
 

Def If a namedspace I 11.11 is complete as

a metric space with respect to the induced

metric d x y Il x y11 t x y EI Then
it is called a Banach space

eg IR 11 11 p 1 is a Banach space
Cta b 11 Ila is a Banach space

Thai3.4 Perturbation of Identity
let CA 11.11 be a Banach space and

IT Exo I satisfies OI Xo yo

Suppose that I Ida I suchthat

I constant recoil such that
X2 E Xi E 8 Il Xi Xi Il O Xi Xie Bros

Then Hy E Brts where R G 8 r

I unique Xt Bret such that Ex Y

y
noty part

r f yo Io

ie CI is locally invertible



Idea ofproof
y EX Id at E CX X EX

X y Ex

If HyeBrad define TX Y Ex

Then y Ex Tex ie X is afixed pointofT

Proof Define É Bra I by

É A OIAXD OICXo

x Xo text Xo Xo E Xo

X TEXTXo EXOD X FIX
Then É 03 0

Further define for any ye BRAT R Ci rst

the map
y Bra I by TX Y Ed

Then txt Brot

IlTX11 11Y ICHH E NYU THEN Xo Exo H

E Hy11 211 11 E R ON r

t T BIO Bato



And H Xi XzE Brt
IlTX TX211 HE ENIX YIXo Ty EatXo Exod I

A E X Xo E xoxo l

E 2114 Yall

Stice re co D TBH Brat is a contraction

Since Jr o is a closed subset and I 11.11 is

complete Prop3.1 Brio is also complete

Hence one can apply contraction Mapping Pmiciple

to conclude that I unique X E Brio sit

TX X in Brts
ie X y EXO ICXo

Y IOI Xo Xo PICXD Xo

Y E XtXo ENO X

Ext Xo y yo Yo Exo

Note that y got Brio is arbitrary and

Xt Xo EBI we've proved theThm A



Remarks

C Onlyneed to assume I and E defined on BrXo openball

satisfying HEAD EADIE TIX Xall reCoD
fa Xi Xz E Brito openball Then it iseasy to

extend E and I to Exo and get the same

inequality for all Xi Xz E Brito

e Actually one can prove mae that if ye Bry openball
then the solution X E Br xo open ball

checkthedetailsof thept

3 The Thu Et Bret BAI exists

Claim 11Ely E yall E 1191Yall HY Y EBRD

In particular É is uniformlycontainas infact Lipschitz
thewars

Pf let Xi Écyi Then Xi is the fixedpoint
such that Xi Yi Iai

1104 EG 11 114 E xD Y Exa Il
S Ily yall HEAD END Il
E ly yall TAXI Xall

Ily yall 2 11E'S Elyall

HEY Ely HE MYYall



eg 3 4 x x 0.05 has a real root

obation In small
and 3 4 X4X 0 has a root 4 0

Idea look fa solution near ousegThan3.4

Pf let EA X t 3 4
2 XX EG

Where Ix 3 4 x2 small near X 0

Then ECO 0

And fa Xi Xz E Bato r o to bedetermined

IND I x2 3 4 3 XE XE
3414 xD cxi x.tl
3existxixutxixitxis cxitxollxi

xa.IE1283 25 Na Xi

Hence we need to choose r o smallenough
such that 8 12 Ft z t c
Also in order to include 0.05 E BRO
we need R 1 8 V2 0.05

A choice is r t
Then 8 46 I and R 1 2 8 84 0.078

ByThm3,4 HyeBEE AXE By sit Easy



ie X t 3 4 X Y

In particular 0.05 eBET we has a root of

X 3 4 XE 0.05

Onecangeneralize eg3.6 to

Prop3I let ECD x Ex V IR be c on some

open set VC IR containing o such that

I o o and Ego 34,1 2 0 t is

Then I r 0 and R 0 such that HyeBrio
Ex y has a unique solution x in Brio

Pf Fa Xi Xi eBr o r o to be deteranied

I using remark

consider 9ft I exit t x2 xp fate to I

Then 410 I XD YET Ii x2
gg

Ect Ej x it ta Xi

T Ei Nitta Xi X2 Xi

II x2 Eia 911 910 Sd Ect dtl
E 11745 Cattle Xp Xz Xp dt



Stolt Efx taxi Dldt Na Xi l

E 17 Eilat ta XD I NaXel
fa some te co1 by MeanValueThanSince is C

Note that Xi Xi EBr o Xi ta XD EBros

let unless 4 0 inBrts
MrTEE It 351 so whichis atrivial case

I IND INI MÉTIER
IE 17Eilxttacz xp Na Xi l

E Mr Na Xil

By Yg34,1 x 0 tij b.sn and I is c

I r o sit MrEtz 14N Earl Etta Xi
Take R C E h E ByThm 3.4 Remarks Dee

t YEBELO I XE Brio sit E x Y



931 let god Ecco I and KextSEC1JxtgiD.let14 11 Kla GEE IK l

Then t g Ecco is with 119ha In
I unique solution y Ecco 13 with Hyllas

St
yes gusts kex f y't dt Integral

Equation

Pf Note that C0,13 it la is a Banachspace

Consider I Bio fo i definedby
ro to be
determined

J t EY sit VX Eta

Icy x yes Sikextyedt

Andlet Ely BET COB be definedby

Icy ex Sixty't It
Note also Elo of 410 0 whereo zerofunction

H Y YzE BIT
114141 EYDIE HEY Sokexayicadt Soka Yattldt

S GEE Kat 1 Dices yiceldt



E M HYEYikes
E M 11Yay Il 1142 Yella
I AM Ilya Yella

Choose r then

HILYD ElbaHasElly Yella t YiYatBEI
Hence Them3.4 7

AgeBTO with R l E r t Im so

I YEBITCO sit Ily g

ie yo fi kex Aya de go H Xero I

which is the required solution to the integralequation



3.3 The Inverse FunctionTheorem

Recall ChainRule

at G TCM Rm
differentiable

F to Me

It open in Rn Rm respectively and

GCU C V

Then H Fog O IR differentiable and

DH X D F GUDDG x

where
Does 1 7 1 1

Jen
and similarly for DF DH

We alsoneed

PropI let F B IR be c where B ball in R
Then t Xi Xz E B matrixacts on

F X1 FAz HDF Xatt x x2 dtfx.fm
at

In componentfam F II this is

FelXi Fe x2 É 35.1 KattCxc Xz dt x x2



Pf Fa each i ti n

F lx Filxy f tFeCxattcxrxzDdt
SjEfftI.lXzttlxix.D Xi xDj dt

Jj FfXz tix xD X X2 dt

ofSol TFilxzttlxi xzldtj.tv ffa

F Xi F x2 DFA tix XD dt Xi Xi

Recall If F V C IR IRM is differentiable
at a paint p in an open set U of R

Then Fl Pt x F p DFLP x to XD

t x sufficientlysmall lie 1 1 small
Xn

where old is a remainingterm such that

94 o as 1 1 o



That InverseFunctionTheorem

let F U IR be a d map from an openset VCR
Suppose Xo EU and DFCxd is invertible as a matrix or

linear transformation

a Then I opensets V W containing x o and Fexo

respectively such that the restriction of F on V
is a bijection onto W with a Cl inverse

b The inverse is Ckwhen F is Ck Kk 6 in V

W

É
LF y

1

is invertible

Note Weonly have local invertibility by the IFT

let see some examples before proving the IFT

elf Lt F op x far a IR

Cr Y o to ciao ratio

Then
pp

Ost mid invertible t ero
sinO Paso



Then IFT F is locally nivertible at every point
Cr O Glo o x to o But F is clearly not
globally invertible as it is not one to one

F B Ot 2T Fk O

939 U open interval a b in R n 1 is a special
case

d function f la b R with f to

f strictly increasing or decreasing

global inverse exists

I din has stronger result than high dimensions

ego I F IRS IRC x y E x y

Then DF 28 9 singular at xy 0,0

F dat satisfy the condition DF invertible in the IFT
And clearly F is not tible near X1 199 as

F Iab Gb 2 to 1 near 10,03

DF invertible condition can't beremoved from IFT

dis H Rn Rn ex y t Ry is bijective

Atx y XYY exists



But DH 1389 singular at XD 190

The point is It is not C near x y o o

i DF invertible is only a sufficient condition for
local invertibility

Terminology Thecondition in IFT that Dfds invertible
is called the nondegeneracy condition

Byeg3.10 without nondegeneracy condition themapmay
a magnet be local invertible

But Nondegeneracy condition is necessary for the
differentiability of the local inverse

Propff ftp.vck open
R be c and

Xo E V

Suppose I open V sit X EV CV and

Fluhas a differentiable inverse

Then DF Xo is non singular i.e wivertible



Pf Suppa the local inverse Hr exist and is
differentible at the point Y o F x

Then Chainrule DESly DF xo Identity

DF xD is invertible A



ProofofIIT Thm3.7
SpecialCase Xo O Yo F Xo F103 0

DFO I the Identity

step let IN x Fix
Then It 0 Sit

I IND INI SEM Xi l on Brio

Pfofftept As of V and V is open Iro o s t

Brot C U Then

END WIND XI FAIT Xz F X

prop3.6 KDFCxattex a dt XiX2 Xia

DFAattix xD dt I xoxo

S DFattix x2 DFloJdt Xia

As F is C we have HE 0 I r 0 re to such that

IDF X DFIDII E V XEBrts

where I big I Fbi faany nxn matric bij



SinceBrot is convex
XyXz EBI Xatta X2 E Brts

Hence HE 0 It 0 retro suchthat

11DF latte XD DFO I E H Xi XzEBrto and teco 1

Therefore IND INI EE lx X l
Choosing E I o then It 0 Hero sit

I IND E a KEI XI XI A XiXzE 510
This completesthe proof of step1 ofthe specialcase A

step r o as in step1 Then

HYEBEO I XeBrio such thot F X Y

And the local inverseG of F

G BELO G BILD Brio

satisfies

pay ay e z ly yal HYY EBEN

with G Baco open in Brio

Pfofstep By step1 me can apply Them3.4 Perturbation of Identity
to show that ryeBeto with R C E r E



I X EBITO sit FIX Y

Then remark 2 aftertheproof ofThem3.4

HYEBRIO I XE Bro sit F X Y

and by remark 3 aftertheproofofThem3.4

which is theRemark3,1 of Prof Chou'snotes
we have

pacy Gaya s 19594

219421 tyyyzEBE.CO

Finally remark e again G Bezos is open in Brio

Step G is differentiableon Belo and

DGB DEJ'CGLyD HYEBELO

PfofStep As DF o I wemayassume that

DF ex is invertible t x eBrio fu the r so

given in step1 Since wemayalways choose a smaller

r in the proof of Step1

Let W BEco Brio and

VEG BEN G W 0



Then G W V and Five W

ByChain rule if G is differentiable then

DFCGlyDDGly I Ayew
hence Daly DF GID

gyyyyyyynuggyynyyyy.my
For y EW BELO YMYEWIBE.CO

wehave y cyty y F Glyity F Glyn

Denote XFGly ty and Xz Gyi

Then Y F XD FCK

DFlattexixa dt x X2 Props6

IS'oDFXzttlXixz DFW dt XX DFA XX

Hence

xi XD DFJHY DFJEXDJDFCXIACXIXLD

DFCXDJIACKXDM.glyay Gly Dejan yer xÉÉ ii

where R DFJkxz DFx2 DFCxattcxixaDJdtcx.to



Observes that

He X2 Glyity Gly E z lay 911 2141 step2

we have 14 2170 as 1910 and

IRI
ly

211DEE IS.tlDFlxa DFlxattCxiXaDIldt FEasixi xzl so

By assumption Fis C xoxocBIO wehave

lgio o

Therefore Glyity Gly F Glyn y tolyl

which implies G is differentiable at YEBECOW
and DGCyp DESCEND


