Solutions to Final Exam

1. (a)
S(t,z)dx —/ e~ /4 g,
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By change of variables and the Gaussian integral,

1 2
S(t,x dx:/—ex dr =1.
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(b)
max S(t,x) < Le_‘p/“
0<|z|<o0 ’ o \/H
So
max S(t,x) — 0
0<|z|<o0
ast — 0.

2. Suppose that f,, — f uniformly, that is,

SL}p|fn — fl—0.

2
/|fn i< (sup|fn _ f|) ,
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fn — f in the L? sense. Since

|[fn(z) = f(z)] < Sl}p|fn — /]

forz € I, f,, — [ in the pointwise sense.

Since

3. (a) For(t,z) € (0,00)x(0,1),since 0 < u < 1on the parabolic boundary (0, 1) x (0, ]\
(0,1) x (0, t], by the maximum principle, 0 < u(t,z) < 1.

(b) Let ui(t,x) = wu(t,x) and us(t,x) = wu(t,1 — x), then u; and uy satisfy the heat
equation, u(t,0) = uy(t,0), ui(t,1) = us(t,1), and u1(0,2) = uy(0, ). So by
the uniqueness of initial boundary problems of heat equations, we have u, (t,x) =
us(t, ) for all (¢,x) € [0,00) x [0, 1].

(c) Since

d 1 1
— u2(t,x)d:c—/ 2uuy dz



1
/ Uy, dx
0
1
=— / 2u? dx
0

<0
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where the boundary terms of the integration by parts vanish since « vanishes on the

boundary, fol u?(t, z) dx is a decreasing function of t.
4. (a) For u; and u, satisfying the problem, consider v = u; — us, then v satisfies that
Vp — Vg =0 (t,x) € (0,00) x (0,0);
v(t,0) = v, (t,€) =0 € (0,00);
v(0,2) =0 x € [0, 1].

Consider

Then

where the boundary terms of the integration by parts vanish since v,. vanishes on the

boundary. Since £(0) =0, E(t) =0and v = 0.
(b) Let u = e*v, then

ety —e v —e oy, +eto =0,

giving that
Vy — Vg = 0.
Moreover,
v(0,2) = u(0,x) = ¢(z).
So

o(t,z) = / S(t,x — 1)oly) dy.



Therefore

ult,z) = oot z) = ! / S(t,x — y)d(y) dy,

R
and it is easy to verify that u is a solution.

(c) Let u = e~ **/3y, then

43 43 43 43
e By, — 2t By — e By, + 2By = 0,

giving that
Vp — Vge = 0.
Moreover,
v(0,z) = u(0,2) = ¢(x).
So
u(t,x) = / S(t,x —y)o(y) dy.
Therefore .

u(t,z) = e " Bu(t,x) = e /3 / Stz —y)éy) dy,

and it is easy to verify that u is a solution.

. (a) By d’Alembert’s formula,

T+t r—t 1 T+t
u(t,x)z%%—ﬁ/ sin s ds
r—t
"t "t cos(x —t) — cos(z +t)
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(b) By d’Alembert’s formula,
2 _ +)\2 T+t
_ log[l + (z +¢)°] +log[1 + (z t)]+l/ (4+5)ds

t
u(t, x) 5 3]
_10g[1+(93+t)2]+log[1+(:v—t)2]+(4+:B—|—t)2—(4+x—t)2
B 2 4
log[1 2] +logl1 —1)?
gl e 0 Flogll (e = F]
. (a)
1 ™
An:—/ xcosnxdr = 0;
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Bn:—/ xsinnmdng.
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(b) First we find separated solutions u(t,z) = 7'(t) X (z). Then
") X (x) = T(t)X"(x),
giving that
B T//(t) . X//(x)

Tt  X(2)
X (z) satisfies that X(0) = X(m) = 0. If A\ = 0, then X (z) = Az + B. From

the boundary conditions, A = B = 0. If A # 0, suppose that —\ = /32, then
X (z) = Ae’® + Be~P*. From the boundary conditions,

=\

1 1

efr b7

=0.

So B3 =mniand A = n? forn € Z\ {0}. Then X,,(z) = sinnz for n € N*. Then
T, (t) = A, cosnt + B, sinnt. By (a),
— 2(—1)"*!
x = Z # sinnx.

n
n=1

Moreover,

0= i O sinnx.
n=1

Therefore,

0 2(_1)n+1 ‘
u(t,x) = Z ————cos nt sin nz.

n=1

7. (a) We first prove that

1
< dy.
v(z) < 47r2 /83,,.(31:) o() dy
S wwdy=g [ v
v(y Yy=— v Ty Y.
412 Jop, (@) AT Jap, (0)
So
d ( 1 / 1
- v(y) dy) = —/ Vo(z +ry) - ydy
dr \ 4772 Jop, () 4 Jop, (0)
1
= —_— v * d
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1
= A d
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> 0.
Moreover,
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Therefore,
1

v(z) < / v(y) dy.
@S s | )

So

4rr?u(x) g/ v(y) dy.
0B, ()

Integrating r, we have

giving that
3
< dy.
’U(iL‘) ~ 473 /Br(a}) U(y> Y

(b) Suppose that v attains its maximum M at z(. If 2y € OU, the proof ends. If ¢ € U,

we then show that v = M on U. Let
E={zxeU]|v(zr)=M}.

Then F is closed. Next we show that £ is open. Suppose thatz € E and B,.(x) C U.

By (a),
3

< dy.
Sowv = M on B,(x) and B,(z) C E. Therefore F is open. Since U is connected

M =v(z

and E is nonempty, £ = U. Hence v = M on U and maxyy v = M.

8. Consider v = +u + %)\ where A\ = maxg|f|. Then

Av=Ff+X>0.

By 7,

So

maxv = maxv < max|g| + C(U)\.
U ou ouU

+u < maxv < C(U) (max\g\ + max|f|)
T ou T

on U, giving that

9. (a)

malul < C(U) (mglg| + max1).
U ou U

1 [7 ;
= ﬁ/ f(x)e™ ™ dx
/ f(z) - ine™™* dx

mf



f<o>—%/_” f(2)dz = 0.

By Parseval’s equality,

3 | @ de = Y17

n#0

< linf(n)P

n#0

1 " ! 2
— 5 [ Ir@ras
(b) Consider the odd extension f of f across 0. Then f is C"! on [—m, 7], f(—w) = f(7r),
and [*_ f(z)dz = 0. By (a),

/ @) de < / P (o) de,
giving that
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