
 

4.1 Equicontinuous but unbounded

let 1 El I and consider

E LX E CEDIT It t AGES IS

H X E E I X t X s I E Ix'll alt SI E It s t
E is equicontinuous as above

But E is unbounded
Xnlt E th E E has
IlXu Ila Eth to as n to

Clearly AnS has no convergent subsequence

eg45 Closed Bounded butnot Equicontainers

let B If E CEO I Ifix IS I HXEto IT BIO

Then B is closedand bounded

To show that B is not equicontinuous we only need to find
a subset of B which is not equicontinuous

Let fake sin nx E CB

Suppose on the contrary that

Ifuk sinNX I is equicontainers

Then fa E I I 8 0 such that



that XYETO I with IX y ko we have

I suinx sonny l s t
However forany o o if n max E I
wehave X 0 y En ELo I with IX y s o

and Isomn o sus n Ent lo 11 1 E
which is a contradiction

swinx Int is notequicontinuous

Lemmy3 Let A L Z be a countable set and

fu A IR nt z be a sequence of functions

defined on A Suppose that foreach Zj E A

fully É is a bounded sequence in IR

Then there exists a subsequence Ifni É of Ifn
such that t z je A

funk is convergent

Pf Since fact is a bounded sequence in IR
a subsequence th such that
fila is convergent

Notethat wehaveusedthe same index n to denotethesubsequencefun
Thesuperscript 1 is to denote that it is convergentwhen evaluated at Zi



For this subsequence th of original fn
that is bounded sie the fats

Hence I a subsequence Ifn of Ifn such that

If izz is convergent

Note that since n is a subseq of Itn's is also a
subsequence ofHas
Also InHis is a subseg of the convergent subsequence fila
i Ificzi is also convergent

Therefore we'vefound a subsef Ifn of Hal suchthat

312 and

Ifaced are convergent

And If is a subseq of His

Repeating the process one can obtain sequences fin with In fu
such that

I 35 s is a subsequence of Itin tj 91,3

Ii If incas Ifined Ifine are convergent 571



carryout at

ft ft f's a ft z

f f f f a Za zu

f f f f Zi 2,23

th th f a ha Zi Zi Zy

Define Gu th that thediagonalsequence
then Ign is a subsequence of Ifn's and

fu anyfixed j 13 gut fact
As now n j fusufficiently large n
Herta Ifn is is a subsequence of the convergentsequence

512 far all sufficiently large n

Therefore gulp is convergent

This completes the proof of the lemma

ThismethodoffindingGn is called the cantor'sdiagonal trick


