
 

Note E is nowhere dense IIE is dense ni I

Pf E is nowhere dense

Axe I r o Brix GE SEE containson ball

VX E I r o Brix n I E 0

IIE is dense

Def Let I d be a metricspace A point X EI is called
an isolated point if 3 3 is open in 1

Notes As Ix's is always closed in a metric space Ix's is
both open and closed in I x is an isolatedpoint

x isolated Ix is not nowheredense

egs IR has no isolatedpoints since2x's is notopen inIR HER

All points in 2 subspace of IR are isolated in Z

not IR
since Knez In Bien metricball in Z
But 21 subspace metric 12 discretemetric

t unbounded t bounded E I



Prop47 Let I d be a metricspace
a E is nowhere dense in I

I E is nowheredense in 1
di if E C E E is nowhere dense in I

b Theunionof finitemany nowhere dense sets wit is

nowhere dense in 1

f If I d has no isolatedpoint then every finite set
is nowhere dense

Pf a Trivial AWF
b Let Ei Ez be nowhere dense sets

Then G I IET and GE Il ET are open dense

set
Clearly GinGa is open
claim G nGz is dense in I

Pf H X EA r O

G dense Brix nG 0
I X E Brix aGi

Since Brix n G is open I g o such that

BpXi C Br x AG
Now Gz dense Bpxi n Ga 0

Brix n G nGa Bpa D Gr 0
This proves the claim

Hence II G AGa I IG UCI I G E UET
is nowheredense



By A Ii E UE C ETO E
E U E z is also nowhere dense

Then induction Ei is nowhere dense provided

Ey Ek are nowheredense

e Assume I d has no isolatedpoint
Claim txt I 3 5 is nowhere dense in I

Pf Suppose not then 3 31 1 3 contains some open

ball Bry ie Brly CE 3x

This replies y x

Brix C IX Brd
2 3 Brix is open
x is isolated which is a contradiction

Then by b the claim any finite set is nowhere
dense H

eg IR doxy lx yl has no isolated point

any Ny Xn is nowhere dense

But fu countable subsets we have no such conclusion

IN 31,33 3 countable and nowhere dense Ex
Q countable but not nowhere dense infact Q isdense



Examples in infinite dimensional normed spaces

eg let Miab spaceof bounded functions on Lab
Then Ifl la guy Ifall is welldefined and is a norm

on MIAbJ

Clearly Ctab do is a metric alsorecta subspace of
Miab do

Claim Cia b is nowhere dense in Miab wit dismetric

Pf I clearly Cia b is closed in Mcab

uniform limit of cts functions is cts
Hence carb is nowhere dense in Mtab

Miab ICAI Mab Icca b is dense

We only need to show that

2 A B f C Miab Biff n Mcab Icca b 0

11 If ft Mtab ICTab we are done

di If f E Cab
defuse gox Just E XEta b no

N E X E a b IQ

Then gox fix IE
11g flu E g e BE f

If g e ca by then g f 19g ta baa
Ta b IQ

is continuous which is impossible Hence gentabicarb
BE f n Mtab Icca b 0 A



eg let lis space of bounded sequences with dis metric

do x y supHu yal for Xi xu's y syn's

let E subset of convergent sequences
Then E is nowhere dense in la dos

Pf Weonly need to show 4 k in thefollowing

4 E is closed in lis

Pf We'll show that late is open
Let X Hu's e late
Then Xu diverges and

to h linkup x y lingif Xu L G O

Take E Lf 0

then t y ayn E B x we have

Xu E s y u s Xn t e f n

beisupXn E E binsupYn

hainif G E his if Xu te

linsupy a L E 231 Lf suia L l

It e a leuinifyn

y 3yn's is divergent

Hence Bex c late late is open

this proves I



z loll late by a is dense

Pf Let Bex be a ball in lo

we need to show that Bolex in late 0
If X E late we are done

If XE E then X Hu's is convergent

let L le Xn
Then I no o sit IXu LI f f nano

Before y Lyn's Elo by
Xu if nano

In Lt if nano an odd
L E if nano e n even

Then xu yup o if nano and

Nn Yal E lXu LI IL Yul

3 E3 3 s E Un no

doIX y e f e yeBE x
However luissupyn Ltg L E limit yn

Y else Bax n late 0



Def A set in a metric space is called of firstcatogroy ormeager

if it can beexpressed as a countable union of nowhere dense
sets

A set is of secondcategory if it isnot of firstcategory
A set is called residual if its complement is of first
category

Prop4.8 Let I d be a metricspace
a Every subsetof a setof 1stcategory is of 1stcategory
b The union of countablemanysets of 1stcategory is
of 1st category

c If I d has no blatedpoint thenevery countablesubset

of I is of 1st category


