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Solution 1

(3rd: P.12, Q6)

Let f: X — Y be a mapping of a nonempty space X into Y. Show that f is one-to-one if
and only if there is a mapping ¢ : Y — X such that g o f is the identity map on X, that
is, such that g(f(z)) = = for all x € X.

Solution. Suppose f is one-to-one. Fix xg € X. Define g : Y — X by
v ifye flX]and f(z) =y,
9(y) = .
zo otherwise.

g is a well-defined mapping since f is one-to-one. It is easy to see that go f is the identity
map on X.

On the other hand, suppose that such mapping g exists. If f(z1) = f(x2), 1,22 € X,
then

71 = g(f(21)) = 9(f(22)) = 22

Hence f is one-to-one. <

(3rd: P.12, Q7)

Let f: X — Y be a mapping of X into Y. Show that f is onto if there is a mapping
g:Y — X such that f o g is the identity map in Y, that is, f(g(y)) =y for ally € Y.

Solution. Suppose that such mapping g exists. For any y € Y, z := g(y) € X satisfies
flx) = fl9() =v.

Hence f is onto. <

Show that any set X can be “indexed”: 3 a set I and a function f : I — X such that
{fli):iel}=X.

Solution. Simply take I = X and f : I — X to be the identity function. <

(3rd: P.16, Q14)

Given a set B and a collection of sets C. Show that

A

AeC

BN = J(BnA).

AeC

Solution.

Tz e BN

A4

AeC

= zcBandzxc UA
AeC

<= x€Band (JA)(AeCand z € A)
<= (JA)(x € Band (A €C and x € A))
<= (FJA)(Ae€Candz € ANB)

= ze|J(BnA).
Aec
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5. (3rd: P.16, Q15)

Show that if A and B are two collections of sets, then
(JAa:aen| {B:BeB} = {AnB:(4,B) c Ax B}.
Solution. Using the result in Q4 twice, we have

JfA:Aen| J{B:BeBl = | J| J{A:Ac A}InB

BeB

BeB

J@nB)

AcA

= |J @nB) = J{AnB:(4,B)c AxB}.
(A,B)eAxB

6. (3rd: P.16, Q16)
Let f: X — Y be a function and {A)}rea be a collection of subsets of X.

(a) Show that f[JAx] = U f[AA].
(b) Show that f[()Ax] C ) f[Ax]-
(c) Give an example where f[[)Ax] # () f[AA]-

Solution. (a)
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(c) Let f: R — R be given by f(z) = 22. Let A = (—o0,0) and B = (0,00). Then
f(ANB) = f(0) = 0 while f(A)N f(B) = (0,00) N (0,00) = (0, 0).

<

7% (3rd: P.16, Q17)
Let f: X — Y be a function and {B)} ca be a collection of subsets of Y.
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(a) Show that U By] = U S~ [By].
(b) Show that f~' [ Bx] = N f~'[By]-
(c) Show that f~1[B¢] = (f~![B])¢ for BCY.

Solution. (a)

re fi [UB,\} — f(z) € UB,\
< (IN(f(z) € By)
= N (e By
= zel Bl

ze f! [ﬂBA} < f(z) (B
— (VA)(f(z) € B))
= (VN)(z € f[B)])
= ze(f B

z € 7B < f(z) € B¢
< ~(f(z) € B)
= —(z e f![B))
— z e (fYB)"-

8.% (3rd: P.16, Q18)

(a) Show that if f maps X into Y and A C X, B C Y, then
fif Bl c B

and

FHAA D A
(b) Give examples to show that we need not have equality.
(¢) Show that if f maps X onto Y and B C Y, then

fIF'B] = B.

Solution. (a) It is easy to see that

y € f[f'[Bl] <= (3a)(y = f(x) and z € f~'[B])
< (Jz)(y = f(z) and f(z) € B)
= y € B,

and

r€e A= f(x)€ flA]
— z e ffA]].
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(b) Let f: R — R be given by f(z) = 2%, Let A =[0,00) and B = (—00,00). Then

FIFHBI = fl(=00,00)] = [0,00) € B

while

FHAIAL = 710, 00)] = (—00,00) 2 A.

(¢) Suppose f maps X onto Y. Let y € B. Since f is onto, there exists 2 € X such that
f(z) =y. Asy € B, we have x € f~1[B]. Hence y = f(x) € f[f~![B]]. Therefore
flFHBl o B.

<

9. Show that f — fo x)dx is a “monotone” function on R[0, 1] (consisting of all Riemann
integrable functions on [0, 1]), and R[0, 1] is a linear space. Show that

lim fn dx—/f

n—o0

if f, fn € R0, 1] such that

lim (“sup |fn(z) — f(2)]) = 0.

=00 2e[0,1]

Solution. It is easy to verify that R[0, 1] is a linear space and that ¢ : f — fo x)dzx is
a linear, monotone function on R[0,1]. We only prove the limit equality.

Let € > 0. Choose N € N such that for all n > N, we have

sup |fn(2) = f(z)] <e.

The monotonicity and linearity of the function ¢ : f — fo x)dx imply that

[ st [ sionas < [[10a) - sl

Again by the monotonicity of ¢, we have, for all n > N,

da:—/f )dz

1
(fn(x) - d.%'
0

< /0 sup |ful2) — F(2)] da

xz€(0,1]

1
g/ edr =¢€.
0

This completes the proof of the limit equality.



