
 

Thm4.2 Ascolis Theorem

suppose that G is a bounded nonemptyopenset in IR Then

a set E c CCE G E is precompact

if E is bounded insupnom and equicontinuous

Pf Define E YEk where
Ek x InFen EG lit m

o 8,0 goThen E closed and bounded
En is finite

Hence E Y Ek is countable

Let Itn be a sequence in E Then E bounded

IM o such that Ilfullo EM Un

ie Hh E M V N F XEG
In particular H XE E

Ifnix E M ta

ie If we arrange the points of E in a sequence
E 3Zi 35 1 then t jet

this is a bounded
sequence

Hence one can apply lemma4.3 to find a subsequence



Gn of Ifa usingthesame notation n for the index

suchthat t X EE Gul x is convergent

We claim that gu is the required convergent subsequence
of fu in the metric space E do

Note that we only have pointwise convergence for countable

many points at this moment

Since CCG dis is complete we only need to show that

IGn is a Cauchysequence in CCE do

By equicontinuity of E G equicontinuity of Ign's

HE O I 8 0 such that

IGn x gnly G An t x y tf with lx y led

Notethat if k satisfies s Éthen H XE I I Z EEn suchthat
0 90,0 81 gox z Kd seefigure

and hence Gnk guts KE Tmf
Therefore

nix guk E Glx gut t gut Gmg I
19m17 galx

ft Igng Gmail



Smile Gulf is convergent I no nog 20 s t

19a137 gulp Ez t n ME not

Gu x gm x C E F N M no g 75 depends onx

Nowtake No EYE
not 20

finiteset

then H XE E we have

Igala guk K E Un M ZNo

ie Ngu gull CE tu MI No

This completes the proof of the Theorem A

Etfscoli'sTheorem remains valid forbounded and equicontinuous
subsets of CCG i.e No need to take closure
It is because neguicartuinas uniformcontinuous on G
and then can be extended to uniform continuous onE
Detailsomitted

e However boundedness of the domain I cannot be
removed



Eg let G To b CIR
o EgTake a g ed to I suchthat

9 0 and 96 0 on To DIE

and define
guy

ax n if XE In htt

O otherwise

Then one can easily check that

fue CCE intact faecke

and fully 11911
top

o anda fixedconstant

i Elf is bounded subset in CCE

ByChain rule Hillary Ex logo I o indep of n

Hence Prop4.1 implies that E Itn's is also equicontinuous

Suppose I subsequence Ifn of Ifn converges to some

fECCE in dos

ice In f uniformly an E
pointwise convergence fngex fix t XEEe

However for fixed x fuk 0 the X we went have

Gifu x 0 fix O H XEG



This is a contradiction suice

O s 11911 as Ilfugla E Ifn f la E 0

i E is notprecompact
Hence Ascoli'sTheorem doesn't hold

Converse to Ascoli'sTheorem

Thm4 Arzela'sTheorem

suppose that G is a bounded nonemptyopenset in IR
Then every precompactset in CCG must be bounded

and equicontinuous

Pf let E c CCE be precompact

If E is unbounded then I SnE E C CCE
such that tiny Ilfullest 0

Then this subset Itn's of E cannot contain any
convergent subsequence This contradicts theprecompactness

Hence E must be bounded

Now supposeon the contrary that E is precompact bounded

but not equicartainous



Then I Eo o such that to o

x y EE and f EE satisfying

If x fly 2 Eo dexy s J

In particular by choosing 8 4 0 fun 13

I Xu YuEE and fu E E satisfying

falin falyn Zeo dexuYusef

By precompactness I convergent subseq If of Ifn
Suppne f e E is the limit

it
daffy f 0 as k to

ie funconverges uniformly to f on E

Since E is closed and bounded the corresponding sequences
of points IXna guns contains convergent subsequence

Denotes the subsef by Xu's and assume Xu ZEE

And also denote the corresponding subseq of In by Lyn
and the corresponding subseq of Ifaf by Ign's
Then

ygu f in CLE das
Xu z in E

Since dex ya cut we have d xu Yu o as new

and hence YK J Z E E too



Therefore HE 0 I ko 0 sit

119k f Il E t ka ko

and Iki 70 Sit
Ifan fake
Iflyn fake

t k k

Hence fu ke maxKoski
19hXk Glyn E galka faa t far fall

flya gulyas

s z Et Ifan flya I
ZE t If Xu fa It fiz fly a I
4E

We've showthat HE O I no nmaxsko.us 20 such that

Italian faunal GE t has no

Taking E E we have a contradiction

i E is equicontinuous A



Application to OrdinaryDifferentialEquations

Consider up ft't x
X to Xo

with f continuous only not necessary Lipschitz on

R Eto a to tax Txo b Kotb

of course we cannotexpect minusresult but shattime
existence canbe proved

Idea of proof
l Weierstrass ApproximationThenew on IR

I Ipn's sequenceof polynomials sit

dopa f o in CCR

e Note that t pn satisfies Lipschitz condition Cuneiform in t

By Picard LindelofTheorem

a'n o with an muila In In
where Mn IlPullo R

Ln Lipschitz constant of Pn on R

Sit I unique solution Xn EC'tto ah totan's to the

approximated IVP the Pact ft e Itoai total
Xn to XO



3 Thentry to apply Ascoli's Theorem to xn and find a

convergent subsequence Xan x for some function X Ct
Andhope that X is the required solution

Issue Since f is notassured to satisfy the Lipschitzcondition
one cannot expect In is bounded
In fact it is unbounded Otherwise f satisfiesCipcondition

Then min la Fun In 70 a o

We will nothave an interval for the existenceof the solution
ontheotherhand as pu f in CCR da we have

MnEM forsome M 0

Therefore to implement our plan we needto anprove the

Picard LindelofTheorem to

Prop4I Under the settingofPicard LindelofTheorem

uniquesolution Xlt on the interval Ito al total
with Xlt Exob Kotb where a is any numbersatisfying

Osa's at min a k
Clearly this implies I uniquesolution on the open interval

to at tot at

Pf Omitted



That Cauchy PeanoTheorem

d fCANconsider
EVP

x to Xo

where f is continuous on R Eto d total x Exob xotb

There exists a e co a and a c function

X Ito al tota's Exo b Xo t b

solving the IVP

Pf As inthe IdeaofProof
I sequence of polynomials 3Pa sit

Pn f in CRI do

This implies
Mr Ilpuller M where M Ifla R

and p satisfies the Lipschitz condition

we don't need to worry about the lip
constants by Props4

ByPropad I unique solution Xu defined on In to an t tan

where an naritaFn forthe IVP

dat Puttin te In
Xu to Xo

with X alt E Xo b Kotb

As an mila fun min la 5 94 we have



for any fixed a's at a o I no o suchthat

fan no
to al total In to an to tan

Hence t nano Xu is defined on Ito al total

Clavin1 Xn C Eto d tota's is equicontinuous

In fact IVP 18 1 1Patt XD EMn Vt

Since Mn M Adaff is uniformly bounded

By Prop4.1 Hal isequicontinuous

Calm2 Xu is bounded in CItoastota
Infact IVP x alt xoxSfpals xu'sDds t tetra'stota's

a Ault E Holt a sup palsXu's E Nol ta Mn

AXally to altotal is uniformly bounded

I xu is a bonded set in Cto at tota's

Then claims 1 2 allow us to apply Ascoli'sTheorem to
conclude that I a subsequence Xn in Citoa'tota's converges

uniformly to a cts function X m Eto d total



Claw3 x solves IVP I fetal
XCto Xo a

Proofofflawn weonlyneedto show that

Xlt Xox Sffes xis ds

Note that Xu satisfies

Xajlt Xo JiffyS Xy sods

Clearly Xujits Xlt as j to We only need to show that

egg Stfpages xny.is ds Jeffs xisDds

Since f e R R is closed bounded in IR f isuniformly
containers on R

Therefore HE O I 820 such that

H Si XD Saxe ER with 15 soled and Wi Xa lad

we have Ifes xp fist Xi E

On the other hand 11Pa flla R 0

I no o sit Ipa six fls X se HIS x ER

Therefore fu j sufficiently large suchthat

Nj Zno Maj X last
we have



ISIPnils XngisDds SIAS XisDds

E ISIPailsXujisDds Jeffis XpisDds
Sffis Xaysods fifes xis ds I

E SIIpailsXu s f S XagesDIds

StoltisXays Scs xisDlds

E E a t E d zed

This shows that ftp.jls.xnjlsbds Jeffis xisDds
as j to

This completestheproofof Clean 3 and hence the theorem



Another approach to Cauchy Peanotheorem using Ascoli'sTheorem

PiecewiseLinear Approximation slopeM

Kotb YWlet R Eto a tot a x Exo b Kotb

M surf fit x as before

MayassumeME I asweonlyneedanupperbd Isa to tota

Define W CtHER X XoKM It tot

By symmetry

projW onto t axis is toal tota's fa some a't coat

Note that f E CCR f E CCW

f is uniformly continuous onW sinceW isclosed bonded

HE o I 8 o such that

H ti XD Cta XD E W with

It telco and IXi Xiao

we have

If taxi flt xD s E

On the half interval Ito total choose

to s t s tr e s th total

with ti ti k f fr E i k



Define a function kelt on Ito total slope tooxo

kettos xo
ftp.g yg I

f1t

2 ke ten ti is linear

with slope fair Xi i

where Xi canbe determined successively by

i x detenuiedbyKe age is linear its graph passing

through to Xo andwithslope fitoXo

di Notethat Ifl tools M 141 Xo le Mit tot

i CtiXDEWC R andhence flt Xi welldefined

Iii then Xz determinedbyKela to is linear its graph
passing through tux andwith slope fit xD

ios Saniilarly AtoXo fitsXi EM wehave

1 2 Xo EM Ita tol
i ta XD EN CR and fleaXe welldefined

Kotb

Xo of tx
graph of Keltl

i
Xob
to a to a to t I total tota

TE Es
M



And so on the function belt is defined on It total
Note that
1 ke is piecewise linear
I Ike t ke s E M It SI t t St Ito tota's

By slopes IfCtiXi KM oneachsubinterval

Ike is equicontinuous as subsetof Cetotota's

3 Ike's is also uniformly bonded It total

Infact W is convex and the endspaints ti xis with

Xi Recti belongs to W wehave t kit EW

bypiecewise linearity AsWCR Ike t X Kb

and hence Ike't E Xd tb t tetto tota's andVero

Hence Ascoli'sThenar implies that Ike is precompact

In particular the sequence kings has a convergent

subsequence kine in Ito total with

kilts kit E It tota's as e to

Toshow kits satisfies the differential equation we first show

that he is an approximated solution Cicluding E he 0



For this E o let 8 o bethe corresponding quality fu
uniform continuity off and ti as in the construction of key

Consider t E Ito tota's and t to to b k

Then I 5 1,2 k suchthat tj t s t

Using It tj.lk tj tj ikE we have

Ikelt keltj.is eMlt tj ilsd
Hence

f tj 1 KeltyD flt READ SE

Since he is piecewise linear

heft f tj 1 keltj1 by our
construction

Hence

belt flt kelt s E f te Ito tota'sYtgtiita's

As ketto Xo ke't is an approximated solution.to

Ivp ft on it tota's
X to Xo

in the sense that If flt ke t remainder exceptfinitely

to Xo many points

with Ilremainder ICE



Integrating the ODE we have

belt ke'to É Ii kids dst Sgt kids
Xo I kids ds

helt Xo Ifes keesDds s lacs fiskissIds sea

In particular if we denote get kate ie E te o

then
I get xo fifes gods e get this

Hence
hit Xo Jeff skids

I kits XoStotts hisDds gtstxotffcs.gsdsl

geet Xo Jeffs gees ds

Ilk gel SitIfesgels fishes dstate

Since 119 kill o and f is uniformcontinuity

fifesgels fls kiss Ids o as jets

Therefore by letting l to we have

kit XotSÉfskis ds t te Itotota's

I
date fit kits t t t Ito tota's

k to Xo



Similarly argument I k on te Ito alto
satisfying

y
date flt Ect v te Goa to

ktto Xo

Note that by construction

It to f to Xo daff to

Hence yet
kit t E Ito tota's

Ect A E Eto d to

is C Ito a to ta and solve the IVP

Remarks I Thisproofdoesn't need the Picard Lindelof Theorem

i The spirit of thisproof is more in line with solving

the IVP numerically

Lili's The 1st proof solve approximated problems's

the 2nd proof solve the original problem approximately


