+ Cyr~'and f(r) = r?/4 +



2

C1logr + C5. By the boundary conditions,
a? —? a*logh —b*loga

=— 1 .
/() 4(loga — logb) 8T+ 4(loga — logb) * 4
Since the solution of the Dirichlet problem is unique, the solution is the above

f.

(iv) We find a spherically symmetric solution u = f(r). By the spherical coordinate

representation of the Laplacian,
1" 2 /
f (T)+;f (7’) = 1,
and f(a) = 0 and f(b) = 0. Then f'(r) = r/3 + Cyr~? and f(r) = r?/6 +

Cr~' 4 C,. By the boundary conditions,
) = ab(a + b)r_l _a’+ab+ ¥ N 2

6 6 6’
Since the solution of the Dirichlet problem is unique, the solution is the above
f.

(v) Suppose that

/f%/ g-
D oD
/Au:/ %,
D ap On
and Au:fand%:g, we have

J,7= Lt

2. (i) Suppose that h # 0. By the maximum principle, u© > 0. Suppose that u vanish

Since

which is contradiction.

at some point z,. Then by the Harnack inequality, ©(0) = 0 and v = 0. Hence

h = 0, which is contradiction.

(i1) By the maximum principle, v > 0. By the Harnack inequality,

1-1/2 1+1/2
mu(o) <ufz,y) < T 1/2U( )

for 2% + y? = 1/4. Therefore,
< u(z,y) <3

for z? + y* = 1/4.



3. (1) Suppose that u; and u, satisfy the equation. Let v = uy — us, then

Av=u} —ud  inD;
0
% +a(z)v=0 ondD.

Since

/vAv:/ @U—/|VU|2,

D ap On
/(u?—ug)vz—/ a(ac)v2—/|VU|2.
D oD

The left hand side is equal to
/ v?(uf + ugug + u3) > 0.
The right hand side is less glan or equal to 0 because a(z) > 0. So
/ v (u] + ugug +u3) =0
D

and u; = us.

(i) (a)
1 2 15
Elu] = —|Vul* + zbu” + fu | dz.
p \ 2 2
The admissible set is
{u € C*(D) | u=hondD}.
(b) Only if: We only need to prove that for a solution w,
Elu+v] > Elul
for all v € C2(D) satisfying that v = 0 on dD.

E[u+v]—E[u}:/D(Vu-Vv—l—buv—kfv)qL/D<%|Vv|2+%bv2)

Z/(Vu‘Vv—l—buv—i-fv).
D

By integration by parts,
0
/ (Vu - Vv +buv + fv) :/ (—Au+bu+f)v~|—/ Ty =0.
D D op On
Hence

Elu+ v] > Elul.
If: Suppose that
Elu] > Bl
for all w € C?(D) satisfying that w = h on dD. Consider w = u + t7



where n € C?(D), then w € C?(D) satisfies that w = h on dD. Therefore,
f(t) = Elu+tn] > Elu).

So
1'(0) :/D(Vu~V77—|—bu77+f77) =0.

By integration by parts, it follows that
/(—Au+bu+f)n:0
D
for all 7 € C?(D). Hence u is a solution to the equation.

(iii) For z = (z,vy), let z; = (—x,y), 24 = (v, —y) and 2,4 = (—x, —y). Then it is
easy to see that

[(z,2") = T(z,2") — T(za, 2') + T'(214, 2')

is the Green’s function. So
*1 x x ,
_ _ d /
|- (x2+<y—y')2 x2+<y+y'>2> o) dy

<1 Yy y N1
— — h d
+/0 w(<x—x'>2+y2 <x+x/>2+y2) () dz

is the solution formula for u(z, y).

4. We use u; to denote 0;u.

(1) Itis easy to see that
Av(z) = Au(z — y).

So v is harmonic.

(i1) It s easy to see that
Av(z) = NAu(Az).

So v is harmonic.

(iii) Suppose that (Ox); = a;;z;. Then

3
vilw) = up(Oz)ag;
k=1

3
vii(z) = Z w1 (Ox) agiay;.

kl=1
Since O is orthogonal,

00T =1,



and

3
g ki Qi = O
i=1

Therefore,
Av(z) = Au(Ozx),
and v is harmonic.
(iv) It is easy to verify that
A(fg) = (Af)g+2Vf-Vg+ f(Ag).
Note that A|z|~! = 0. We have
Av = 2V|z|™t - V(u(z*)) + |z| " A(u(a™)),

where 2% = z/|z|%

(u(@)); =Y up(a) (@)
k=1
Z U kl l’ z x*>l1 + Z U7k($*)(l’*>k“
k=1 k=1

(%) = ||~ (6551 — 22;).
If we let matrix A = ((z*)";), then
= |27 (|2] — 222"),
where x denotes a column vector. Then
AAT = |z|78(|2[*T — 4|z Poa” + 4)2Pea”) = 2|1

So
3

Y wgala) (@) (") = || Au(a”) = 0.
kli=1
To prove v is harmonic, it suffices to prove that

3
2 (™) up() @) + Z w2 |27 (27)5; = 0.

k,i=1 k,i=1

It suffices to prove that

That is,



Since Alz|~t =0,
Al (@")*) = 2V 271 V(@) + [T A"

So it suffices to prove that

Note that

Therefore,

since Alz|™! = 0.
5. Let f solve
Af=divE inB;
f=0 on 0B;.

Let F = Vf andG = E — ]3, then it is easy to see that E = F + é, curl F = 0,
and div G = 0.



