MATH2050B Mathematical Analysis I

Homework 3 suggested Solution*

Question 4. Let
Tt :2+‘%", Vn € N.
Then, for each of the following cases, show that (z,) converges (any find the value of the limit:
(i) z1 = 0;
(ii) ;1 = 10. (Hint: Can the MCT be applied? )
Solution:
Method 1:
(i) Let P(n) denote the proposition that z,+1 > x, and =, <4.

Notice that when n = 1, we have 0 = 21 < 4 and 2 = x5 > 1, thus P(1) is true.

Suppose P(n) is true, i.e. p41 > 2, and x, < 4. It follows that

Ty 4
$n+1=2+7§2+§=4§
Tn T, T,
Tn42 = 2 + 2+1 Z 2+1 + 2+1 = Tn+1;

Hence P(n + 1) is true. By the principle of mathematical induction, P(n) is true for all n € N.
Therefore, the sequence {z,} is monotone increasing and bounded above. By MCT, we have {z,}

is convergent.

By the contruction of sequence {z, }, we thus get

lim z,
lim z =924 =X
n—00 ntl 2 ’

which implies lim z,, = 4.
n—oo

(ii) It is obvious that x, > 0 for all n € N. The argument is similar to (i). Let S(n) denote the

proposition that x,, 41 < x,. Notice that when n = 1, we have xo = 2 + % < x1, thus S(1) is true.

*please kindly send an email to cyma@math.cuhk.edu.hk if you have any question.



Suppose S(n) is true, i.e. 11 < x,. It follows that

Tn41 Tn+1 Tn+1
Tpy2 =2+ 5 < 5 + 5 = Tntl;

Hence S(n + 1) is true. By the principle of mathematical induction, S(n) is true for all n € N.
Therefore, the sequence {z,} is monotone decreasing and bounded below by 0. By MCT, we have

{zn} is convergent.

By the contruction of sequence {z, }, we thus get

lim =z,
lim z =924 22X
n— o0 ntl T 2 ’

which implies lim z,, = 4.
n—oo

1
Method 2: Since 41 = 2+ 3, that is, 7,11 —4 = i(xn —4). Define a sequence y,, := x, — 4,

for all n € N. This yields that
_ 2 rL+1

Therefore, we have lim y, = 0, that is, lim (x,, —4) = 0, hence that lim z, = 4.
n—00 n—00 n—r00

Question 5. Show that hm L (T = 0 (where 0 > 0).

1+5)
Hint (similar to Q1 but expand more terms when apply the Binomial).

Solution:

For n € N, we note that

n7 77,7
(1+86)" 1+CP6+Cpa2+--+Cpk+-- -+ 67

n?
= Cuos

8

8. n7 M
T atn—1)(n—2) - (n—17)8®
8!

n(1—1/n)(1 —2/n) - (1 — 7/n)s®

Notice that hm AT (= 2%) A=) = = 0, by computation rules, we thus get hm (1+6)“ = 0.

Question 6. Let 1 > 0 and

1
Tntl = Tp + — Vn € N.
7

Use two methods below to show that (z,) does not converge:

(a) Use Q6 of HW 2.



(b) Use (algetrvaic computation rules).
Solution:

(a) By the contruction of the sequence and z; > 0, we have {x,} is a monotone increasing
sequence. It follows that
1 1
Tn+1 =Tp+ — > Ty + —.
Z1

n
By Q6 of HW2 we see that any sequence {y,} with yp+1 = yn + i is not bouded above. Therefore,

the seugence {z,} is also not bounded above, hence that {z,} is not convergent.

L. by

xy

(b) Suppose on the contrary that lim x,, = ¢, for some £ € R. Note that z, 1 = z, +
n—oo
taking limits on both sides, we have
1
=0+ —,
1
which contracts with z; > 0. Therefore {x,,} does not converge.

Question 7. Suppose limy, = y. Show
n

(i) If y > 0 then there exists N € N such that

0.9 -y <y, <2y, Vn > N.

(ii) If y # 0 then there exists N € N such that

0.9- |y| < |yn‘ < 2|y\, Vn > N.
(iii) Suppose limy, = y,y # 0 and & € (0, |y|). Then IN € N s.t.
1
(=0l <lyal <5 +lyl  Yn=N.

Solution:

(i) Since y # 0, we have liTILn yn = y if and only if li7rln %’” = 1. This yields that there exists N € N
such that
1<l forallnz N
Y 10
That is

2229 foralln >N,
10"y S 10 oratn

which is equivalent to sy < yn, < 2y (V n > N), due to the fact that y > 0.

(ii) It follows from (i) that for any e > 0, there exists N; € N such that

\%—1|<6, for all n > Ny.



Notice that |% — 1] < [#» — 1], we thus get lim % = 1. We now apply argument in (i) again, with
n

{yn} replaced by {|y,|}, to obtain that there exists No € N such that
0.9 |y < |yn| < 2|yl, Vn > No.

(iii) It follows from the proof of (ii) that there exists N3 € N such that

lym| 1’ <9, for all n > Njs. (2)

vl
This implies (1 — 6)|y| < |yn| for all n > Nj.

On the other hand, we can see that limy, = y implies lim |y,| = |y|, due to the fact that
n n
lyn| — |Yl| < |yn — y| for any n € N. It follows that that there exists Ny € N such that

1
llyal = lyll <3, foralln= Ny (3)

This implies |y,| < |y| + 5 for all n > Ny. Let N’ = max{N3, Ns}. Combining inequalies (2) and
(3), we get
1
(L=0)lyl <lynl <3 +yl,  foralln>N"



