
 

Note This implies if I complete residue set is dense
E empty interior IIE dense

Recall that E is closed nowhere dense set

IIE E IIE is an open dense set
Hence Thm4.9 can berephrased as

Thin4.9 Baire CategoryTheorem

In a completemetricspace countable intersection of open
dense sets is dense

ie If I d is complete and Gn CI is a sequence of
open dense sets in I then I Gn is dense

Pf Ex

Cor4.10 let I d be complete Suppose that I En

with En are closed subsets Then at least one of
these En's has non empty interior

Pt Suppose not then all En has empty interior

En is nowhere dense f n

Hence I É En is of 1st category

Baire CategoryThin I has empty interior which
is a contradiction since 1 2



Remark This corollary wipliesthat it is impossible to decompose

a completemetric space into a countable union of
nowhere dense sets

i.e completemetricspace itself is of 2nd category

Cor4.11 A set of 1st category in a completemetricspace
cannot be a residual set and vice versa

residualsets of a completemetricspace isof 2ndcategory

Pf Let E be aset of 1st category
then E É En with En nowhere dense

If E is also a residual set then IIE is

alsoof 1st category hence

IIE É En with En nowhere dense

I EU LIE É En U É En

Taking closureof En Eh I C EET U É ET CA

I EET U EET
ie I is a countable unionof close subsets with
empty interiors Thiscontradicts Cor4.10

The other way is similar

eg R is complete Q of 1stcategory I IRIQ isof2ndcategory



Applications of Baire Category Theorem to function spaces

That13 Thesetof all continuous nowhere differentiable
functions forms a residual set in Ctab and

hence dense in Ceab

To prove the theorem we need a lemma

lemma4.2 let fecta b be differentiable at x Then

it is Lipschitz continuous at x

It is clear near X The main issue is forpointsnot near x

Pf Byassumption HE 0 say E l I do o

such that t y E X do x too 3x's yea b

tag fix l

I fly fix E l Ifast ly X

Hye x do Xtdo n ta b

If ab I x do X do7 0 we are done

If not then fa y Eta b x Jo X do

I Y X1780
and hence

Ifly f x E Ifly I fix E 211ftlo s 211ft ly x



let L max It Hall Aff we have

Ifly fix E L ly XI HYETab A

Pf of Thm4.13
Weonly need to show the case Ia b to I

A L O define

s ft CTO I f is hipcts at some Xero I
with Lip Cast EL

Clavin1 Sh is closed

Pf Let Ifn's be aseq in Sh which converges to
some ft CTO I in des metric

By definition of SL that

I XnETo IT such that
fu is lip cts at Xn with Lip const El

ie Italy fan E L ly Xml Hyeto I

Wemayassume that Xu x fu same eto I

by passing to a subseq The corresponding subset

for is still convergent fu f in da

Then fly fix I e Ifly falyl Italy fix I



E Il f fullest Ifnly fulxu t Ifulxus fix I
s Ilf fullest Lly Xultltalxa fax it Ifalt fix
E 211f fully th ly Xu l LI Xn X I
I 211f fully L ly Xt th Xt Xn I LIXu XI
Lly Xt I t 2 Ilf fullest LIXu XI

Letting n too wehave

Ifly f X E L ly XT Kyeto IT

test

Clavin2 SL is nowhere dense CEO I I Sh is dense

Pf Let ft SL

By Weierstrass Approximation Theorem
HE O I a polynomial p such that

If p lo
let the Lip constant of p be 4
For r o rel not necessary rational
let

pix be the restriction to 591 of the jig saw
function of period at satisfying 9103 1 01951
and slope of the graph of p is If
except the finitelymany non differentiabe points

I a

i t I or



Then consider the function

g x pox GAI E CTOIT

Then Ilg Ho ellp flat 11911a E E E

Ontheotherhand

Egly E 94 Elgly gas ply past

lays pix e lgly gas 4 ly Xt

Note that t XEto I I yeto I near X suchthat
191g pix Fly x1

Igly guys Er 4 ly Xt

Hence if we choose re
4 then

txtto13 I yea I such that

Igy gu Er 4 lyx1 L ly Xt

ie txtto I g is not Lipcts at x with Lipconstant L

gash

We have proved that tf eSi te o BEADS 0

By dawn SL is closed hence Sh is nowhere dense



Faial step
let S I ft CTO13 f is differentiable at some XEto IT
Thenby lemma 4.12 tf E S f E SN fu sane NEIN

S C ÉSN
By claim2 S is of 1st category
And Baire Category Thu using CEO IT is complete

S has empty interior

Set of cts butnowhere differentiable functions on to I

complement of S in Cto B
is a residual set and dense in CTO IT

Remarks Is The Thm and its proof provide no explicitexample
not even a method to construct a contamas
nowhere differentiable function

Iii Anexplicit example was given by Weierstrass

W x I asE x on IR

it comes from Fourier series actually Weierstrass provided

a family



Furtherexamples

Def let f ab IR be a function and
L R R

tax tp fu same apex
h degreepoly

Wesay L crosses f or f crosses L

if I Xotta b and 8 0 such that

f Xo Xo

and either one of following holds
i Lex Efx A XExo d Xo Acab

x fix txetxo young
idiot

Ii Lex fix A XExo d Xo Acab

Lex fix txetxo.xotosnea.by I.it jfj


